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The framework: NCG

Two problems: discreteness and noncommutativity

The concept of quantization brought two new ideas into the framework
of a mathematical formalization of physics laws:

discreteness & noncommutativity

The gravitational force Three fundamental interactions

Standard Madel of Elementary Particies

» related to the curvature of the » interaction are mediated by
spacetime ~- continuous nature particles ~» discrete nature

» framework: Riemannian diff. » framework: self-adjoint op., ...
geometry ~» commutative ~» non-commutative world
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How to solve it?

Goal: noncommutative geometry was invented in order to provide
a unifying background to describe objects that can be:

» continuous and discrete;
» commutative and noncommutative.
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The framework: NCG

How to solve it?

Goal: noncommutative geometry was invented in order to provide
a unifying background to describe objects that can be:

» continuous and discrete;
» commutative and noncommutative.

A. Connes

RIEMANNIAN DIFF. GEOM. Cﬁ NONCOMM. GEOMETRY

Precisely:
compact spin Riem. manifold  ~~ spectral triple
Basic concepts: Basic concept:
» topological sp., » algebra of coord.
» points & charts o
P finite & commut. &
infinite dim. noncommutative
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Noncommutative Geometry: the idea
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geometric objects in algebraic terms
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loc. compact Hausdorff sp vy comm. C*-algebra
(+ compact) Ge'f;';f"{\fgig?rk (+ unit)
|
|
'

noncomm. C*-algebra

Roberta A. Iseppi

The BV formalism in the framework of noncommutative geometry



The framework: NCG

Noncommutative Geometry: the idea

Idea: To describe
geometric objects in algebraic terms

Topological aspects: @O

loc. compact Hausdorff sp vy comm. C*-algebra
(+ compact) Ge'f;';f"{\fgig?rk (+ unit)
|
|
'
noncomm. topological sp.  «w noncomm. C*-algebra

Roberta A. Iseppi

The BV formalism in the framework of noncommutative geometry



The framework: NCG

Noncommutative Geometry: the idea

Idea: To describe
geometric objects in algebraic terms

Topological aspects: @O

loc. compact Hausdorff sp vy comm. C*-algebra
(+ compact) Ge'f;';f"{\fgig?rk (+ unit)
|
|
'
noncomm. topological sp.  «w noncomm. C*-algebra

Roberta A. Iseppi

The BV formalism in the framework of noncommutative geometry



The framework: NCG

Noncommutative Geometry: the idea (2)

Metric/differential aspects: b

compact Riem. spin manifold  «w canonical spectral triple
Reconstr. Th.(C*(M), L*(M, S), D, Ju, ym)

Connes [2008]
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Metric/differential aspects: b
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The framework: NCG

Noncommutative Geometry: the idea (2)

Metric/differential aspects: b

compact Riem. spin manifold  «w canonical spectral triple
Reconstr. Th.(C>*(M), L*(M, S), Du, Ju, Ym)
|

Connes [2008]

|
|
Y
noncomm. manifold vy noncomm. spectral triple

(A, H,D)

Def: Spectral triple

A spectral triple (A, #, D) consists of:

» A = invol. unital alg. , faithf. repr. as op. on #, i.e. A= B(H)

» # = Hilbert space

» D = self-adjoint operator _
~+ properties
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The framework: NCG

Noncommutative Geometry: not only spectral triples

NONCOMMUTATIVE GEOMETRY

e | NN

_ QFT &
KK-theory NC algebraic  gauge theory

Operator algebras geometry
theory
Foliation theory
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The framework: NCG

Noncommutative Geometry: not only spectral triples

NONCOMMUTATIVE GEOMETRY

Motivic theory / l \‘ QFT &
KK-theory NC algebraic  gauge theory

Operator algebras geometry
theory
Foliation theory

BUT: spectral triples play an interesting role in QFT as

spectral triple = gauge theory
(AaHaD) v (X0,507g)
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The framework: NCG

Noncommutative Geometry: not only spectral triples

NONCOMMUTATIVE GEOMETRY

Motivic theory / l \‘ QFT &
KK-theory NC algebraic  gauge theory

Operator algebras geometry
theory
Foliation theory

BUT: spectral triples play an interesting role in QFT as

spectral triple

(A, #H,D)

gauge theory

[ \
nd (X0, 50,9)

Noncommutative manifolds, that is, the key geometrical object
in NCG, naturally encode the concept of a gauge theory
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The framework: NCG
Spectral triple & gauge theories

Def. Gauge theory

Given a theory (Xp, So) with G a group acting on X through an
action F: G x Xo — Xo, (X0, S0) is a gauge theory with gauge group
G if it holds that

So(F(g, ) = So(w), VYo € Xo,VgeQ.
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The framework: NCG
Spectral triple & gauge theories

Def. Gauge theory

Given a theory (Xp, So) with G a group acting on X through an
action F: G x Xo — Xo, (X0, S0) is a gauge theory with gauge group
G if it holds that

So(F(g, ) = So(w), VYo € Xo,VgeQ.

spectral triple gauge theory
(A7H7D) _l/ (X0’507g)

» A = unital *-alg., A= B(H)
» H = Hilbert sp.
» D:H — H = self-adj. op.
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The framework: NCG
Spectral triple & gauge theories

Def. Gauge theory

Given a theory (Xp, So) with G a group acting on X through an
action F: G x Xo — Xo, (X0, S0) is a gauge theory with gauge group
G if it holds that

So(F(g, ) = So(w), VYo € Xo,VgeQ.

spectral triple gauge theory
(A,H,D) —l/ (Xo,So,g)
» A = unital *-alg., A=~ B(H) > Xo={p=2,a[D,b]: ¢" =}
conf. sp = inner fluctuations
» H = Hilbert sp. » So[D+ ] = THAD+¢)), fe€R[A
action func. = spectral action
» D:H — H = self-adj. op. » G=UA)

gauge group = unitary el.
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The framework: NCG

The Standard Model in NCG

= Does all of this describe any physically relevant model?

O
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The Standard Model in NCG
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& Does all of this describe any physically relevant model?

The Standard Model as an almost-commut. spectral triple:
[A.H. Chamseddine, A. Connes,

M % F M. Marcolli, '07]
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The framework: NCG

The Standard Model in NCG

P
=)

5 Does all of this describe any physically relevant model?

The Standard Model as an almost-commut. spectral triple:
[A.H. Chamseddine, A. Connes,

M % F M. Marcolli, '07]
/

M = compact Riem. spin manifold
with

(COO(M)7 L2(M7 5)7 Dy, JM:'YM)

Roberta A. Iseppi

The BV formalism in the framework of noncommutative geometry



The framework: NCG

The Standard Model in NCG

P
=)

5 Does all of this describe any physically relevant model?

The Standard Model as an almost-commut. spectral triple:
[A.H. Chamseddine, A. Connes,

M % F M. Marcolli, '07]
A/ \
M = compact Riem. spin manifold F= finite noncomm. space
with with finite real spectral triple
(C>°(M), L2(M, S), Dy, In, Ym) (C @ H & Ms(C),C%, Dspg, Jsm, vsm)

Standard Modal of Elementary Particies
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The framework: NCG

The Standard Model in NCG

. Does all of this describe any physically relevant model?

O

The Standard Model as an almost-commut. spectral triple:
[A.H. Chamseddine, A. Connes,

M % F M. Marcolli, '07]
A/ \
M = compact Riem. spin manifold F= finite noncomm. space
with with finite real spectral triple
(C>°(M), L2(M, S), Dy, In, Ym) (C @ H & Ms(C),C%, Dspg, Jsm, vsm)

Standard Modal of Elementary Particies

(rom) 3

finite spectral triple
= particle content
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BV construction

BV construction: quick overview

» Context: quantization of gauge theories via a path integral approach

B

expectation value _
of)a< reg. flunctv. :n Xo — <g> = on g€ So[du]
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BV construction

BV construction: quick overview

» Context: quantization of gauge theories via a path integral approach

B

expectation value _
of)a< reg. flunctv. :n Xo — <g> = on g€ So[du]

» Problem: divergences caused by the presence of local symmetries

(&) = fXOge_So[d'u] (ervnh)(ﬁt.)(fxo/g...) (fg/)

orbits of G

infinite terms
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BV construction

BV construction: quick overview

» Context: quantization of gauge theories via a path integral approach

B

expectation value

of areg. funct. on Xo — <g> = on ge_so[du]

» Problem: divergences caused by the presence of local symmetries

(&) = fXOge_So[d'u] (ervnh)(ﬁt.)(fxo/g...) (fg/)

orbits of G

infinite terms

» Solution: eliminate the symmetries by introducing auxiliary (non-
existing) fields ~~ ghost fields Faddeev-Popov [1967]

Step 1: (X0, S0) (X.S)

BV construction
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BV construction

The BV approach (Batalin-Vilkovisky, [1983]) fin. dim. case
initial theory extended theory
BV construction ~ =
(X07 50) 7777777777777 - (X7 5)
Xo= vector sp. Z( = Xo U {ghost/anti-ghost fields}
So : Xo — R, regular fun. (€ Ox,) S = So+ terms depending on gh./anti-gh.
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The BV approach (Batalin-Vilkovisky, [1983]) fin. dim. case
initial theory extended theory
BV construction ~ =
(X07 50) 7777777777777 - (X7 5)
Xo= vector sp. Z( = Xo U {ghost/anti-ghost fields}
So : Xo — R, regular fun. (€ Ox,) S = So+ terms depending on gh./anti-gh.

A ghost field ¢ is characterized by:

/ \
parity (i) € {0,1} ghost degree  deg(y) € Z
where: such that:

» ¢(¢) =0 bosonic/real
=1

> () fermionic/Grass. deg(y) = e(p), modZ /72
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BV construction

The BV approach (Batalin-Vilkovisky, [1983]) fin. dim. case
initial theory extended theory
BV construction ~ =
(X07 50) 7777777777777 - (X7 5)
Xo= vector sp. Z( = Xo U {ghost/anti-ghost fields}
So : Xo — R, regular fun. (€ Ox,) S = So+ terms depending on gh./anti-gh.

A ghost field ¢ is characterized by:

/ \
parity (i) € {0,1} ghost degree  deg(y) € Z
where: such that:

» ¢(¢) =0 bosonic/real
=1

> () fermionic/Grass. deg(y) = e(p), modZ /72

Given a ghost field ¢, the corresponding anti-gh.field ¢* has:
(") = e(p) +1 deg(¢") = —deg(p) — 1

Roberta A. Iseppi

The BV formalism in the framework of noncommutative geometry



BV construction

Step 1: the extended theory (x.5) (1)

The extended conf. sp.:

X = Wwille Xg[1] e Xo e W X = Z— graded vect.sp.
— / <0 l st [X°=Xo
anti-ghost /
fields anti-fields ghost

initial -
fields fields
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BV construction

Step 1: the extended theory (x.5) (1)

The extended conf. sp.:

X = Wwille Xg[1] e Xo e W X = Z— graded vect.sp.
— / <0 l st [X°=Xo
anti-ghost /
fields anti-fields ghost

initial -
fields fields

The extended action:

S:X—R regular function (€ [O%]°) s.t. — §|X0 =S
{5,5}=0

solution classical
master eq.
where

{,}:03x0% - o™ 1-degree Poisson struct.

{of, i} =65
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BV construction

Step 1: the extended theory (x.5) (1)

The extended conf. sp.:

X = Wwille Xg[1] e Xo e W X = Z— graded vect.sp.
— / <0 l st [X°=Xo
anti-ghost /
fields anti-fields ghost

initial -
fields fields

The extended action:

S:X—R regular function (€ [O%]°) s.t. — §|X0 =S
~ ~ solution classical
{S$51=0 " aster eq.
where

{,}:03x0% - o™ 1-degree Poisson struct.

{of, i} =65

(Xo, So)—(X, )

Roberta A. Iseppi

The BV formalism in the framework of noncommutative geometry



BV construction

Step 1: the extended theory (X,35) (2)

To determine the (anti)-ghost fields to introduce, one considers the
Koszul-Tate resolution of the Jacobian ideal

J(S0) = (0150, 0250, - - -, OnSo)

over the ring Ox,: by introducing new variables of

alternating parity &  decreasing degree

one constructs a free resolution of Ox,/J(So) that is a differential
Ox,-algebra A.
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Step 1: the extended theory (X,35) (2)

To determine the (anti)-ghost fields to introduce, one considers the
Koszul-Tate resolution of the Jacobian ideal

J(S0) = (0150, 0250, - - -, OnSo)

over the ring Ox,: by introducing new variables of
alternating parity &  decreasing degree

one constructs a free resolution of Ox,/J(So) that is a differential

Ox,-algebra A. /

complex of fin. gen. Ox -modules
with a coboundary op. d
({Ai}, d)iczg,
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Step 1: the extended theory (X,35) (2)

To determine the (anti)-ghost fields to introduce, one considers the
Koszul-Tate resolution of the Jacobian ideal

J(S0) = (0150, 0250, - - -, OnSo)

over the ring Ox,: by introducing new variables of
alternating parity &  decreasing degree

one constructs a free resolution of Ox,/J(So) that is a differential

Ox,-algebra A. / /

the sequence is exact: complex of fin. gen. Ox -modules
> HO(A) = Ox,/H(So) with a coboundary op. d
> HY(A)=0, Vk<O0 ({Ai}, d)iczg,
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Step 1: the extended theory (X,35) (2)

To determine the (anti)-ghost fields to introduce, one considers the
Koszul-Tate resolution of the Jacobian ideal

J(S0) = (0150, 0250, - - -, OnSo)

over the ring Ox,: by introducing new variables of
alternating parity &  decreasing degree

one constructs a free resolution of Ox,/J(So) that is a differential

Ox,-algebra A. / /

the sequence is exact: complex of fin. gen. Ox -modules
» HO(A) = Ox,/H(So) with a coboundary op. d
> HY(A)=0, Vk<O0 ({Ai}, d)iczg,
d_, d -
AL S AL = Ox (ME, M) S Ag = Ox, T Ox, /(So) — 0.
anti-gh. deg -n anti-gh. deg -1
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BV construction

Step 1: the extended theory (X,35) (2)

To determine the (anti)-ghost fields to introduce, one considers the
Koszul-Tate resolution of the Jacobian ideal

J(So) = <8150, 050, ... ,8n50> May be infinite ~»

infinite ghost fields
over the ring Ox,: by introducing new variables of

alternating parity &  decreasing degree

one constructs a free resolution of Ox,/J(So) that is a differential

Ox,-algebra A. / /

the sequence is exact: complex of fin. gen. Ox -modules
» HO(A) = Ox,/H(So) with a coboundary op. d
> HY(A)=0, Vk<O0 ({Ai}, d)iczg,
d_, d -
AL S AL = Ox (ME, M) S Ag = Ox, T Ox, /(So) — 0.
anti-gh. deg -n anti-gh. deg -1
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BV construction

Step 2 & 3: the BRST cohomology and the auxiliary fields

Step 2: an extended theory (X, g), with {5, S} = 0 naturally induces a
classical BRST coh. with:

» Cochain spaces: C/(X, ds) = (0] = SmeDXO(W“[l] ® X[l e W)
» Coboundary op.: dz = {S,—} : C*(X,d3) = C**}(X, d), =0
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Step 2 & 3: the BRST cohomology and the auxiliary fields

Step 2: an extended theory (X, g), with {5, S} = 0 naturally induces a
classical BRST coh. with:

» Cochain spaces: C/(X, ds) = (0] = SmeDXO(W“[l] ® X[l e W)
» Coboundary op.: dz = {S,—} : C*(X,d3) = C**}(X, d), =0

(Xo, So) — (X, S)—BRST coh.
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BV construction

Step 2 & 3: the BRST cohomology and the auxiliary fields

Step 2: an extended theory (X, g), with {5, S} = 0 naturally induces a
classical BRST coh. with:

» Cochain spaces: C/(X, ds) = (0] = SmeDXO(W“[l] ® X[l e W)
» Coboundary op.: dz = {S,—} : C*(X,d3) = C**}(X, d), =0
Step 3: the functional S is in a form which is not suitable for an analysis

via perturbation theory: the anti-fields have to be removed both
both from X and S.

(Xo, So) — (X, S)—BRST coh.
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BV construction

Step 2 & 3: the BRST cohomology and the auxiliary fields

Step 2: an extended theory (X, g), with {5, S} = 0 naturally induces a
classical BRST coh. with:
» Cochain spaces: C/(X, ds) = (0] = SmeDXO(W“[l] ® X[l e W)
» Coboundary op.: dz = {S,—} : C*(X,d3) = C**}(X, d), =0

Step 3: the functional S is in a form which is not suitable for an analysis
via perturbation theory: the anti-fields have to be removed both
both from X and S.
gauge-fixing fermion ¥ € [Ox,aw] ™t
We have to introduce auxiliary fields (i.e. ghost fields with nega-
tive ghost degree) in order to be able to define V.

(Xo, So) — (X, S)—BRST coh.
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BV construction

Step 2 & 3: the BRST cohomology and the auxiliary fields

Step 2: an extended theory (X, g), with {5, S} = 0 naturally induces a
classical BRST coh. with:
» Cochain spaces: C/(X, ds) = (0] = SmeDXO(W“[l] ® X[l e W)
» Coboundary op.: dz = {S,—} : C*(X,d3) = C**}(X, d), =0

Step 3: the functional S is in a form which is not suitable for an analysis
via perturbation theory: the anti-fields have to be removed both
both from X and S.
gauge-fixing fermion ¥ € [Ox,aw] ™t
We have to introduce auxiliary fields (i.e. ghost fields with nega-
tive ghost degree) in order to be able to define V.

(Xo, So) — (X, S) = BRST coh.—(Xeot, Seot)
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BV construction

Step 4 & 5: the gauge fixing and the g.f. BRST coh.

Step 4: given a gauge-fixing fermion ¥ € [Ox,aw] !, we perform the
gauge-fixing procedure:

_ oV
T 0w

Xtot‘\l/ = Xeot

pr— oV Stotlw = So + Sev(wi, ¢f
i~ 9p;

Roberta A. Iseppi
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BV construction

Step 4 & 5: the gauge fixing and the g.f. BRST coh.

Step 4: given a gauge-fixing fermion ¥ € [Ox,aw] !, we perform the
gauge-fixing procedure:

_ oV
T 0w

Xtot‘\l/ = Xeot

pr— oV Stotlw = So + Sev(wi, ¢f
i~ 9p;

(Xo, So) — (X, S) = BRST coh. — (Xeot, Stot)—(Xeot|w, Stot|w)
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BV construction

Step 4 & 5: the gauge fixing and the g.f. BRST coh.

Step 4: given a gauge-fixing fermion ¥ € [Ox,aw] !, we perform the
gauge-fixing procedure:

_ Lk OV
or=g Stotlw = S0 + Sev(ei i = 5,

Xtot‘\l/ = Xeot

Step 5: (Xiot|w, Stot|w) still induces a cohomology complex, the so-called
gauge-fixed BRST cohomology:

» Cochain spaces: C/(Xiot|y, ds,,|v) = [Sym(Xo © Wior)]'
» Coboundary op.: ds,,|v := {Stot, —}

«_ OV
Pi =de;

(Xo, So) — (X, S) = BRST coh. — (Xeot, Stot)—(Xeot|w, Stot|w)
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BV construction

Step 4 & 5: the gauge fixing and the g.f. BRST coh.

Step 4: given a gauge-fixing fermion ¥ € [Ox,aw] !, we perform the
gauge-fixing procedure:

_ Lk OV
or=g Stotlw = S0 + Sev(ei i = 5,

Xtot‘\l/ = Xeot

Step 5: (Xiot|w, Stot|w) still induces a cohomology complex, the so-called
gauge-fixed BRST cohomology:

» Cochain spaces: C/(Xiot|y, ds,,|v) = [Sym(Xo © Wior)]'
» Coboundary op.: ds,,|v := {Stot, —}

«_ OV
Pi =de;

This cohomological theory has a physical relevance because:
H°(Xtot|w, Stot|w) = {Classical observables of (Xp, So)}

(Xo, So) — (X, S) = BRST coh. — (Xeot, Stot)—(Xeot|w, Stot|w)

Roberta A. Iseppi
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BV construction

Step 4 & 5: the gauge fixing and the g.f. BRST coh.

Step 4: given a gauge-fixing fermion ¥ € [Ox,aw] !, we perform the
gauge-fixing procedure:

_ Lk OV
or=g Stotlw = S0 + Sev(ei i = 5,

Xtot‘\l/ = Xeot

Step 5: (Xiot|w, Stot|w) still induces a cohomology complex, the so-called
gauge-fixed BRST cohomology:

» Cochain spaces: C/(Xiot|y, ds,,|v) = [Sym(Xo © Wior)]'
» Coboundary op.: ds,,|v := {Stot, —}

«_ OV
Pi =de;

This cohomological theory has a physical relevance because:
H°(Xtot|w, Stot|w) = {Classical observables of (Xp, So)}

(X0, So) — (X, S) = BRST coh. — (Xeot, Stot) — (Xeot|w, Stot|w)—>g.f. BRST coh.

Roberta A. Iseppi

The BV formalism in the framework of noncommutative geometry



BV construction

Our goals

The discovery of the BRST complex made it evident that the
ghost fields are not just a tool to solve the problem of computing
path integrals but they play a significant role.

However, many questions are still waiting for an answer:

@ Could we give a geometric interpretation to the BV
construction?

@ Which mathematical property of the initial gauge theory
(Xo, So) is detected by the ghost fields?

@ Is the BRST cohomology related to other, maybe
mathematically better known, cohomology theories?

Roberta A. Iseppi

The BV formalism in the framework of noncommutative geometry



BV construction

Our goals

The discovery of the BRST complex made it evident that the
ghost fields are not just a tool to solve the problem of computing
path integrals but they play a significant role.

However, many questions are still waiting for an answer:

@ Could we give a geometric interpretation to the BV
construction?  ~» noncommutative geometry (NCG)

@ Which mathematical property of the initial gauge theory
(Xo, So) is detected by the ghost fields?

@ Is the BRST cohomology related to other, maybe
mathematically better known, cohomology theories?
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BV construction

Our goals

The discovery of the BRST complex made it evident that the
ghost fields are not just a tool to solve the problem of computing
path integrals but they play a significant role.

However, many questions are still waiting for an answer:

@ Could we give a geometric interpretation to the BV
construction?  ~» noncommutative geometry (NCG)

@ Which mathematical property of the initial gauge theory
(Xo, So) is detected by the ghost fields?

~> Symmetries of the action

@ Is the BRST cohomology related to other, maybe
mathematically better known, cohomology theories?
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BV construction

Our goals

The discovery of the BRST complex made it evident that the
ghost fields are not just a tool to solve the problem of computing
path integrals but they play a significant role.

However, many questions are still waiting for an answer:

@ Could we give a geometric interpretation to the BV
construction?  ~» noncommutative geometry (NCG)

@ Which mathematical property of the initial gauge theory
(Xo, So) is detected by the ghost fields?

~> Symmetries of the action

@ Is the BRST cohomology related to other, maybe
mathematically better known, cohomology theories?

~~ Hochschild cohomology

Roberta A. Iseppi
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BV construction in NCG

The model

spectral triple gauge theory

(A, D) v (X0. 50.0)
» A = unital *-alg., A~ B(H) > Xo={p=2,a[D,b]: 9" = o}
= M,(C) ~ A"
» # = Hilbert sp. » So[D+ 9] = THAD+¢)), fe€R[A
=C" € Polg(M; + -+ + M?,_ |, M)
» D:H — H = self-adj. op. » G =U(A)
€ My(C),st. D" =D = U(n)

Roberta A. Iseppi
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BV construction in NCG

The model
spectral triple . gauge theory
(A7H7 D) ﬂ/ (X07507g)
» A = unital *-alg., A= B(H) > Xo={p=2,a[D,b]: 9" = o}
= M,(C) ~ A"
» # = Hilbert sp. » So[D+ 9] = THAD+¢)), fe€R[A
=C" S PO/R(M%+'--+MI21271.MHQ)
» D:H — H = self-adj. op. » G =UA)
€ M,(C), st. D" =D = U(n)

The action S, plays a key role as it determines the symmetries of the
theory and hence to ghost fields that have to be introduced.

For simplicity, we consider the class of models determined by the
quadratic Casimir operator of su(n), where M, ~~ Id in the basis.

Roberta A. Iseppi
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BV construction in NCG

Step 1: The extended configuration space

To determine the (anti)-ghost fields to introduce, we consider the
following Koszul-Tate resolution.

d_s d_y w Ox
D= == Ox (MY, M) — Ox, — 525 — 0.

= Ox (M, G J(S0)

TR

@ at each step only a finite number of new generators
@ it might not stop.

Roberta A. Iseppi
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BV construction in NCG

Step 1: The extended configuration space

To determine the (anti)-ghost fields to introduce, we consider the
following Koszul-Tate resolution.

d_s d_y w Ox
D= == Ox (MY, M) — Ox, — 525 — 0.

= Ox (M, G J(S0)

..
@ at each step only a finite number of new generators
@ it might not stop.

v

The extended configuration space would be a Z-graded Ox,-module
with finite dimensional homogeneous components in any degree.

Roberta A. Iseppi
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BV construction in NCG

Step 1: The extended configuration space

To determine the (anti)-ghost fields to introduce, we consider the
following Koszul-Tate resolution.

d_s d_y o
D= = Ox (M, MS) — Ox, 5 2% — 0.

= Ox (M, G J(S0)

TR

@ at each step only a finite number of new generators
@ it might not stop.
v

The extended configuration space would be a Z-graded Ox,-module
with finite dimensional homogeneous components in any degree.

Consequences:
@ we can only compute an approximate extended action;
@ we cannot explicitly determine the classical BRST-cochain
complex and the corresponding coboundary operator;
@ we loose track of the type of symmetry of the model.

Roberta A. Iseppi
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BV construction in NCG

Step 1: The extended conf. sp. & action (2)

The extended conf. sp.

We found a method to select a finite family of (anti)-ghost generators
to extend Xp, which reflects the type of invariance of the action:

X=WleX;eXoeW  with W= (C,G, G ® (E)

Roberta A. Iseppi
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BV construction in NCG

Step 1: The extended conf. sp. & action (2)

The extended conf. sp.

We found a method to select a finite family of (anti)-ghost generators
to extend Xp, which reflects the type of invariance of the action:

X=WleX;eXoeW  with W= (C,G, G ® (E)

So = Zig,'(M4)(M% + M% + M%)’ Number/type of ghost fields

«w symmetries of Sy
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BV construction in NCG

Step 1: The extended conf. sp. & action (2)

The extended conf. sp.

We found a method to select a finite family of (anti)-ghost generators
to extend Xp, which reflects the type of invariance of the action:

X=WleX;eXoeW  with W= (G, G, G ® (E)

Y. .
So = Zig,'(M4)(M% + M% + M%)’ Number/type of ghost fields
(N

«w symmetries of Sy
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BV construction in NCG

Step 1: The extended conf. sp. & action (2)

The extended conf. sp.

We found a method to select a finite family of (anti)-ghost generators
to extend Xp, which reflects the type of invariance of the action:

X=WleX;eXoeW  with W= (C,G, G ® (E)
Y
So = Zig,'(M4)(M% + M% + M%)’ Number/type of ghost fields
N N

«w symmetries of Sy
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BV construction in NCG

Step 1: The extended conf. sp. & action (2)

The extended conf. sp.

We found a method to select a finite family of (anti)-ghost generators
to extend Xp, which reflects the type of invariance of the action:

X=WleX;eXoeW  with W= (C,G, G ® (E)

So = Zig,'(M4)(M% + M% + M%)’ Number/type of ghost fields

«w symmetries of Sy
For a general n> 2, we have to add:
e o antifields in deg. —1

. ("2;1) anti-ghost fields in deg. —k—1, k=1,...,n" -1
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BV construction in NCG

Step 1: The extended conf. sp. & action (2)

The extended conf. sp.

We found a method to select a finite family of (anti)-ghost generators
to extend Xp, which reflects the type of invariance of the action:

X=WleX;eXoeW  with W= (C,G, G ® (E)

So = Zig,'(M4)(M% + M% + M%)’ Number/type of ghost fields

«w symmetries of Sy
For a general n> 2, we have to add:
e o antifields in deg. —1

. ("2;1) anti-ghost fields in deg. —k—1, k=1,...,n" -1

The extended action
g =5y + Zi,j,k EijkM,?k M,-Ck + Zi,j,k G [M,'E—i- €UijCk]

Sis: linear quadratic
in the anti-(ghost) fields in the ghost fields

Roberta A. Iseppi
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BV construction in NCG

Step 1: the BV construction in NCG (1)

We applied the BV construction to gauge theories naturally
induced by finite spectral triple.

Question: can the BV formalism be encoded in the NCG setting?
Could the BV extended theory (X, S) be described as a new
BV-spectral triple?

Roberta A. Iseppi
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BV construction in NCG

Step 1: the BV construction in NCG (1)

We applied the BV construction to gauge theories naturally
induced by finite spectral triple.

Question: can the BV formalism be encoded in the NCG setting?

Could the BV extended theory (X,5) be described as a new
BV-spectral triple?

(Ao, Ho, Do) & f '

.

|

(X(), SO) BV construction (5(7 ’5)
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BV construction in NCG

Step 1: the BV construction in NCG (1)

We applied the BV construction to gauge theories naturally
induced by finite spectral triple.

Question: can the BV formalism be encoded in the NCG setting?
Could the BV extended theory (X, S) be described as a new
BV-spectral triple?

2

.

|

(X(), SO) BV construction (5(7 ’5)

(A()aHOa DO) & f

Note:

o finite spectral triple are naturally defined over C;

e in the extended action S there appear Grassmannian variables.

Roberta A. Iseppi
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BV construction in NCG

Intermezzo: a bit more of NCG

Problem 1: going from C to R

Roberta A. Iseppi

The BV formalism in the framework of noncommutative geometry



BV construction in NCG

Intermezzo: a bit more of NCG

Problem 1: going from Cto R ~»  real structure
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BV construction in NCG
Intermezzo: a bit more of NCG

Problem 1: going from Cto R ~»  real structure

Def. Real structure

For a spectral triple (A, H, D), a real structure J is an antilinear
isometry J: H — H such that:

e P=+ld JD=+DJ
o [a,Jb*J 1] =0, [[D,a],Jb*J =0, Vabec A
Then (A, H, D, J) is called a (odd) real spectral triple

Roberta A. Iseppi
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BV construction in NCG
Intermezzo: a bit more of NCG

Problem 1: going from Cto R ~»  real structure

Def. Real structure

For a spectral triple (A, H, D), a real structure J is an antilinear
isometry J: H — H such that:

e P=+tld JD=+DJ -~
o [a,Jb*J 1] =0, [[D,a],Jb*J =0, Vabec A
Then (A, H, D, J) is called a (odd) real spectral triple
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BV construction in NCG
Intermezzo: a bit more of NCG

Problem 1: going from Cto R ~»  real structure

Def. Real structure

For a spectral triple (A, H, D), a real structure J is an antilinear
isometry J: H — H such that:

e P=+tld JD=+DJ -~
o [a,Jb*J 1] =0, [[D,a],Jb*J =0, Vabec A
Then (A, H, D, J) is called a (odd) real spectral triple

KO-dim 1 3 5 7
P=Id 1 -1 -1 1
JD=+DJ| -1 1 -1 1
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BV construction in NCG
Intermezzo: a bit more of NCG

Problem 1: going from Cto R ~»  real structure

Def. Real structure

For a spectral triple (A, H, D), a real structure J is an antilinear
isometry J: H — H such that:

e P=+tld JD=+DJ -~
o [a,Jb*J 1] =0, [[D,a],Jb*J =0, Vabec A
Then (A, H, D, J) is called a (odd) real spectral triple

KO-dim 1 3 5 7
P=Id 1 -1 -1 1
JD=+DJ| -1 1 -1 1

We also have even spectral triples, with KO-dim. 0, 2, 4, 6 but the
even case requires an extra element, that is, a grading v: H — H.

Roberta A. Iseppi

The BV formalism in the framework of noncommutative geometry



BV construction in NCG

Intermezzo: a bit more of NCG (2)

Problem 2: the appearance of Grassmannian variables in S.

Roberta A. Iseppi
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BV construction in NCG

Intermezzo: a bit more of NCG (2)

Problem 2: the appearance of Grassmannian variables in S.
~> two notions of action
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BV construction in NCG

Intermezzo: a bit more of NCG (2)

Problem 2: the appearance of Grassmannian variables in S.
~> two notions of action

Spectral action:
S[D+ ¢] = THAD + ¢));

for
e fa regular function (good decay, cut off...);

® ¢ a self-adjoint element, with o =Y 4D, b}, for a;, b€ A
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BV construction in NCG

Intermezzo: a bit more of NCG (2)

Problem 2: the appearance of Grassmannian variables in S.
~> two notions of action

Spectral action:
S[D+ ¢] = THAD + ¢));

for
e fa regular function (good decay, cut off...);

® ¢ a self-adjoint element, with o =Y 4D, b}, for a;, b€ A

Fermionic action:

S[y] = 3(())e, DY),

for
@ (, ) the inner product structure on #;
@ YeHCH

we can impose a Grassmannian nature to the elements in H;

Roberta A. Iseppi
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BV construction in NCG

Step 1: the BV construction in NCG (2)

(Aoﬂ'[o,Do) & f . /

(XO, 50) BV construction ( : :§)

Roberta A. Iseppi
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BV construction in NCG

Step 1: the BV construction in NCG (2)

(Ao, Ho, Do) & f 210 ( Apy, Hpy, Dav, Jav)
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BV construction in NCG

Step 1: the BV construction in NCG (2)

(Ao, Ho, Do) & f 210 ( Apy, Hpy, Dav, Jav)
Questions:

@ ghost fields: where do they come from? where are they going
to be?

e extended action: how can we determine S starting from
(Do, H)? How can we encode it in the BV-spectral triple?

Roberta A. Iseppi
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BV construction in NCG

Step 1: the BV construction in NCG (2)

(Ao, Ho, Do) & f 210 ( Apy, Hpy, Dav, Jav)
Questions:

@ ghost fields: where do they come from? where are they going
to be?

e extended action: how can we determine S starting from
(Do, H)? How can we encode it in the BV-spectral triple?

Ideas:
@ ghost fields ~ related to the symmetries of Sy = (Dy, f)

@ S~ fermionic action induced by the BV-spectral triple.

Roberta A. Iseppi
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BV construction in NCG

Step 1: the BV construction in NCG (2)

(Ao, Ho, Do) & f 210 ( Apy, Hpy, Dav, Jav)
Questions:

@ ghost fields: where do they come from? where are they going
to be?

e extended action: how can we determine S starting from
(Do, H)? How can we encode it in the BV-spectral triple?

Ideas:
@ ghost fields ~ related to the symmetries of Sy = (Dy, f)
@ S~ fermionic action induced by the BV-spectral triple.
Hence:

» anti-fields/anti-ghost fields will be encoded in Dgy
©» ghost fields are expected to be in Hgvr C Hav

Roberta A. Iseppi
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BV construction in NCG

Step 1: the BV construction in NCG (3)

HO _ C2 + ghost/anti-ghost fields - HBV — Q ® Q*[l]

Roberta A. Iseppi
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BV construction in NCG

Step 1: the BV construction in NCG (3)

HO _ C2 + ghost/anti-ghost fields - HBV — Q ® Q*[]_]

Symmetries of Sy

@ 3 indep. ones among pairs of coord. ~» 3 ghost in deg 1
@ 1 involving all three coordinates ~~ 1 ghost in deg 2

Roberta A. Iseppi
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BV construction in NCG

Step 1: the BV construction in NCG (3)

HO _ C2 + ghost/anti-ghost fields - HBV — Q ® Q*[]_]

Symmetries of Sy

@ 3 indep. ones among pairs of coord. ~» 3 ghost in deg 1
@ 1 involving all three coordinates ~~ 1 ghost in deg 2

Hence:
Hevr= Qf[l] @ Qr for Qr= [isu(2)]o ® [isu(2)]1 & [u(1)]2

Roberta A. Iseppi

The BV formalism in the framework of noncommutative geometry



BV construction in NCG

Step 1: the BV construction in NCG (3)

HO _ (Cz + ghost/anti-ghost fields - HBV — Q ® Q*[].]

Symmetries of Sy

@ 3 indep. ones among pairs of coord. ~» 3 ghost in deg 1
@ 1 involving all three coordinates ~~ 1 ghost in deg 2

Hence:
Hevr= Qf[l] @ Qr for Qr= [isu(2)]o ® [isu(2)]1 & [u(1)]2

) 4

The BV-Hilbert space
Hpy = Q1@ Q for Q= [Mx(C)]o @ [M2(C)]1 © [Ma(C)]2

Roberta A. Iseppi
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BV construction in NCG

Step 1: the BV construction in NCG (4)

Properties of the action Sgy:=S— S,

@ has total degree 0
@ is O restricted to Xp
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BV construction in NCG

Step 1: the BV construction in NCG (4)

Properties of the action Sgy:=S— S,

@ has total degree 0
@ is O restricted to Xp

Given: Ad(x)/Ab(x) : Ma(C) — My(C);
¢ — [CM(X,'), ¢]—/+7
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BV construction in NCG

Step 1: the BV construction in NCG (4)

Properties of the action Sgy:=S— S,

@ has total degree 0
@ is O restricted to Xp

Given: Ad(x)/Ab(x) : Ma(C) — My(C);
(;3 — [a(x,-),¢]_/+a

v

The BV operator Dgy

0 R
Dgy = (R* S)

for
0 0 0 0 Ad(M*)  Ab(C¥)
R:= 0 1Ad(C)  AbM) |,  S:=|AdM*) Ad(C) 0
1Ad(C)  —1Ad(M) 0 Ab(C*) 0 0

Roberta A. Iseppi
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BV construction in NCG

Step 1: the BV construction in NCG (5)

The real structure:  Jgy: Hgy — Hey with  Jgy(p) = o

The algebra Agy: given (Hav, Dsv, Jsv) as defined about, the
maximal unital algebra completing them to a spectral triple is

Apy = M(C) = Ay.

Roberta A. Iseppi
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BV construction in NCG

Step 1: the BV construction in NCG (5)

The real structure:  Jgy: Hgy — Hey with  Jgy(p) = o

The algebra Agy: given (Hav, Dsv, Jsv) as defined about, the

maximal unital algebra completing them to a spectral triple is
Ay = M(C) = Ay.

Theorem

For a finite spectral triple (Ao, Ho, Do) = (M>(C),C?, Do) with induced

gauge theory (Xo, So), the BV-spectral triple is

(Agv, Hav, Dsv, Jsv) = (Mx(C), @ & Q*[1], Dsv, Jsv))
In other words:

X=(Qr+Xo) ® (X[ + Q1)) S=So+ L{Jau(~), Dev(—))

Roberta A. Iseppi
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BV construction in NCG

Step 1: the BV construction in NCG (5)

The real structure:  Jgy: Hgy — Hey with  Jgy(p) = o

The algebra Agy: given (Hav, Dsv, Jsv) as defined about, the

maximal unital algebra completing them to a spectral triple is
Ay = M(C) = Ay.

Theorem

For a finite spectral triple (Ao, Ho, Do) = (M>(C),C?, Do) with induced

gauge theory (Xo, So), the BV-spectral triple is

(Agv, Hav, Dsv, Jsv) = (Mx(C), @ & Q*[1], Dsv, Jsv))
In other words:

X=(Qr+Xo) ® (X[ + Q1)) S=So+ L{Jau(~), Dev(—))

(Ao, Ho, Do)—(Asv, Hsv, Dev, Jsv) — ...

Roberta A. Iseppi
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BV construction in NCG

Step 2: the BRST cohomology in NCG

Goal: the classical BRST complex from the BV-spectral triple.
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BV construction in NCG

Step 2: the BRST cohomology in NCG

Goal: the classical BRST complex from the BV-spectral triple.

Idea: it is related to cohom. theories appearing naturally in NCG

Riemannian diff. geom NCG
manifold spectral triple
differential forms Hochschild homology
de Rham cohomology cyclic homology
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Step 2: the BRST cohomology in NCG

Goal: the classical BRST complex from the BV-spectral triple.
Idea: it is related to cohom. theories appearing naturally in NCG

Riemannian diff. geom NCG
manifold spectral triple
differential forms Hochschild homology
de Rham cohomology cyclic homology

Def: Hochschild complex
For a graded associative algebra A and a bimodule M over it,
CI(A, M) := Homg(A®I, M) and dy: CI(A, M) = CHTH (A, M)
with
dn(P)|xoe-@xg) = Wi(x0, (X1 @ - -+ ® Xq))
+ 30 (Pt @ - @ Xic1 kX ® - - - @ Xq)

+(=1)"wr(p(x0 ® - -+ ® Xg-1), Xq)

Roberta A. Iseppi
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BV construction in NCG

Step 2: the BRST cohomology in NCG (2)

Note: the BV-spectral triple encodes only the “effective” compo-
nents of the extended theory (X, 3)
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BV construction in NCG

Step 2: the BRST cohomology in NCG (2)

Note: the BV-spectral triple encodes only the “effective” compo-
nents of the extended theory (X, 3)

Effective BRST complex:
CUX, dg) := [Symo, (Xl for Xe:= X\ {x; € [X]"": {S,x} =0}

The coboundary op. dz is the restriction of dz to Symo,_ (X).
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BV construction in NCG

Step 2: the BRST cohomology in NCG (2)

Note: the BV-spectral triple encodes only the “effective” compo-
nents of the extended theory (X, 3)

Effective BRST complex:
CUX, dg) := [Symo, (Xl for Xe:= X\ {x; € [X]"": {S,x} =0}

The coboundary op. dz is the restriction of dz to Symo,_ (X).

Prop: there exists an isomorphism between classical and effective
BRST coh. groups:

Hn(Xa dS') = 69;;:1,‘“4”)(f< T )(Jka ’ Her_a(X’ dgvf)’

pit

where x; are the antifields corresponding to initial fields that do
not enter the symmetry of the action Sg.

Roberta A. Iseppi

The BV formalism in the framework of noncommutative geometry



BV construction in NCG

Step 2: the BRST cohomology in NCG (2)

Note: the BV-spectral triple encodes only the “effective” compo-
nents of the extended theory (X, 3)

Effective BRST complex:
CUX, dg) := [Symo, (Xl for Xe:= X\ {x; € [X]"": {S,x} =0}

The coboundary op. dz is the restriction of dz to Symo,_ (X).

Prop: there exists an isomorphism between classical and effective

BRST coh. groups:
MK 05) = @i HE (K ds ),

pit

where x; are the antifields corresponding to initial fields that do
not enter the symmetry of the action Sg.

To determine: (A, %), (M,w.wrg).

Roberta A. Iseppi
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BV construction in NCG

Step 2: the BRST cohomology in NCG (3)

The algebra A
A=Hpyr= Qr® Qf[1] for Qr= [isu(2)]o @ [isu(2)]: © [u(1)]2,

Product:

ax =5 rvone { Usv(=), Dav)) M| 7k

where {—, —} is the antibracket structure induced by the pairing
fields/anti-fields and 7/ is the dual basis.
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BV construction in NCG

Step 2: the BRST cohomology in NCG (3)

The algebra A
A =Hpyr= Qrd® QF[1] for Qr= [isu(2)]o & [i5u(2)]1 & [u(1)]2,
Product:

ax = § evon { Usv(=) Dev(=)) X} o

where {—, —} is the antibracket structure induced by the pairing
fields/anti-fields and 7/ is the dual basis.

The module M M= <Ql(Asv)> = OXO,

for )
QY (Asv) = {© =4[Do, bj] - ¢* = ¢, 3}, bj € Agv}

Left/Right module structure:
wi(o,8) = Y 28 { Usv(=). Dav(-)) 4 }| = —wrlg )
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BV construction in NCG

Step 2: the BRST cohomology in NCG (4)

BV-spectral triple (Agv, Hav, Dy, Jgv)
—_——
¥ ST
Hochschild complex M A deg0:wp, wr
deg #0: %
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BV construction in NCG

Step 2: the BRST cohomology in NCG (4)

BV-spectral triple (Agv, Hav, Dy, Jgv)
—_——
¥ ST
Hochschild complex M A deg0:wp, wr
deg #0: %

Theorem
Given a BV spectral triple (Agv, Hpyv, Dsv, Jsv), let (A, M) be
defined as above. Then it holds that:

(CE(A, M), dy) = (CE(X, dg), d5 ).
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BV construction in NCG

Step 2: the BRST cohomology in NCG (4)

BV-spectral triple (Agv, Hav, Dy, Jgv)
—_——
¥ ST
Hochschild complex M A deg0:wp, wr
deg #0: %

Theorem
Given a BV spectral triple (Agv, Hpyv, Dsv, Jsv), let (A, M) be
defined as above. Then it holds that:

(CE(A, M), dy) = (CE(X, dg), d5 ).

The classical BRST complex corresponds to a complex naturally A
induced by a spectral triple: the Hochschild complex —_
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BV construction in NCG

Step 2: the BRST cohomology in NCG (4)

BV-spectral triple (Agv, Hav, Dy, Jgv)
—_——
¥ ST
Hochschild complex M A deg0:wp, wr
deg #0: %

Theorem
Given a BV spectral triple (Agv, Hpyv, Dsv, Jsv), let (A, M) be
defined as above. Then it holds that:

(CE(A, M), dy) = (CE(X, dg), d5 ).

The classical BRST complex corresponds to a complex naturally A
induced by a spectral triple: the Hochschild complex —_

(Ao, Ho, Do) — (Asv, Hav, Dav, Jav)—(CH(A, M), dy) — ...
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BV construction in NCG
Step 3: the auxiliary fields

+ auxiliary fields/anti-fields
(Asv, Hsv, Dgv, Jpv) (Atot, Hrot, Dtot; Jtot)

0 iy = Agy = Ag = Mp(C)  ~> no changes for the algebra
© Mo :=Hav® Hauxw Hay=[M(C)]®°, Haux = [Mo(C)]12

Haux,f - Rf@ R}k[l]

for
R = [w(1)]-2 @ [w(1) © su(2)] -1 ® [isu(2) © u(1)]o ® [u(L)]1.
@ Dior
Dgy 0 U
D = fol D, ux - — )
tot ( 0 Daux) r a ('I‘k 0)
where . ..
o o o o o o0\ ~» determined by the pairing
6o o o0 o0 o0 i between contractible pairs
__ 0 0 0 0 0 0
= 0 0 0 Id 0 0
0 0 0 0 0 0
0 i-ld 0 0 0 0

Roberta A. Iseppi

The BV formalism in the framework of noncommutative geometry



BV construction in NCG
Step 3: the auxiliary fields

+ auxiliary fields/anti-fields
(Asv, Hsv, Dgv, Jpv) (Atot, Hrot, Dtot; Jtot)

0 iy = Agy = Ag = Mp(C)  ~> no changes for the algebra
© Mo :=Hav® Hauxw Hay=[M(C)]®°, Haux = [Mo(C)]12

Haux,f - Rf@ R}k[l]

for
R = [w(1)]-2 @ [w(1) © su(2)] -1 ® [isu(2) © u(1)]o ® [u(L)]1.
@ Dior
Dgy 0 U
D = fO D ux - — 9
tot ( 0 Daux) r a ('I‘k 0)
where . .
o o o o o o0\ ~» determined by the pairing
6o o o0 o0 o0 i between contractible pairs
o 0 0 0 0 0 0
“lo o o M 0o o0 Same structure as in
0o 0 0000 the BV spectral triple!
0 i-ld 0 0 0 0
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BV construction in NCG

Step 4 & 5: gauge fixing and g.f. BRST cohomology

Also the gauge-fixed BRST cohomology can be seen as an
Hochschild complex

Theorem

Given a total spectral triple (Azot, Htot, Diot; Jior)and a gauge-fixing
fermion W € [Og,ar,] !, it holds that:

(C2 (Xeotlw, ds,p,|w), ds,,.[w) = (CE(Aw, M), dr),
where
Ay = Hilv = [Qr® {0} = 2L} @ [Red {x] = 22 }]

By; ax;
and

My = (2(Ao))
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BV construction in NCG

Step 4 & 5: gauge fixing and g.f. BRST cohomology

Also the gauge-fixed BRST cohomology can be seen as an
Hochschild complex

Theorem

Given a total spectral triple (Azot, Htot, Diot; Jior)and a gauge-fixing
fermion W € [Og,ar,] !, it holds that:

(C? (Xeotlw, ds,oelw), ds, lw) = (CH(Aw, My), dh),
where
Ay = Hiotly = [Qr® {¢F = % 1@ Re® {x; = % ]
and
My = <Ql(.,40)>

The construction is absolutely analogous to the one made for the
classical BRST complex, we are simply imposing the gauge fixing
condition
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BV construction in NCG

Where we are:

Noncommutative geometry
(C( Ay, My), dy)

(M"((C)7 (Cn7 D7 f) (Atoty Htot: Dtot7 J)
initial spectral triple / total spectral triple Hochschild cohomology

Ve F(;)l(o (HBV,fEB Haux,f)
(Asv, Hav, D1 + D>, J)

BV spectral triple

|

(X0,50) —— (X,5) —» (Xeot, Stor) —» (Xeotly » Stotly) — C*(Xlw, dzlv)

initial gauge theory extended theory total theory gauge-fixed theory BRST-cohomology complex

BV/BRST construction
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BV construction in NCG

Where we are:

Noncommutative geometry
(C( Ay, My), dy)

(M"((C)7 (Cn7 D7 f) (Atoty Htot: Dtot7 J)
initial spectral triple / total spectral triple Hochschild cohomology

Ve F(;)l(o (HBV,fEB Haux,f)
(Asv, Hav, D1 + D>, J)

BV spectral triple

|

(X0,50) —» (X.S) — (Xeot, Stor) — (Xely s Stetly) —» C*(Xlv, dslv)

initial gauge theory extended theory total theory gauge-fixed theory BRST-cohomology complex

BV/BRST construction

D e We have considered a model M x F, with M = {point}. What about dim(M) > 0?
> @ All this was classical. Can we go quantum?
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