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Reminder : Symplectic manifolds

Definition

Symplectic manifold : (M, ω), such that ω ∈ Ω2(M) is
closed and non-degenerate.

Non-degeneracy : The map ι•ω : TM → ΛkT ∗M, v 7→ ιvω
is injective.

Examples :
I T ∗Q with ω = dθ, θη(v) = η(π∗v)

I 2-dimensional manifolds with volume forms
I coadjoint orbits
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Reminder : Symplectic moment maps

Let (M, ω) be symplectic and ϑ : M × G → M a Lie group action
that preserves ω.

Definition

Moment map : f ∈ C∞(M, g∗), such that
1. df ξ(·) = ω(vξ, ·) for all ξ ∈ g.
2. f (ϑg (x)) = Ad∗g (f (x)) for all g ∈ G , x ∈ M.

Assume G is connected, then from a dual perspective,

f : g→ C∞(M)

1. that lifts the infinitesimal action v : g→ X(M).
2. and is a Lie algebra homomorphism.

is called comoment.
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Multisymplectic manifolds (1)

Definition

Multisymplectic manifold : (M, ω), such that ω ∈ Ωk+1(M)
is closed and non-degenerate.

Non-degeneracy : The map ι•ω : TM → ΛkT ∗M, v 7→ ιvω
is injective.

Examples :
I k = 1 : ω is symplectic.
I k = dim(M)− 1 : ω is a volume form.
I k = 2 : Let G be a semsisimple Lie group and 〈·, ·〉 its Killing

form. Then 〈[·, ·], ·〉 extends to a biinvariant (multisymplectic)
form ω.
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Multisymplectic manifolds (2)
More examples :
I Multi-Phase spaces : Let Q be a manifold. Consider

M = ΛkT ∗Q. The canonical form θ ∈ Ωk(M) is defined by

θη(v1, ..., vk) = η(π∗(v1), ...π∗(vk)).

The form ω = dθ is multisymplectic.
I ... with magnetic term : Let µ ∈ Ωk+1

cl (Q). Then the
following form is also multisymplectic :

ω + π∗µ

I Sphere M = S6, standard metric g and almost-complex
structure J. Then η = g(J·, ·) ∈ Ω2(S6) is not closed.
However,

ω = dη ∈ Ω3(S6)

is multisymplectic.
No Darboux theorem, not necessarily transitive Diffeomorphisms.



Multisymplectic manifolds (2)
More examples :
I Multi-Phase spaces : Let Q be a manifold. Consider

M = ΛkT ∗Q. The canonical form θ ∈ Ωk(M) is defined by

θη(v1, ..., vk) = η(π∗(v1), ...π∗(vk)).

The form ω = dθ is multisymplectic.
I ... with magnetic term : Let µ ∈ Ωk+1

cl (Q). Then the
following form is also multisymplectic :

ω + π∗µ

I Sphere M = S6, standard metric g and almost-complex
structure J. Then η = g(J·, ·) ∈ Ω2(S6) is not closed.
However,

ω = dη ∈ Ω3(S6)

is multisymplectic.
No Darboux theorem, not necessarily transitive Diffeomorphisms.



Multisymplectic manifolds (2)
More examples :
I Multi-Phase spaces : Let Q be a manifold. Consider

M = ΛkT ∗Q. The canonical form θ ∈ Ωk(M) is defined by

θη(v1, ..., vk) = η(π∗(v1), ...π∗(vk)).

The form ω = dθ is multisymplectic.
I ... with magnetic term : Let µ ∈ Ωk+1

cl (Q). Then the
following form is also multisymplectic :

ω + π∗µ

I Sphere M = S6, standard metric g and almost-complex
structure J. Then η = g(J·, ·) ∈ Ω2(S6) is not closed.
However,

ω = dη ∈ Ω3(S6)

is multisymplectic.
No Darboux theorem, not necessarily transitive Diffeomorphisms.



Multisymplectic manifolds (2)
More examples :
I Multi-Phase spaces : Let Q be a manifold. Consider

M = ΛkT ∗Q. The canonical form θ ∈ Ωk(M) is defined by

θη(v1, ..., vk) = η(π∗(v1), ...π∗(vk)).

The form ω = dθ is multisymplectic.
I ... with magnetic term : Let µ ∈ Ωk+1

cl (Q). Then the
following form is also multisymplectic :

ω + π∗µ

I Sphere M = S6, standard metric g and almost-complex
structure J. Then η = g(J·, ·) ∈ Ω2(S6) is not closed.
However,

ω = dη ∈ Ω3(S6)

is multisymplectic.
No Darboux theorem, not necessarily transitive Diffeomorphisms.



The L∞ algebra of observables (1)

Let (M, ω) be multisymplectic.

Ωk−1
Ham(M, ω) := {α | dα = −ιXαω for some Xα ∈ X(M)} ⊂ Ωk−1(M)

Lk−1 // ... // ... // L1 // L0

C∞(M) // ... // ... // Ωk−2(M) // Ωk−1
Ham(M, ω)

{· · · }i :
i∧
L0 → Li−2

{α1, ..., αi}i = −(−1)
i(i+1)

2 ω(Xα1 , ...,Xαi , ·, · · · , ·)
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The L∞ algebra of observables (2)

Definition/ Proposition (Rogers2012)

The L∞-algebra of multisymplectic observables : L∞(M, ω)

1. vector spaces Li for i = 0, ..., k − 1
2. differential l1 = {·}1 := d

3. higher brakets li = {· · · }i for i = 2, ..., k+1
is an L∞-algebra.

0 =
∑

i+j=n+1
σ∈ush(i,n−i)

(−1)i(j+1)sgn(σ)ε(σ; x) {{xσ(1), ..., xσ(i)}i , xσ(i+1)..., xσ(n)}j

Moreover, L∞(M, ω)→ X(M) is a L∞-homomorphism.
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Why is the observable algebra simple ?

C∞(M) // ... // Ωk−2(M) // Ωk−1
Ham(M, ω) // XHam(M, ω)

Theorem (BFLS)

Let L• = (... → L1 → L0 → F) be a resolution of the Lie
algebra F .
I A skew-symmetric l2 : L0 × L0 → L0 covering the Lie

bracket on F can be extended to an L∞-algebra
structure on L•.

I If l2 is zero on boundaries, then the structure can be
chosen such that li are non-zero only on L0.



Homotopy comoments (1)

Let (M, ω) multisymplectic and v : g→ X(M, ω) an action
preserving ω.

Definition FRZ-2013

A (homotopy) comoment is an L∞ homo-
morphism f : g → L∞(M, ω) projecting
to v .

L∞(M, ω)

��
g

v //

f
;;

X(M)

I.e. it is given by fi :
∧i g→ Li−1 for i ∈ {1, ..., k}, such that

1. df1(ξ) = −ιvξω
2.

∑
k<l −(−1)k+l fi−1([ξk , ξl ] ∧ ξ1... ∧ ξ̂k ∧ ...ξ̂l ∧ ...ξi ) =

dfi (ξ1 ∧ ... ∧ ξi )− (−1)
i(i−1)

2 ω(vξ1 , ..., vξi , · · · )
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Homotopy comoments (2)

Theorem (RW15 and FLZ15)

Let (M, ω) be multisymplectic and v : g→ X(M, ω).
I The map ξ1 ∧ ... ∧ ξi 7→ ±ω(vξ1 , ..., vξi , · · · ) defines

classes ci ∈ H i (g)⊗ Hk+1−i
dR (M)

I A homotopy comoment f for the action exists if and
only if ci = 0 for all i ∈ {1, ..., k + 1}

Symplectic case : The obstructions to the existence of a comoment
live in H1(g)⊗ H1

dR(M) and H2(g)⊗ H0
dR(M).
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Proof (1)

dli+1 = δli

... ... ... ... ...

Λ3L∗0 ⊗ Ω0(M)
id⊗d //

δ⊗id

OO

Λ3L∗0 ⊗ Ω1(M)
id⊗d //

δ⊗id

OO

Λ3L∗0 ⊗ Ω2(M)
id⊗d //

δ⊗id

OO

Λ3L∗0 ⊗ Ω3(M) //

δ⊗id

OO

...

Λ2L∗0 ⊗ Ω0(M)
id⊗d //

δ⊗id

OO

Λ2L∗0 ⊗ Ω1(M)
id⊗d //

δ⊗id

OO

Λ2L∗0 ⊗ Ω2(M)
id⊗d //

δ⊗id

OO

Λ2L∗0 ⊗ Ω3(M) //

δ⊗id

OO

...

Λ1L∗0 ⊗ Ω0(M)
id⊗d //

δ⊗id

OO

Λ1L∗0 ⊗ Ω1(M)
id⊗d //

δ⊗id
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Λ1L∗0 ⊗ Ω2(M)
id⊗d //

δ⊗id
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...

Λ0L∗0 ⊗ Ω0(M)
id⊗d //

δ⊗id

OO

Λ0L∗0 ⊗ Ω1(M)
id⊗d //

δ⊗id

OO

Λ0L∗0 ⊗ Ω2(M)
id⊗d //

δ⊗id

OO

Λ0L∗0 ⊗ Ω3(M) //

δ⊗id

OO

...



proof (2)

fi :
∧i g→ Li−1 for i ∈ {1, ..., k}, such that

1. df1(ξ) = −ιvξω
2. fk ◦ ∂CE + dfk+1 = −f ∗1 lk

... ... ... ... ...

Λ3g∗ ⊗ Ω0(M)
id⊗d //

δ⊗id

OO

Λ3g∗ ⊗ Ω1(M)
id⊗d //

δ⊗id

OO

Λ3g∗ ⊗ Ω2(M)
id⊗d //

δ⊗id

OO

Λ3g∗ ⊗ Ω3(M) //

δ⊗id

OO

...

Λ2g∗ ⊗ Ω0(M)
id⊗d //

δ⊗id

OO

Λ2g∗ ⊗ Ω1(M)
id⊗d //

δ⊗id

OO

Λ2g∗ ⊗ Ω2(M)
id⊗d //

δ⊗id

OO

Λ2g∗ ⊗ Ω3(M) //

δ⊗id

OO

...

Λ1g∗ ⊗ Ω0(M)
id⊗d //

δ⊗id

OO

Λ1g∗ ⊗ Ω1(M)
id⊗d //

δ⊗id

OO

Λ1g∗ ⊗ Ω2(M)
id⊗d //
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OO

Λ1g∗ ⊗ Ω3(M) //

δ⊗id

OO

...

Λ0g∗ ⊗ Ω0(M)
id⊗d //

δ⊗id

OO

Λ0g∗ ⊗ Ω1(M)
id⊗d //

δ⊗id

OO

Λ0g∗ ⊗ Ω2(M)
id⊗d //

δ⊗id

OO

Λ0g∗ ⊗ Ω3(M) //

δ⊗id

OO

...



Homotopy comoments (3)

Theorem (MR19)

Let (M, ω) as above, G compact, ϑ : M × G → M preserves
ω. A comoment exists if and only if

[ϑ∗ω − π∗ω] = 0 ∈ Hk+1
dR (M × G )

Proof :

Ω(M)ϑ−− → Ω(M×G )id×r ←→ Ω(M)⊗Ω(G )r ←→ Ω(M)⊗Λg∗



Homotopy comoments (4)

Corollaries :
I If ω has an (invariant) potential, then there is a comoment.
I If ω can be extended to an equivariant cohomology class
ω̃ ∈ Hk+1

G (M), then there is a comoment.

I If G1 has a comoment on (M1, ω1) and G2 has a comoment on
(M2, ω2), then G1 × G2 has a comoment on
(M1 ×M2, π

∗
1ω1 + π∗2ω2)

I ... and on (M1 ×M2, π
∗
1ω1 ∧ π∗2ω2). [SZ16]
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Conserved Quantities (1)

Let (M, ω) be n-plectic and H ∈ Ωn−1
Ham(M, ω).

Definition (RWZ)

A differential form α ∈ L∞(M, ω) is called
I conserved quantity if LXH

α is exact.
I strictly conserved quantity if LXH

α is 0.
I locally conserved quantity if LXH

α is closed.

Proposition

Let α1, ..., αk be locally conserved. Then {α1, ..., αk}k is
strictly conserved.
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Conserved Quantities (2)

Theorem

Let H be g-invariant and f a comoment. Then fk(Pk,g) are
globally conserved.

H locally g-pres. H globally g-pres. H strictly g-pres.
fk(Zk(g)) locally cons. locally cons. globally cons.
fk(Bk(g)) globally cons. globally cons. globally cons.

Let Σ be an d-dimensional closed manifold, σ0 : Σ → M
smooth and σt = φXH

t ◦ σ0, where φXH is the flow of XH .
Then, for a conserved quantity α ∈ Ωd(M), the value of the
following integral is independent of t :∫

Σ
σ∗tα.
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Comoments for spheres (1)

Theorem (MR19)

Let M = Sn, ω a volume form and G compact, acting effec-
tively, preserving the volume. The action admits a homotopy
comoment map if and only if
I n is even,
I or the action is not transitive.

Examples :
I SO(2n + 1) 	 S2n : has a comoment
I SO(2n) 	 S2n−1 : has no comoment
I SO(n) 	 Sn : has a comoment
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I SO(n) 	 Sn : has a comoment
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Comoments for spheres (2)

Idea of proof :
I The obstructions live in :

Hn−1(Sn)⊗ H1(G )
⊕...
⊕H1(Sn)⊗ Hn−1(G )
⊕H0(Sn)⊗ Hn(G ) = Hn(G )

I intransitive case : There exists an orbit p ·G ⊂ Sn of dim < n.

I transitive case : classification

I SO(n)/SO(n − 1) = Sn−1

I SU(n)/SU(n − 1) = S2n−1

I Sp(n)/Sp(n − 1) = S4n−1

I G2/SU(3) = S6

I Spin(7)/G2 = S7

I Spin(9)/Spin(7) = S15.
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Weak comoment maps (1)

Let (M, ω) and G as above. Pk
g = ker(Λkg→ Λk−1g)

Definition (H2018)

A weak comoment map is a collection fi : P i
g → Li−1 for

i ∈ {1, ..., k}, such that
1. df1(ξ) = −ιvξω

2. 0 = dfi (ξ1 ∧ ... ∧ ξi )− (−1)
i(i−1)

2 ω(vξ1 , ..., vξi , · · · )

I If a homotopy comoment exists, it exists.
I If H1

dR(M) = ... = Hk
dR(M) = 0, then it exists.

I Especially, for (Sn, ω) it exists. (n = k + 1).
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Weak comoment maps (2)
If ck+1 6= 0 ∈ H0

dR(M)⊗ Hk+1(g), then there is no homotopy
comoment, but there still might be a weak comoment.

Theorem (MR2020)

A weak comoment f for the action exists if and only if ci = 0
for all i ∈ {1, ..., k}.

Given a weak comoment, can it be extended ?

Theorem (MR2020)

Let f̂ be a weak moment map and cn+1 = 0. Then there
exists γ ∈

⊕n
k=1 δ(Λkg∗)⊗ Hn−k(M), such that :

γ = 0 if and only if
There exists a homotopy moment map f , such that
f |Pg = f̂ .
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Thank you for your attention !
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