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Integration of Forms on Supermanifolds
Let us begin with a conventional manifold        with dimension = n, given a generic differential formM

This is a section of the exterior bundle and it can be decomposed as

! = !0 + !1 + !2 + · · ·+ !n

where the last term is the top form. Locally, a generic form can be written as 

and its integral on the manifold is 

where the second member is a Lebesgue/Riemann integral of the function built in terms of the differential form.

!(x, dx) =
nX

p=0

![µ1...µp](x)dx
µ1 . . . dxµp

Z

M
! =

Z
f(x)[dnx] , f(x) =

p
g ![µ1...µn](x)✏

µ1...µn
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Differential forms on a supermanifold

MLet us now move to supermanifolds. We denote by         a (n|m)-dimensional supermanifold 
parametrised by the local coordinates                 .

We introduce also the corresponding 1-forms                        with the properties 

Then a generic (super) form looks like 

This implies that there is no upper bound to the form degree and there is no top form.  

(xµ, ✓↵)

(dxµ, d✓↵)

dxµ ^ dx⌫ = �dx⌫ ^ dxµ dxµ ^ d✓↵ = d✓↵ ^ dxµ d✓↵ ^ d✓� = d✓� ^ d✓↵

! =
k=p,l=qX

k=1,l=1

![µ1...µk](↵1...↵l)dx
µ1 ^ · · · ^ dxµkd✓↵1 ^ · · · ^ d✓↵l

where the components                                             are functions of the manifold coordinates. The 
indices                  are anti-symmetrised while                     are symmetrised. The total form degree is 
fixed by the p + q, summing the form degree of the bosonic coordinates and the form degree of the  
fermionic ones. 

[µ1 . . . µk]
![µ1...µk](↵1...↵l)(x, ✓)

(↵1 . . .↵l)
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For geometric integration theory on supermanilfolds see the  
work  Berstein, Leites, Manin, Zorich, Voronov, Khudaverdian, Belopoloski, Witten 



The integrals over the fermionic coordinates (dx, θ) are Berezin integrals, over the x-coordinates are  
the usual Lebesgue/Riemann integrals, but the integral over dθ is not well defined on the superforms. 

We define the integration over dθ by introducing  
a special type of form: the Dirac delta of dθ �(d✓↵)

with the usual properties 

such that 

Z
f(d✓↵)�(d✓↵) = f(0)

d�(d✓↵) = �0(d✓)d2✓ = 0

They formally share all distributional properties of the usual Dirac delta functions.  
In addition, they are forms and therefore we can apply the usual geometric  
differential operators.
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For the Dirac delta functions we assume the following properties (distributional properties) 

d✓↵�(n)(d✓↵) = �n�(n�1)(d✓↵)

d✓↵�(d✓↵) = 0

�(d✓↵) ^ �(d✓�) = ��(d✓�) ^ �(d✓↵)

this follows by assuming an oriented integration measure.  
In this way, we see that there is an upper bound to the  
number of delta’s: the number of fermionic coordinates. 

A fundamental property is the distributional equation

In the same way, using the distributional properties of delta’s, we have that 

That equation tells us that the derivatives of delta’s carry negative form degree.  
In this way, multiplying by dθ, it reduces the negative power. The Dirac delta has  
no form degree. 
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Now a generic (pseudo)-form can be written as 

 each pieces are differential forms with fixed form degree = p + r and picture number = s - r

A generic (p|q) form is written in terms of 

and we denote by                                the space of pseudo-forms. For q=0, we have the well-known  
 superforms, for q=m we have the integral forms and for 0< q<m, we have the space of pseudo-forms. 

⌦(p|q)(M)

! =
X

p,r,s

![µ1...µp](↵1...↵r)[↵r+1...↵s](x, ✓)dx
µ1 ^ · · · ^ dxµp ^ d✓↵1 ^ · · · ^ d✓↵r ^ �(d✓↵r+1) ^ · · · ^ �(d✓↵s)

We can apply the complete Cartan calculus (Lie derivatives, contractions, inner products….)
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Now we have the following complexes 

where all spaces are finite dimensional. The complex is not bounded from above.  
The differential d acts along the arrows. 

· · · ! ⌦(�2|m) ! ⌦(�1|m) ! · · · ! ⌦(n|m) ! 0

this is the complex of integral forms. It is unbounded from below, but it is bounded from above.  
The last space is the space of top forms. Notice that when we have the maximum number of delta’s, there is  
no room for  d✓0s

 Form complexes

0 ! ⌦(0|0) ! ⌦(1|0) ! · · · ! ⌦(n|0) ! ⌦(n+1|0) . . .
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There are additional complexes of the form: 

· · · ! ⌦(�2|q) ! ⌦(�1|q) ! · · · ! ⌦(n|q) ! . . .
which is not bounded from above nor from below. In addition, each single space is infinite dimensional  
space and their geometry is completely unknown . 

0
d−→

Z↑
...

· · · Ω(−1|s) d−→
...

Z↑
· · · Ω(−1|n) d−→

Ω(0|0) d−→ · · · Ω(r|0) · · · d−→ Ω(m|0)

Z↑↓ Y Z↑↓ Y Z↑↓ Y

...
...

...

Ω(0|s) d−→ · · · Ω(r|s) · · · d−→ Ω(m|s)

...
...

...

Z↑↓ Y Z↑↓ Y Z↑↓ Y

Ω(0|n) d−→ · · · Ω(r|n) · · · d−→ Ω(m|n)

d−→ Ω(m+1|0) · · ·
↓ Y

...
d−→ Ω(m+1|s) · · ·

...

↓ Y

d−→ 0

Fig. 1: Structure of the supercomplex of forms on a supermanifold of dimension (m|n) . The

form degree r changes going from left to right while the picture degree s changes going from up

to down. The rectangle contains the subset of the supercomplex where the various pictures are

isomorphic.

On the other hand the inverse picture changing operator Z1 ... n annihilates all elements

of Ω(•|n) but those of the form Y1 ... n ω , which are mapped back to the corresponding

r-forms ω . In conclusion the composite operators

Z1 ... n ◦ Y1 ... n : Ω((r|0)) −→ Ω((r|0)), r ≤ m ,

Y1 ... n ◦ Z1 ... n : Ω((r|n)) −→ Ω(r|n)), r ≥ 0
(3.46)

act as projectors on the s = 0 and s = n pictures respectively.

With different picture changing operators, for example Yα = θα δ(dθα∧) + dxj ∧
δ′(dθα∧) , we would obtain other correspondences between cohomology classes. Never-

theless whatever choice one makes for Y and Z , Y cannot exist for negative form degree

because Ω(r|0) = 0 with r < 0, and Z cannot exist for form degree greater than the even

dimension of the supermanifold because Ω(r|n) = 0 with r > m. The structure of the

supercomplex of forms is summarized in figure 1 . The rectangle contains the region of

Ω(•|•) with 0 < r < m where it is possible to define both Y and Z .

The most general descending picture changing operator is a combination of the Yα in

(3.40) with operators of the form dxi1 ∧ · · ·∧dxi2h+1 ∧dθα1 ∧ · · ·∧dθαk−2h−1 ∧ δ(k)(dθβ∧) ,

for example

dxi ∧ δ′(dθα∧) , dxi ∧ dθa ∧ δ′′(dθβ∧) , dxi ∧ dxj ∧ dxk ∧ δ′′′(dθα∧) ,

dxi ∧ dθα ∧ dθβ ∧ δ′′′(dθγ∧) , dxi ∧ dxj ∧ dθα ∧ dxk ∧ δ(4)(dθβ∧) .

Each d-closed combination Y of these terms realizes a cohomological map of the s-picture

to the (s+1)-picture. By multiplying n picture changing operators of order 1 one obtains

picture changing operators of order n which are combinations of objects of the form

dxi1 ∧ . . . ∧ dxik ∧ (θ1)ϵ1 · · · (θn)ϵn δ(h1)(dθ1∧) · · · δ(hn)(dθn∧) (3.47)
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The operators Y and Z are known as Picture Changing Operators and  
act vertically in the complexes. 

In summary, we have 
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The Y operators are elements of the cohomology 

H
(0|m)(M)

This implies that given a pseudo form (p|q) and multiplying it by a PCO                                    
we have 

Yi = ✓i�(d✓i)

Yi : H
(p|q)(M) ! H

(p|q+1)(M)

This observation implies that if there were cohomology in a given space,  
this can be mapped into a space with another picture. Since  
the two complexes                       and                         are either bounded from  
below or from above, this means that there is no cohomology below and above.  

⌦(p|0)(M) ⌦(p|m)(M)

So, the cohomology is entirely contained into the square  
bounded by the 0-forms with 0 pictures and  
from the integral forms with n-form degree and m-picture. 
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Definition of PCO’s
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Definition of the PCO’s

Suppose immersing a bosonic surface into a supermanifold

◆ : M(n) �! M(n|m)

in the trivial way: by setting the fermionic coordinates to zero.  
Then, its Poincaré dual is 

Y(0|m)
spacetime =

mY

↵=1

✓↵�(d✓↵)

1. It is closed 
2. It is not exact (so it belongs to a cohomology space) 
3. Any variation of the immersion is d-exact

�Y(0|m)
spacetime = d⌦(�1|m)
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Cartan calculus on supermanifolds 

d = dθαDα + (dxm + θγmdθ)∂m

Differential

Even/Odd Vector fields:     

v = vαDα + vm∂m
vα

vm
odd/even
even/odd

with

Even ιv , ι2v = 0 , Lv = dιv + ιvd

ιṽ , ι2ṽ ̸= 0 , Lṽ = dιṽ − ιṽdOdd

δ(ιṽ) =
∫ ∞

−∞
dt eitιṽ

Contraction and Lie derivatives

New differential operators (distribution-like operators acting on the space of forms) 
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Finally, following string theory suggestion, we can define our PCO Z. According to  
our notations, it decreases the picture by removing delta functions. 

• it is closed 
• it is not exact (Heaviside Theta function is not a distribution with compact support) 
• it depends upon an odd vector field D. But any variation of D implies that Z it is exact 
• it is not a derivation with respect to the wedge product of forms 
• it acts vertically along the complexes of forms, from integral form to diff. forms 
• it can be combined with other PCO’s Z as follows  

where the odd vector fields  are linearly independent. 
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How to compute with these PCO’s

For q = 0 and p 2 Z, we call the space ⌦(p|0)
P1|2 , the space of superforms . For q = 1 and p 2 Z,

we call ⌦(p|1)
P1|2 the space of pseudoforms and finally, for q = 2 and p  1, we call ⌦(p|2)

P1|2 the

space of integral forms.

3 The Di↵erential Operators d and ⌘

We now work over the supermanifold P1|2. There are two di↵erential operators acting on the

complex of forms: the obvious one is the usual odd di↵erential d

d : ⌦(p|q)
P1|2 �! ⌦(p+1|q)

P1|2 (3.1)

As already stressed, it increases the form number, but it does not change the picture. We

now introduce another di↵erential operator that will be used in what follow, but first we need

some auxiliary material.

LetD be a vector field in the tangent bundle of the supermanifold TP1|2 . In local coordinates

is expressed as

D = D
z(z, ✓)

@

@z
+D

↵(z, ✓)
@

@✓↵
. (3.2)

Then, for a constant odd vector field one has

D = D
1 @

@✓1
+D

2 @

@✓2
(3.3)

with D
1
, D

2 2 C. Clearly, two odd vector fields D and D
0, are linearly independent if

det(D,D
0) = D

1
D

20 �D
10
D

2 6= 0.

In general, given a vector field D, one can define the inner product ◆D which acts as

◆D : ⌦(p|q)
P1|2

// ⌦(p�1|q)
P1|2

!
� // ◆D(!)

, (3.4)

where ◆D(!)(X1, . . . , Xp�1) ..= !(D,X1, . . . , Xp�1). For D ..= D
↵
@✓↵ , an odd constant vector

field as requested above one has, in particular that

◆D(d✓
↵) = d✓

↵(D) = D
↵
. (3.5)

Also, notice that it satisfies the usual Cartan algebra

LD = [d, ◆D] , [LD, ◆D0 ] = ◆{D,D0} , {◆D, ◆D0} = 0 , (3.6)
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It satisfies the Cartan algebra 
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7Acting on integral forms

Notice that for n = 3 we should start considering more than one commutator, indeed we find

[m1,m3] and [m2,m2]. Clearly, as n grows there will be more and more commutators to take

into account. Now, the A1-algebra relations can be written in a very compact way using

these commutators, for example the first relations reads

[m1,m1] = 0, [m1,m2] = 0, [m1,m3] +
1

2
[m2,m2] = 0, (A.13)

where the projection on V is understood.

Appendix B: How to compute with ⇥(◆D) and �(◆D)

In order to clarify the action of ⇥(◆D), �(◆D) and ZD, we present some detailed calculations.

Let us compute the action of ⇥(◆D) on �(d✓↵) with ↵ = 1, 2.

⇥(◆D)�(d✓
↵) = �i lim

✏!0

Z 1

�1
dt

e
it◆D

t+ i✏
�(d✓↵) = �i lim

✏!0

Z 1

�1
dt
�(d✓↵ + iD

↵
t)

t+ i✏

= � 1

D↵
lim
✏!0

Z 1

�1
dt
�(t� i

d✓↵

D↵ )

t+ i✏
=

i

d✓↵
2 ⌦(�1|0)

P1|2 (B.1)

where the coe�cient D↵ drops out from the computation (but it must be di↵erent from zero

in order to have a meaningful computation). In the same way, we have

�(◆D)�(d✓
↵) =

Z 1

�1
dte

it◆D�(d✓↵) =

Z 1

�1
dt�(d✓↵ + iD

↵
t) = � i

D↵
2 ⌦(0|0)

P1|2 , (B.2)

using the distributional properties. Again the requirement that D
↵ is di↵erent from zero is

crucial.

Let us compute the action of ⇥(◆D) on the product d✓
�
�(d✓↵). We assume that ↵ 6= �,

otherwise it vanishes. Applying the same rules we have

⇥(◆D)
⇣
d✓

�
�(d✓↵)

⌘
= �i lim

✏!0

Z 1

�1
dt

e
it◆D

t+ i✏

⇣
d✓

�
�(d✓↵)

⌘

= �i lim
✏!0

Z 1

�1
dt
(d✓� + iD�t)�(d✓↵ + iD

↵
t)

t+ i✏

=
�i

iD↵
lim
✏!0

Z 1

�1
dt
(d✓� + iD

�
t)

t+ i✏
�

⇣
t� id✓↵

D↵

⌘

= � 1

D↵

⇣
d✓� + iD

� id✓
↵

D↵

⌘
D

↵

id✓↵

= i

⇣
d✓

�

d✓↵
� D

�

D↵

⌘
2 ⌦(0|0)

P1|2 (B.3)
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For more than one fermionic coordinate we have for example

Notice that the linear combination of d✓1 and d✓2 appearing in the first factor is linearly

independent from the linear combination appearing in the Dirac delta argument. Notice also

that the sign between the two Dirac delta’s in the second line is due to the fermionic nature of

dt and of the Dirac delta form. This sign is crucial for the left-hand side and the right-hand

side of eq. (B.6) be consistent. Indeed, if we interchange �(d✓1) with �(d✓2) in the left-hand

side we get an overall minus sign; on the other hand, on the right-hand side of the equation,

by exchanging d✓1 and d✓2 in the Dirac delta argument again a sign emerges.

Finally, we can consider another independent odd vector field D
0 and the corresponding

operator ⇥(◆D0). Acting on (B.6) it yields

⇥(◆D0)⇥(◆D)
⇣
�(d✓1)�(d✓2)

⌘
=

det(D0
, D)

(D0 · d✓)(D · d✓) 2 ⌦(�2|0)
P1|2 (B.7)

where (D · d✓) = D↵✏
↵�

d✓� and det(D0
, D) = D

0
↵✏

↵�
D� = D

0 ·D. Notice that in this case, by

interchanging �(d✓1) with �(d✓2), we get again an overall minus sign. This is obtained also by

exchanging the coe�cients of the vectors D and D
0, and in this way we get a minus sign from

the determinant det(D0
, D).

Let us also consider the action of �(◆D) on the product of �(d✓1)�(d✓2). We have

�(◆D)(�(d✓
1)�(d✓2)) = �i�(D · d✓) 2 ⌦(0|1)

P1|2 , (B.8)

and finally

�(◆D0)�(◆D)(�(d✓
1)�(d✓2)) = det(D0

, D) 2 ⌦(0|0)
P1|2 , (B.9)

which also follows from (B.7) by the identity d✓
↵⇥(◆D) = �(d✓↵).

The action of a second PCO decreases the picture number as to bring elements of ⌦p|2
P1|2

into superforms having picture number equal to zero. Note that since the PCO’s Z is formally

exact as stress above, it maps cohomology classes into cohomology classes, H(p|2)
dR ! H

(p|0)
dR ,

therefore it is natural to expect that it can only properly acts on cohomology classes, and

indeed, acting on representatives of H(p|2)
dR one never gets inverse forms. Nonetheless, it can

be shown that acting on generic elements of the space ⌦(p|2)
P1|2 , not necessarily closed, one never

produces inverse forms. Let us show this first in a very simple example.

Consider a generic integral form in ⌦1|2
P1|2

⇠= Ber(P1|2)
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(1|2) = A(z, ✓)dz�(d✓1)�(d✓2) (B.10)
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35
where A(z, ✓↵) is a superfield in the local coordinates of P1|2. Being (the analog of) a top-form

it is naturally closed. Acting with ZD one gets

ZD(!
(1|2)) = d

⇥
�i⇥(◆D)Adz�(d✓1)�(d✓2)

⇤
� i⇥(◆D)

⇥
d
�
Adz�(d✓1)�(d✓2)

�⇤

= d

h
A

⇣
D

1

d✓1
+

D
2

d✓2

⌘
dz �(D · d✓)

i

= 2
⇣
(D1

@1A+D
2
@2A) dz �(D · d✓)

⌘

= 2D↵
@↵Adz �(D · d✓)

⌘
2 ⌦(1|1)

P1|2 , (B.11)

where @↵A are the derivatives with respect to ✓
↵ of the superfield A. The result is in ⌦(1|1)

P1|2 ,

it is closed and no inverse form is required. However, the form (B.11) is not the most general

(1|1)-pseudoform.

Let us act with a second PCO :

ZD0

h
2D↵

@↵Adz �(D · d✓)
⌘i

= 2✏↵�@↵@�Adz 2 ⌦(1|0)
P1|2 (B.12)

which is a superform in ⌦(1|0)
P1|2 , it does not contain any inverse form and it is independent of

the odd vector fields D,D
0. Note that this particular expression is closed, since @

2
1 = @

2
2 =

{@1, @2} = 0. No inverse form is needed in the present case.
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acting with the second Z
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• The dependence on D and D’ disappeared.  
• Since the original form was a top form, then it was closed, the result is closed 
• Even if we have passed through the Large Hilbert Space (admitting inverses) 

LHS, the result is in Small Hilbert Space (SHS).  

As in string theory, there exists a differential operator which selects the SHS inside  
the LHS.   

where LD is the Lie derivative along D. We stress that in the first identity the commutator

[·, ·] replaces the anticommutator {·, ·} since the di↵erential operator ◆D has parity opposed to

that of D - so that if D is odd, one has |◆D| = 0 - and the di↵erential d is odd. For constant

D and D
0, {D,D

0} = 0 and ◆
2
D 6= 0.

As we learnt from string theory (see [24]) there is another interesting odd di↵erential

operator which can be defined from ◆D (again for D an odd constant vector field) upon using

the Euler representation of the sine: 4

⌘ = �2⇧ lim
✏!0

sin(i✏◆D) : ⌦
(p|q)
P1|2 ! ⌦(p+1|q+1)

P1|2 (3.7)

where ⇧ is the parity-change functor (see [10]) that simply changes the parity of the expression

to which is applied, without a↵ecting any other property. Acting with ⌘ on the inverse forms

1/d✓↵, we have

⌘

✓
1

d✓↵

◆
= �(d✓↵) , (3.8)

where 1/d✓↵ is even and �(d✓↵) is odd according to the axioms defining these distributions.

The di↵erential operator ⌘ acts as follows
8
>>>>>>><

>>>>>>>:

⌘

⇣
1

(d✓↵)p

⌘
= (�1)p�1

(p�1)! �
(p�1)(d✓↵) p > 1,

⌘

⇣
(d✓↵)p

⌘
= 0 p � 0,

⌘

⇣
�
(p)(d✓↵)

⌘
= 0 p � 0,

(3.9)

whilst it does not act on the di↵erentials of even coordinates. It is easy to verify that

⌘
2 = 0 , {d, ⌘} = 0, (3.10)

as in string theory [24]. In addition, ⌘ is a graded-derivation with respect to the exterior

algebra

⌘(!A ^ !B) = ⌘(!A) ^ !B + (�1)|!A|
!A ^ ⌘(!B) . (3.11)

where !A and !B are forms of the complex ⌦p|q.

4We use the normalization such that �(x) =
R1
�1 eitxdt and ⇥(x) = �i lim✏!0

R1
�1

eitx

t+i✏dt, and ⇥0(x) = �(x).
In this way, in order to match the correct assignments we need the factor �2 in the definition of ⌘ in (3.7) .
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Actions on supermanifolds

S =

Z

M(n|m)

L(n|0)(�, d�;V, ) ^ Y(0|m)(V, )

L(n|0)(�, d�;V, )
Geometric Lagrangian. It is a function of fields,  
their differentials, and of the supervielbein. It is a n-superform  
(differential superform)   

M(n|m) Supermanifold, which locally is described by a  
superspace with n bosonic coordinates and m fermionic coordinates

(V a, ↵) Supervielbein of the supermanifold a=1,…,n, α=1,…,m

Y(0|m)(V, ) Poincaré dual to the immersion of a bosonic submanifold  
into the supermanifold, are view as Picture Changing Operator.

n: form number          m: picture number

21

For flat superspace: V a = dxa + ✓�ad✓ ,  ↵ = d✓↵



S =

Z

M(n|m)

L(n|0) ^ Y(0|m)

S =

Z

Mn
bos

[dnx]L(n)(�, @�)

Choosing a suitable PCO, the geometric action  
reduces to the component action 

Y(0|m)
space�time(V, )

Choosing a manifest supersymmetric PCO,  
the geometric action reduces to the superspace action 

Y(0|m)
susy (V, )

S =

Z

R(n|m)

[dnxdm✓] bL(n)(�, @�, ✓)L(n)(�, @�) = L(n)(�, @�;V, )
���
✓=0, =0
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S =

Z

Mn
bos

[dnx]L(n)(�, @�)

Equivalence

The two actions are equivalent iff

Y(0|m)
susy (V, ) = Y(0|m)

spacetime(V, ) + d⌦(�1|m)

The action is closed under some conditions (superspace constraints).  
Note that it is n-superform, so its differential is not trivial. 

dL(n|0)(�, d�;V, ) = 0

and two different PCO’s differ by exact terms 

S =

Z

R(n|m)

[dnxdm✓] bL(n)(�, @�, ✓)
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Supergravity Action: from Rheonomy to Integral Forms

The basic observation is the implementation of the idea 
represented by the following picture 

Rheonomy of superspace

= space-time

= tangent

space to

space-time

Vertical

fermionic

directions

PRINCIPLE

OF RHEONOMY

Table 2: The principle of rheonomy is an analogue of the Cauchy Riemann equations for
analytic functions. Just as the derivative of the imaginary part v of f(z) in the x direction is
related to the derivative of the real part u in the y direction, in the same way the fermionic
derivative of bosonic fields is expressed as a combination of the bosonic derivatives of the
fermionic ones. This is summarized by requiring that all external components (fermionic) of
the FDA curvature should be given as linear functions of the inner components of the FDA
curvatures. There is also an analogue of the di�erential equation satisfied by u and v. This
analogue are the field equations of supergravity which follow as integrability conditions of the
rheonomic parametrization of FDA curvatures

In this talk we review the application of this scheme to the case of M-theory (having in
mind the M2-brane which was discussed in our common paper [11]). We use this example
to illustrate the flow chart of the construction. In particular we focus on points 1-6 of the
above list. Our main goal is to show how the structure of the BRST algebra for all the fields
with non negative ghost number together with the pure spinor constraints are completely
determined by the original superPoincaré algebra through the following algorithmic steps
which at each level yield the unique result displayed in table 3: The discussion of the
antighost sector and of the BRST invariant action is not treated here. It is the subject of
the forthcoming papers [13, 12]

4

which implies that all the fields are promoted to superfields (differently to what happen to usual superspace 
approach where the different components of a superfield describe different representatives of the supermultiplet),

In that context, to get an action, reproducing the parametrizations and the equations of motion, one constructs 
a Lagrangian which is a n-form (depending upon all coordinates and 1-forms) 

� = ⇤(t) + ⌅(t)⇥

d� =
�
⌥t⇤+ ⌥t⌅(t)⇥

⇥
dt� ⌅(t)d⇥

⌃dt = a�(d⇥) + b dt ⇤ ��(d⇥)

⌃d⇥ = c�(d⇥) + d dt ⇤ ��(d⇥)

⌃d� =
�
⌥t⇤+ ⌥t⌅(t)⇥

⇥�
a�(d⇥) + b dt ⇤ ��(d⇥)

⇥
� ⌅

�
c�(d⇥) + d dt ⇤ ��(d⇥)

⇥

L =
�
(⌥t⇤)2 � ⌅⌥t⌅

⇥
⇥dt ⇤ �(d⇥)

S =

⇤

⌅M
d� ⇤ ⌃d� =

⇤

M

�
(⌥t⇤)

2 � ⌅⌥t⌅
⇥
dt

LSugra(x, dx, ⇥, d⇥) �⇥ Srheo =

⇤

M
LSugra(x, dx, 0, 0)

⇧4|4 = LSugra(x, dx, ⇥, d⇥)⇥
2⇥̄2�2(d⇥)�2(d⇥̄) = LSugra(x, dx, 0, 0)⇥

2⇥̄2�2(d⇥)�2(d⇥̄) ,

Srheo =

⇤

⌅M
LSugra(x, dx, 0, 0)⇥

2⇥̄2�2(d⇥)�2(d⇥̄)

1
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Wess-Zumino model D=4 N=1
It is described by a superfield Φ, whose differential is 

As a consistency check observe that acting with D↵ from the l.h.s. on the first equation, both

terms vanish, similarly, acting with D̄↵̇ on the second equation. Acting with D̄2 on the left hand

side of the first equation we get

D̄2D2� = W
0(�)W

00
(�̄) + D̄↵̇�̄D̄

↵̇�̄W
000
(�̄) , (2.13)

which reduces to (2.5) in absence of W and its conjugate.

The generalization to multiple superfields �I with I = 1, . . . , N is straightforward. The

superpotential W becomes a generic polynomial in the superfields �I , the kinetic term becomes

a quadratic form �̄� ! gĪJ �̄
Ī�J .

To couple the superfields to abelian gauge fields by minimal coupling, one promotes to local

superfield chiral parameter ⇤ of the rigid simmetry

�I
! eieI⇤�I , �̄Ī

! e�ieI⇤�̄Ī , (2.14)

of the action. The gauge fields are introduced by modifying the action as

S =
X

I

Z
[d4xd2✓d2✓̄]gĪJ �̄

IeV �J +

Z
[d4xd2✓̄]W(�I) +

Z
[d4xd2✓̄]W(�̄Ī) . (2.15)

Here V is the prepotential of the gauge fields (see [9] for more details) which transforms as

V ! V + i(⇤� ⇤).

A final remark, one can convert the action (2.11) into an integral on the complete superspace:

S =

Z
[d4xd2✓d2✓̄]

⇣
�̄�+W(�)✓̄2 +W(�)✓2

⌘
. (2.16)

where we have inserted the ✓-terms ✓2 = ✓↵✏↵�✓� and ✓̄2 = ✓̄↵̇✏↵̇�̇ ✓̄
�̇ . Integrating the second

term with respect to ✓̄ we get back to the chiral integral. Likewise for the third term.

In the following, we need some algebraic relations between superderivatives. In particular,

given a superfield F↵↵̇(x, ✓, ✓̄), we need the relation

D2D̄2

⇣
F↵↵̇✓

↵✓̄↵̇
⌘���

✓=✓̄=0

= D↵D̄↵̇
F↵↵̇

��
✓=✓̄=0

+ total deriv. (2.17)

where we have set ✓ = ✓̄ = 0. This implies that
Z

[d4xd2✓d2✓̄]
⇣
F↵↵̇✓

↵✓̄↵̇
⌘
=

Z
[d4x] D↵D̄↵̇

F↵↵̇

��
✓=✓̄=0

. (2.18)

2.2 Geometric WZ Action

In the geometrical formulation, we start again from the complex scalar superfield � and we

impose the following condition

d� = V ↵↵̇@↵↵̇�+  ↵D↵�+  ̄↵̇D̄↵̇�

= V ↵↵̇@↵↵̇�+  ↵W↵ , (2.19)

6
W is a new superfield whose first component is the super partner of the scalar.  
Its differential is 

where (V ↵↵̇, ↵,  ̄↵̇) is the supervielbein (see also sec. 5.1). The di↵erential d is the usual super-

di↵erential (it is an anticommuting operator and therefore we assume it anticommutes with ✓

and ✓̄ as well). Comparing the two lines, we get

D̄↵̇� = 0 , D↵� = W↵ . (2.20)

The new superfield W↵ of (2.19) has as first component the fermion of the supermultiplet �↵.

Applying d on the left hand side, we have a consistency condition on W↵ leading to

dW↵ = V ↵↵̇@↵↵̇W↵ � 2i ̄↵̇@↵↵̇�+  ↵F , (2.21)

where the new superfield F has as first component the auxiliary field f and  ↵ = ✏↵� � . On

W↵, we have the conditions

D↵W� = �✏↵�F , D̄↵̇W↵ = �2i@↵↵̇� . (2.22)

Again, applying the di↵erential d, we get the di↵erential on F

dF = V ↵↵̇@↵↵̇F + 2i ̄↵̇@↵̇↵W
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where �,�↵, f are the fields of the Wess-Zumino multiplet. It can be check no additional super-
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⇤
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and their conjugates. These equations reduce the original spacetime equations, by setting ✓ =
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Finally, the equation for W↵ is given by

(V 3)↵↵̇ ̄�̇⇠↵↵̇ � 2x(V 3)↵�̇dW↵ + x d(V 3)↵�̇W↵ + (V 2

�)
↵̇�̇

�
 ̄↵̇d�+ z  ̄↵̇W ·  

�
= 0

(2.34)

where W · = W↵✏↵� � and from which we get the equations of motion for the spinor superfield

W↵. We fix the remaining coe�cients x and z

@↵�̇W↵ = 0 , x =
1

2
, z = 1 . (2.35)

One can check the consistency among the four equations (2.30)-(2.34).

To complete the Lagrangian we need the interaction terms and the superpotential. This is

written as follows

L
(4|0)
sup =

⇣
W

0(�)F �
1

2
W

00(�)W↵W
↵
⌘
(V 4) +W

0(�)W↵ ̄↵̇(V 3)↵↵̇ (2.36)

+W(�) ̄↵̇ ̄�̇(V 2

�)↵̇�̇ + h.c.

where W(�) is the superpotential introduced in the previous section and W
0(�),W 00(�) are the

first and the second derivative of W(�) with respect to �.

The Lagrangian L
(4|0) = L

(4|0)
kin + L

(4|0)
sup is closed as can be easily verified by using the def-

initions of the curvature d�, dW↵, dF as in (2.19), (2.21), (2.23) and the algebraic equations

(2.30).

2.3 WZ Action on the Supermanifold M
(4|4)

Now we show that all the actions (2.9), (2.10) and (2.6) can be obtained in a geometrical

way from the supermanifold integral

S =

Z

SM(4|4)
L
(4|0)(�,W, F ) ^ Y(0|4) , (2.37)

where the Lagrangian L
(4|0) is given in the previous section.

The PCO Y(0|4) is a (0|4)-form which depends upon the superspace data. As the Lagrangian

is d-closed, we can shift Y(0|4)
! Y(0|4) + d⇤(�1|4) by an exact term without changing the

action. Namely, those actions which can be obtained by changing Y(0|4) are equal. The PCO’s

are discussed completely in sec. 5.1 and their main properties are discussed in the literature

[3, 4, 5].

The first PCO we consider is given by

Y(0|4)
s.t. = ✓2�2( ) ^ ✓̄2�( ̄) , (2.38)
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The action is a (4|0) -superform, built with the superfields, their differentials, and the supervielbeins.  
It is known as Rheonomic action for Wess-Zumino theory (the fields ξ and its conjugate are needed for  
a first order formalism). 
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and their conjugates. These equations reduce the original spacetime equations, by setting ✓ =

✓̄ = 0. Nevertheless, all components in the ✓, ✓̄ expansion satisfy the same equations.
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kin for the kinetic terms as follows
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the parameters (x,t,y,z) are fixed to (1/2, - i/2, 1,1) and the super potential 
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(2.34)

where W · = W↵✏↵� � and from which we get the equations of motion for the spinor superfield

W↵. We fix the remaining coe�cients x and z

@↵�̇W↵ = 0 , x =
1

2
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One can check the consistency among the four equations (2.30)-(2.34).

To complete the Lagrangian we need the interaction terms and the superpotential. This is

written as follows
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+W(�) ̄↵̇ ̄�̇(V 2

�)↵̇�̇ + h.c.

where W(�) is the superpotential introduced in the previous section and W
0(�),W 00(�) are the

first and the second derivative of W(�) with respect to �.

The Lagrangian L
(4|0) = L
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kin + L

(4|0)
sup is closed as can be easily verified by using the def-

initions of the curvature d�, dW↵, dF as in (2.19), (2.21), (2.23) and the algebraic equations

(2.30).

2.3 WZ Action on the Supermanifold M
(4|4)

Now we show that all the actions (2.9), (2.10) and (2.6) can be obtained in a geometrical

way from the supermanifold integral

S =

Z

SM(4|4)
L
(4|0)(�,W, F ) ^ Y(0|4) , (2.37)

where the Lagrangian L
(4|0) is given in the previous section.

The PCO Y(0|4) is a (0|4)-form which depends upon the superspace data. As the Lagrangian

is d-closed, we can shift Y(0|4)
! Y(0|4) + d⇤(�1|4) by an exact term without changing the

action. Namely, those actions which can be obtained by changing Y(0|4) are equal. The PCO’s
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Let us choose the following PCO 
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The Lagrangian L
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(4|0)
sup is closed as can be easily verified by using the def-

initions of the curvature d�, dW↵, dF as in (2.19), (2.21), (2.23) and the algebraic equations

(2.30).

2.3 WZ Action on the Supermanifold M
(4|4)

Now we show that all the actions (2.9), (2.10) and (2.6) can be obtained in a geometrical

way from the supermanifold integral

S =

Z

SM(4|4)
L
(4|0)(�,W, F ) ^ Y(0|4) , (2.37)

where the Lagrangian L
(4|0) is given in the previous section.

The PCO Y(0|4) is a (0|4)-form which depends upon the superspace data. As the Lagrangian

is d-closed, we can shift Y(0|4)
! Y(0|4) + d⇤(�1|4) by an exact term without changing the

action. Namely, those actions which can be obtained by changing Y(0|4) are equal. The PCO’s

are discussed completely in sec. 5.1 and their main properties are discussed in the literature

[3, 4, 5].

The first PCO we consider is given by

Y(0|4)
s.t. = ✓2�2( ) ^ ✓̄2�( ̄) , (2.38)

9applying the formula we get  

which is closed, not exact and Lorentz invariant. It is not supersymmetry invariant, but its

variations under supersymmetry is d-exact. The Dirac delta functions �( ) and �( ̄) are needed

to set  and  ̄ to zero and the factor ✓2✓̄2 puts ✓ = ✓̄ = 0. We finally get

L
(4|0)

^ Y(0|4)
s.t. =

h
(⇠̄↵↵̇⇠↵↵̇ + f̄f)d4x (2.39)

+
⇣
d�⇠̄↵↵̇ + d�̄⇠↵↵̇ +

i

2
(�̄↵̇d�↵ + d�̄↵̇�↵)

⌘
(d3x)↵↵̇

+
⇣
W

0(�)f �
1

2
W

00(�)�↵✏↵��
�
⌘
d4x+ h.c.

i
✓2✓̄2�2( )�2( ̄) ,

where (d3x)↵↵̇ = dx↵�̇dx
�̇�dx�↵̇ By solving the algebraic equations of motion for ⇠↵↵̇ and its

conjugate and, using

d� ^ �2( )�2( ̄) = dx↵↵̇@↵↵̇� ^ �2( )�2( ̄) , (2.40)

one ends up with the component Lagrangian given in (2.11). The choice of the PCO (2.38)

represents the trivial embedding of the bosonic submanifold M
4 into the supermanifold M

(4|4).

To derive an action with manifest supersymmetry, we need a di↵erent PCO. That will be

discussed in the forthcoming sections 5.1, and here we report the main result:

Y(0|4)
s.s. =

⇣
� 4(✓V ◆̄) ^ (✓̄V ◆) + ✓2(◆V ^ V ◆) + ✓̄2(◆̄V ^ V ◆̄)

⌘
�4( ) (2.41)

which has the correct quantum numbers. Notice that it still depends upon ✓ and ✓̄. That is

needed to produce the superspace action in the usual form. In addition, we notice the first term

is non-chiral and the other twos are chiral and anti-chiral, respectively.

Now, we compute the final answer

S =

Z

M(4|4)
L
(4|0)

^ Y(0|4)
s.s. (2.42)

=

Z

M(4|4)

⇣
WV  )( ̄VW ) +W(�)( ̄V ^ V  ̄) +W(�̄)( V ^ V  )

⌘
^ Y(0|4)

s.s.

=

Z

M(4|4)

⇣
W

↵̇
✓̄↵̇W↵✓

↵ +W(�)✓̄2 +W(�̄)✓2
⌘
V 4�4( )

=

Z
[d4xd2✓d2✓̄]

⇣
W

↵̇
✓̄↵̇W↵✓

↵ +W(�)✓̄2 +W(�̄)✓2
⌘
.

Now, using the algebraic relations among superderivatives given in (2.17) and (2.18), it gives

the usual superspace action (2.11). Notice that the three pieces of the PCO Y(0|4)
s.s. in (2.41) are

essential to get the complete action since the terms for the kinetic term and for the superpotential

have completely di↵erent algebraic structures. Notice also the unusual form of the kinetic term

which has a non-chiral structure as said above.

10

which is the component action (in the first order formalism) with the super potential W(Φ). 

The action is supersymmetric up to total derivatives. 

This is due to the fact that the PCO is not manifestly supersymmetric, but its  
supersymmetry variation is d-exact. Since the rheonomic action is d-closed, any  
variation of the PCO is compensated by an integration-by-part.   
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On the other side, we can use another PCO given by 
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To derive an action with manifest supersymmetry, we need a di↵erent PCO. That will be

discussed in the forthcoming sections 5.1, and here we report the main result:
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⇣
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⌘
�4( ) (2.41)

which has the correct quantum numbers. Notice that it still depends upon ✓ and ✓̄. That is

needed to produce the superspace action in the usual form. In addition, we notice the first term

is non-chiral and the other twos are chiral and anti-chiral, respectively.

Now, we compute the final answer
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Now, using the algebraic relations among superderivatives given in (2.17) and (2.18), it gives

the usual superspace action (2.11). Notice that the three pieces of the PCO Y(0|4)
s.s. in (2.41) are

essential to get the complete action since the terms for the kinetic term and for the superpotential

have completely di↵erent algebraic structures. Notice also the unusual form of the kinetic term

which has a non-chiral structure as said above.
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The last line is the superspace W-Z action. 



 The restriction to the bosonic subspace can be implemented by observing that the choice of the 
submanifold immersed into the supermanifold corresponds exactly to the following (4|4)-form 

which can be integrated on the full supermanifold

where 

The matter and gauge auxiliary fields have the following form:

Hi = 2 e exp
[
1
2 G

]
gij

⋆
∂j⋆G

= 2 e exp
[
1
2 W

]
gij

⋆ Dj⋆W (2.62)

DΛ = g
(
ImN−1

)ΛΣ PΣ (2.63)

whereW is the already mentioned properly transforming superpotential and PΛ are the momentum maps
of the Killing vectors associated with the gauged isometries of the Kähler manifold. The parameter g is
the gauge coupling constant, which is the N = 1 theory is completely independent from e.

2.7 The complete rheonomic Lagrangian

Having twisted together the matter and the gauge multiplets in a complete Bianchi-consistent rheonomic
parameterization of all the curvatures, the next step in the menu is the construction of a differential
form written lagrangian whose superspace–extended field equations should reproduce such rheonomic
parameterization and give also the appropriate x-space equations of motion. This task was completed
in [19] up to the calculation of a few coefficients of four fermion terms, whose knowledge is superfluous
for the sake of our present argument.

Let us present such a Lagrangian. It can be regarded as the sum of three contribution corresponding
respectively to the graviton sector, the WZ sector and the gauge sector:

L = LSugra + LWZ + LYM (2.64)

Explicitly for the Sugra part we have:

LSugra = ϵabcdR
ab ∧ V c ∧ V d − 4

(
ψ̄• ∧ γa ρ• + ρ• ∧ γa ψ•

)
∧ V a (2.65)

while the Lagrangian of the Wess Zumino multiplets is the following one:

LWZ = + 2
3 gij⋆

[
Zi
a

(
∇ zj

⋆ − χ̄j⋆ ψ•
)
+ Z̄j⋆

a

(
∇ zi − χ̄i ψ•

)]
∧ Vb ∧ Vc ∧ Vc ϵ

abcd

− 1
6 gij⋆ Z

i
a Z̄

j⋆

a ϵb1...b4 V
b1 ∧ . . . ∧ V b4

− i 2 gij⋆
(
∇ zi ∧ χ̄j⋆ γab ψ

• − ∇ zj
⋆ ∧ χ̄i γab ψ•

)
∧ V a ∧ V b

− i 2 gij⋆ χ̄
i γaχ

j⋆ V a ∧ ψ̄• ∧ γb ψ
• ∧ V b

−Ra ∧ Va ∧ gij⋆ χ̄
i γbχ

j⋆ V b

−
[

1
48 (gij⋆ gkℓ⋆ + Rj⋆iℓ⋆k) χ̄

i γaχj⋆χ̄k γaχ
ℓ⋆

+VWZ − mij χ̄
i χj − mi⋆j⋆ χ̄

i⋆ χj⋆
]
ϵb1...b4 V

b1 ∧ . . . ∧ V b4

− 4
(
S ψ̄• ∧ γab ψ

• + S⋆ ψ̄• ∧ γab ψ•
)
∧ V a ∧ V b

+ gij⋆
(
Hi χ̄j⋆ γa ψ• + Hj⋆ χ̄i γa ψ•

)
∧ V b ∧ V c ∧ V d ϵabcd (2.66)

Finally the Lagrangian for the gauge sector is the one below:

LYM = −
(
NΛΣ F+|Λ

ab + NΛΣ F−|Λ
ab

) [
FΣ − i

(
λΣ
• γc ψ

• + λΣ|• γc ψ•

)
∧ V c

]
∧ V a ∧ V b
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SUPER YANG-MILLS D=10 N=1

manifest. A superspace action in the usual sense is still lacking and maybe it does not exist

at all. Once more, in [15] the dimensional reduction of the rheonomic action was obtained,

yielding a long expression which can be utilized as starting point in our new integral form

constructions.

4 Superspace D=10 N = 1 SYM

Even though there is no o↵-shell closure of the supersymmetry algebra and the superspace

action is absent, still we can give a superspace formulation of the equations of motion.

We start from a super 1-form A
(1|0) = AaV

a +A↵ 
↵, (where the superfields Aa(x, ✓) and

A↵(x, ✓) take value in the adjoint representation of the gauge group) and we define the field

strength

F
(2|0)

⌘ dA
(1|0) +A

(1|0)
^A

(1|0)

= FabV
a
^ V

b + Fa↵V
a
^  

↵ + F↵� 
↵
^  

�
, (4.1)

where we have introduced the following field strengths (we recall that Aa is a bosonic superfield

while A↵ is a fermionic superfield, therefore the notation [Aa, Ab] denotes the Lie commutator,

while {A↵, A�} denotes the anticommutator to take into account the statistic of the superfields)

Fab = @aAb � @bAa + [Aa, Ab] ,

Fa↵ = @aA↵ �D↵Aa + [A↵, Ab] ,

F↵� = D(↵A�) + �
a
↵�Aa + {A↵, A�} . (4.2)

In order to reduce the redundancy of degrees of freedom contained in the two components Aa

and A↵ of the (1|0) connection, one imposes (by hand) the conventional constraint

◆↵◆�F
(2|0) = 0 () F↵� = r(↵A�) + �

a
↵�Aa = 0 , (4.3)

from which it follows that

Aa = �
1

8
�
↵�
a r↵A� , W

↵ = r
�
r

↵
A� , Fa↵ = �a,↵�W

�
, Fab = (�ab)

�
↵ r�W

↵
, (4.4)

and the dynamical equation

�
↵�
[abcde]r(↵A�) = 0 , (4.5)

(where �↵�[abcde] is the anti-symmetrized product of five gamma matrices) which implies the field

equations N = 1, D = 10 super-Yang-Mills theory

r
a
Fab = 0 , �

a
↵�raW

� = 0 . (4.6)
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As usual the gauge field is described by a gauge potential and  
its field strength

to remove redundant degrees of freedom, one imposes the following  
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The action is 

6 The rheonomic Lagrangian of D’Auria–Fré–Da Silva

As announced in the introduction, one can write the action of D = 10 super Yang–Mills theory

in the geometrical language of rheonomy. This was done in [15]. The independent fields are

Fab(x, ✓),W↵(x, ✓) and the connection A
(1|0) = Aa(x, ✓)V a+A↵(x, ✓), while the supervielbein

E
A = (V a

, 
↵) is kept constant (when coupling this action to supergravity, the vielbein E

A

becomes dynamical). The starting point to build the rheonomic action is provided by the

component action (3.2), by the weights of the di↵erent fields, and by Lorentz invariance.

The action L
(10|0) is a (10|0) superform and it is built avoiding the Hogde dual product. As

constructed in [15] and reviewed in [14] it reads

L
(10|0) =

✓
�

1

90
FabF

ab
V

a1^ . . . ^V
a10 + Fa1a2 F

(2|0)
^V

a3 . . . ^V
a10

+2iFa1a2W�a ^V
a
^V

a3 . . . ^V
a10 +

4

9
iW�

a1rW^V
a2 . . . ^V

a10

+
8

3
iW�

a1...a3 ^F
(2|0)

^V
a4 . . . ^V

a10

+

✓
1 +

3

8
a

◆
W�

a1...a3W ^�a ^V
a
^V

a4
^ . . . ^V

a10

+aW �
a1a2bW  ^�b ^V

a3
^ . . . ^V

a10
⌘
✏a1...a10

�84i

✓
A

(1|0)
^F

(2|0)
�

1

3
A

(1|0)
^A

(1|0)
^A

(1|0)
◆

^ ^�
a1...a5 ^Va1^ . . . ^Va5 (6.1)

with F
(2|0) = dA

(1|0) + A
(1|0)

^A
(1|0), satisfying the Bianchi identity dF

(2|0) + A
(1|0)

^F
(2|0) =

0. The variation of the action with respect to the (0|0)-forms Fab, W
↵ yields the following

constraints:

F
(2|0) = FabV

a
^V

b
� 2iW�a ^V

a
, rW = V

a
raW �

1

4
�
ab
 Fab , (6.2)

which imply the equations of motion

r
aFab = 0 , �

a
raW = 0 , (6.3)

Comparing eq.s (6.2) with eq.s (4.1), we see that the field equation of the superfield Fab is

algebraic and implies:

Fab = Fab (6.4)

and

Fa� = � 2i(W�a)� . (6.5)

Hence on the mass–shell the superfield Fab = Fab(x) + O(✓) starts with the bosonic field

strength while W
↵ = �

↵(x) +O(✓) starts with the gaugino.
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If projected with the spacetime PCO, we get the component action 

Notice that the first two equations are (10|0) superforms and the last is a (9|0) superform. By

expanding F
(2|0) into (2|0) components and rW into (1|0) components one finds the already

anticipated constraints (6.2) which determine the supersymmetry transformation rules. Notice

that these constraints reproduce only the on-shell supersymmetry transformations and from

those one recovers also the dynamical equations of motion

r
a
Fab = 0 , �

a
raW = 0 , (6.10)

The above field equations implied from the superspace constraints follow also from the pro-

jection of the field equations on the maximal vielbein sector ( = 0 projection). This is

the fundamental consistency check that guarantees the supersymmetry of the component la-

grangian as extracted from the rheonomic one. These equations are indeed necessary in order

to satisfy the set of equations (6.7)-(6.9). Notice that expanding the (10|0) forms into the

di↵erent components, at the highest order in the gravitino field  ( the  3
V

7 sector, in this

case), one sees that only the algebraic properties of gamma matrices are needed to solve such

equations. Note that there are several redundancies among the equations. This is due to the

fact that at each order in the gravitino expansion, the action encodes the same amount of

information. This allows us to extract di↵erent superspace actions from the rheonomic action

(6.1).

7 PCO’s and interpolating actions

Here we start from the rhonomic action (6.1) and we show how to interpolate between the

spacetime action (3.2) and the superspace action of the form (5.8).

In order to derive the component action, we have to integrate it over the supermanifold

M
(10|16) and for that we need a PCO which multiplies L

(10|0) of (6.1). This is achieved by

constructing the expression

Y(0|16) = ✓
16
�
16( ) (7.1)

where we recall that  = d✓ for flat superspace. This projects to the space with ✓↵ = 0 and

 
↵ = 0.

Then, we obtain

S =

Z

M(10|16)
L
(10|0)

^ Y(0|16) =

Z ✓
�

1

90
FabF

ab
V

a1^ . . . ^V
a10

+ Fa1a2 F
(2|0)

^V
a3 . . . ^V

a10 +
4

9
iW�

a1rW^V
a2 . . . ^V

a10

◆
✏a1...a10 ^ Y(0|16)

=

Z
d
10
x

✓
�
1

4
FabF

ab + ��
a
ra�

◆
(7.2)
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but with a new PCO (inspired by Pure Spinor String Theory) 

where Fab depends only on x, as already stated and �
↵ = W

↵(x, ✓ = 0). Note that all the

vielbeins V a reduce to dx
a since ✓ = d✓ = 0. Furthermore, in the last step we have substituted

back into the lagrangian the algebraic field equation of the auxiliary 0-form Fab |✓=0= Fab.

In this way we obtain the standard second order form of the component lagrangian.

Let us now change the above PCO and let us introduce a new choice

Y(0|16)
p.s. = V

a1^V
a2^V

a3^V
a4^V

a5✏�1...�16✓
�1 . . . ✓

�11(�a1◆)
�12 . . . (�a5◆)

�16�
16( ) (7.3)

Notice that the above PCO has zero form degree (since it contains 5 vielbeins and 5 contrac-

tions ◆↵) and picture equal to sixteen. Notice that it contains only eleven ✓’s. They carry an

upper index ↵ while the contraction ◆↵ has a lower index. Therefore, the combination (�a◆)↵

cannot be contracted with ✓
↵. Then, one needs the Levi-Civita tensor ✏�1...�16 which leaves

eleven anti-symmetric indices to be contracted with the ✓’s. Notice that ◆↵ is a commuting

di↵erential operator, the combination (�a◆)� works as an anticommuting quantity because of

the factor V a1^V
a2^V

a3^V
a4^V

a5 which is antisymmetric in the vector indices a1 . . . a5.

Let us check the closure of Y(0|16)
p.s. . By using  = d✓, we have

dY(0|16)
p.s. = 5( �a1 )V a2^V

a3^V
a4^V

a5✏�1...�16✓
�1 . . . ✓

�11(�a1◆)
�12 . . . (�a5◆)

�16�
16( )

+ 11V a1^V
a2^V

a3^V
a4^V

a5✏�1...�16 
�1 . . . ✓

�11(�a1◆)
�12 . . . (�a5◆)

�16�
16( )

= 10V [a2^V
a3^V

a4^V
a5(�[a1�

a1]�a2)
�12�13(✓11✏)�12...�16(�a3◆)

�14 . . . (�a5]◆)
�16�

16( )

+ 55V a1^V
a2^V

a3^V
a4^V

a5�
�11�12
a1 (✓10✏)�11...�16(�a2◆)

�13 . . . (�a5◆)
�16�

16( ) ,

= 0 . (7.4)

where (✓11✏)�12...�16 = ✏�1...�11�12...�16✓
�1 . . . ✓

�11 .

In eq. (7.4), the first line vanishes since the matrix (�a1�
a1�a2)

�12�13 has to be antisymmet-

ric in the spinorial indices and this implies that it should be proportional to the gamma matrix

�a1a2a3 which is totally antisymmetric in the vectorial indices. However, the contractions be-

tween Lorentz indices in the formula imply that this vanishes. The second line vanishes since

the indices of the symmetric gamma matrix �a1 are contracted with the ✏-tensor in spinorial

space. Therefore this implies that the PCO is indeed closed.

Before completing the discussion about the action, we observe the following relation

!
(7|16) = !

(7|0)
^ Y(0|16)

p.s.

= V
10(✓11✏)↵1...↵5T

[↵1...↵5](�1�2�3)◆�1◆�2◆�3�
16( ) (7.5)

where T
[↵1...↵5](�1�2�3) = (�abc)[↵1↵2(�a)↵3(�1�

↵4�3
b �

↵5]�3)
c which is the invariant spinorial nu-

merical tensor discussed in (3.2) and V
10 = ✏a0...a9V

a0 ^ · · ·^ V
a9 is the bosonic volume form.

Notice that the new integral form !
(7|16) has all desired good properties. It is Lorentz invariant

and it is closed since both !(7|0) and Y(0|16)
p.s. are closed.
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we finally get the actionNow, we apply the PCO to the action. Due to the presence of five vielbeins V a, all terms

except the last one drop out and we are left with

S =

Z

M(10|16)

✓
A^F �

1

3
A^A^A

◆
^  �

a1...a5 ^Va1^ . . . ^Va5

�
^ Y(0|16)

p.s. (7.6)

Notice that the five contractions ◆↵ appearing in Y(0|16) absorb five  ’s both from !
(7|0) and

from the Chern-Simons term. In particular, the two  ’s from !
(7|0) and three  ’s are removed

from the Chern-Simons action. Since the latter is a three form, this means that it selects

L
(3|0) =  

↵
 
�
 
�
A(↵D�A�) + . . . (as in the pure spinor action). The vielbeins V

a are ten in

total, hence they arrange themselves into a scalar. The Dirac delta’s allow for the integration

over the  ’s so that we are finally left with the counting of ✓’s. Notice that since we have

already eleven ✓’s in the PCO, we need to take 5 D-derivatives of the action. This finally

yields the SYM action in components.

In conclusion, the action admits the following very elegant writing:

S =

Z

M(10|16)

2

66664
Tr

✓
A

(1|0)
^F

(2|0)
�

1

3
A

(1|0)
^A

(1|0)
^A

(1|0)
◆

| {z }
gauge CS form

^!
(7|0)

^ Y(0|16)
p.s.

3

77775
(7.7)

The combination !(7|0)
^ Y(0|16)

p.s. yields

!
(7|0)

^ Y(0|16)
p.s. = V

1
^ · · · ^ V

10
^ Y(�3|11) (7.8)

where Y(�3|11) is given in (5.18).

We succeeded to show that the pure spinor formulation and the rheonomic formulation of

SYM produce the same superspace action. The rheonomic formulation has its origin into the

theory of integral forms which shares common features with pure spinor superstring by the

introduction of the target-space PCO’s. We hope that this new point of view might be used

for a fruitful re-formulation of type IIB supergravity along the same lines [30, 31].

8 Conclusions

We add some considerations to the above presented discussion and we single out some inter-

esting problems for future investigations.

a) We have illustrated the similarities between the pure spinor formulation and the geo-

metrical formulation based on the rheonomic action plus the crucial ingredient of the

PCO’s (i.e. Poincaré duals of top bosonic cycles in superspace). It would be desirable

to establish a dictionary between the two frameworks. We are tempted to identify the

16

computing the integral (Berezin and form integrals), one found the  
component action. Without computing the Berezin integral, one finds the  
Berkovits formulation of Super-Yang-Mills based on pure spinor formulation.  
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1 Some Formulas

Curvatures

Rab = d!ab � !ac ^ ! b
c ,

T a = DV a � i

2
 ̄ ^ �a ,

⇢ = D = d � 1

4
!ab ^ �ab ,

F = dA� 1

2
 ̄ ^ �ab ^ V a ^ V b , . (1.1)

where Rab is the curvature of the connection, T a is the torsion, ⇢ is the torsion of the fermionic

component of the supervielbein which is also identified with the curvature of the gravitino. F

is the 4-form field strength of the 3-form.

Rheonomic Lagrangian

L(11|0) = �1

9
Ra1a2^V

a3 . . . ^V
a11✏a1...a11

+
7i

30
T a

^Va^ ̄^�
b1...b5 ^V

b6 . . . ^V
b11✏b1...b11

+ 2⇢̄^�c1...c8 ^V
c1 . . . ^V

c8

� 84F^
⇣
i ̄^�a1...a5 V

a1 . . . V a5 � 10A^ ̄^�ab ^V
a
^V

b
⌘

+
1

4
 ̄^�a1a2 ^ ̄^�a3a4 ^V

a5 . . . ^V
a11✏a1...a11

� 210  ̄^�a1a2 ^ ̄^�a3a4 ^Va1 . . . ^Va4^A

� 840F^F^A+
1

330
Fa1...a4F

a1...a4V c1 . . . ^V
c11✏c1...c11

+ 2Fa1...a4F^Va5 . . . ^Va11✏
a1...a11 (1.2)

1

As is well-kwon D=11 supergravity is a very geometrical model. For that the Rheonomic 
construction has been given by D’Auria and Fré in a very detailed paper. The fields, 

the action and the equations of motion are given and they are based on Maurer-Cartan 

form related to gauging a given group. 

The fields are the usual supervielbein E, the spin connection and the 3-form A

They curvatures are given by the equations 

Again the use of the differential forms has a lot of advantages. All fields 

are extended to be super fields (or superforms) which depend upon the anticommuting 
coordinates. The supermanifold has dimension (11|32). 
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1 Some Formulas

Curvatures

Rab = d!ab � !ac ^ ! b
c ,

T a = DV a � i

2
 ̄ ^ �a ,

⇢ = D = d � 1

4
!ab ^ �ab ,

F = dA� 1

2
 ̄ ^ �ab ^ V a ^ V b , . (1.1)

where Rab is the curvature of the connection, T a is the torsion, ⇢ is the torsion of the fermionic

component of the supervielbein which is also identified with the curvature of the gravitino. F

is the 4-form field strength of the 3-form.

Rheonomic Lagrangian

L(11|0) = �1

9
Ra1a2^V

a3 . . . ^V
a11✏a1...a11

+
7i

30
T a

^Va^ ̄^�
b1...b5 ^V

b6 . . . ^V
b11✏b1...b11

+ 2⇢̄^�c1...c8 ^V
c1 . . . ^V

c8

� 84F^
⇣
i ̄^�a1...a5 V

a1 . . . V a5 � 10A^ ̄^�ab ^V
a
^V

b
⌘

+
1

4
 ̄^�a1a2 ^ ̄^�a3a4 ^V

a5 . . . ^V
a11✏a1...a11

� 210  ̄^�a1a2 ^ ̄^�a3a4 ^Va1 . . . ^Va4^A

� 840F^F^A+
1

330
Fa1...a4F

a1...a4V c1 . . . ^V
c11✏c1...c11

+ 2Fa1...a4F^Va5 . . . ^Va11✏
a1...a11 (1.2)

1

With these definitions, we can write the Rheonomic action as a (11|0) 

differential form on the (11|32) supermanifold.   

Note that by using the space time PCO, this reproduces the usual component 

action of CJS D=11 supergravity (the 3-form field strength action is in the 

first order formalism). 
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A new PCO can be used instead (here we give only 

its first term to give an idea how to reproduce the full action)

Rheonomic Lagrangian

L(11|0)
= �1

9
Ra1a2^V

a3 . . . ^V
a11✏a1...a11

+
7i

30
T a

^Va^( ̄^�
b1...b5 )^V

b6 . . . ^V
b11✏b1...b11

+ 2(⇢̄^�c1...c8 )^V
c1 . . . ^V

c8

� 84F^
⇣
i( ̄^�a1...a5 )^V

a1 . . . ^V
a5 � 10A^( ̄^�ab )^V

a
^V

b
⌘

+
1

4
( ̄^�a1a2 )^( ̄^�a3a4 )^V

a5 . . . ^V
a11✏a1...a11

� 210 ( ̄^�a1a2 )^( ̄^�a3a4 )^Va1 . . . ^Va4^A

� 840F^F^A+
1

330
Fa1...a4F

a1...a4V c1 . . . ^V
c11✏c1...c11

+ 2Fa1...a4F^Va5 . . . ^Va11✏
a1...a11 (1.8)

PCO(flat)

Y(0|32)
= ✏↵1...↵32✓

↵1 . . . ✓↵23(Va1�
a1◆)↵24 . . . (Va9�

a9◆)↵32�32( ) (1.9)

2

Rheonomic Lagrangian

L(11|0)
= �1

9
Ra1a2^V

a3 . . . ^V
a11✏a1...a11

+
7i

30
T a

^Va^( ̄^�
b1...b5 )^V

b6 . . . ^V
b11✏b1...b11

+ 2(⇢̄^�c1...c8 )^V
c1 . . . ^V

c8

� 84F^
⇣
i( ̄^�a1...a5 )^V

a1 . . . ^V
a5 � 10A^( ̄^�ab )^V

a
^V

b
⌘

+
1

4
( ̄^�a1a2 )^( ̄^�a3a4 )^V

a5 . . . ^V
a11✏a1...a11

� 210 ( ̄^�a1a2 )^( ̄^�a3a4 )^Va1 . . . ^Va4^A

� 840F^F^A+
1

330
Fa1...a4F

a1...a4V c1 . . . ^V
c11✏c1...c11

+ 2Fa1...a4F^Va5 . . . ^Va11✏
a1...a11 (1.8)

PCO(flat)

Y(0|32)
= ✏↵1...↵32✓

↵1 . . . ✓↵23(Va1�
a1◆)↵24 . . . (Va9�

a9◆)↵32�32( ) (1.9)

Some relations

Then, we compute

L(11|0) ^ Y(0|32)
= 840

⇣
F ^A^( ̄^�ab )^V

a
^V

b � F^F^A
⌘
^ Y(0|32)

(1.10)

2

Inserting this expression in the integral form action, we finally select the following  
two-pieces. 

The expression has to be computed using Berezinian integration to  
see how the different kinetic terms emerge. However, we have a faster way to  
check, at least the very few terms. It can be compared with the action of the form 

SSFT =
⌦
�(1), Q�(1)

↵

given by N. Berkovits and by M. Cederwall for pure spinor superspace formulation. 
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• We explored the integral form formalism for quantum field theories. For rigid 
supersymmetric models to supergravity theories. The framework unifies all superspace 
formulations in a geometrical picture. 


• We also explored non-factorised Lagrangian (such as Chern-Simons theory with N=1 
susy where the gauge fields are taken in the (1|1) form/picture and the action leads to A-
infinity structures). 


• The supergravity models still require a deep analysis to understand how to formulation 
works in the case of curved supermanifolds. The full fledged analysis has been 
performed only for 3D case (even for massive gravity). 


• Harmonic superspace is a useful technique used for supergravity models, but in the 
preset case has not been yet developed. 


• The quantum version is not yet studied 
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Conclusions and future directions
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thank you for the attention. 

the end 



Super Chern-Simons and 
non-associative algebras
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Let us now consider the supersymmetric version of CS theory. The general  
expression is of the following form 

• The gauge connection is replaced by a (1|0) form. 
• The gauge group is still a bosonic group, the gauge connection is Lie-algebra valued. 
• The integral is over the full supermanifold according to the discussion above.  
•            is a generic PCO, which transforms the action into a integral form. 

The function is related to the gauge connection using the Bianchi identities

The 3d vielbeins satisfy the following MC equations 
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SSCS =

Z

SM(3|2)
Tr

�
A(1|0) ^ dA(1|0) +

2

3
A(1|0) ^A(1|0) ^A(1|0) +

1

2
W (0|0) ·W (0|0)V (3|0)� ^ Y(0|2)



• If we simplified to the an abelian gauge group, we drop the  
interaction term (and the covariant derivative from the Bianchi ids). 

• Now, we observe that any (0|2) PCO can be decomposed into a product to two  
(0|1) PCO (with the correct properties) - up to total derivatives

• Thus, we can rewrite the action by distributing the PCO’s over the fields as follows

• Finally, we can rewrite the action as follows (in terms of pseudoforms) 
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To add the interactions, we need a 2-product with the following property:

This situation has strong analogies with string theory and superstring theory  
(the ghost number has to be correctly compensated for meaningful actions. In the  
case of superstrings the picture number has the same role as here. It must be  
saturated for non-trivial contributions. In the case of g super Riemann surfaces q = 2-2g

Using the PCO Z, 

Erler, Konopka and Sachs (arXiv:1312.2948) proposed the expression

in terms of which we have 
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http://arxiv.org/abs/arXiv:1312.2948


The 2-product of EKS is not associative 

If we identify the differential d with the 1-product, with the property 

it turns out that the 2-product satisfies 

which is the starting relation for an algebra. 
Every algebraic structure is purely based on differential forms and on the  
supergeometry I discussed. The            is extended to the whole complex of forms. 
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The final action with the complete set of interaction terms,  
which is gauge invariant under the L-infinity gauge  
transformation is now an integral form.  

• It gives the correct equations of motion 
• It is supersymmetric (it is not easy to see, it satisfies the susy constraints.  
• It is gauge invariant 
• It is invariant under superdiffeomorphisms  
• It has exactly the same form as Open Superstring Field Theory 
• The dependence by the vector v inside of Z is exact and it drops out. 


