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discreteness & noncommutativity
The gravitational force

▶ related to the curvature of the
spacetime ⇝ continuous nature

▶ framework: Riemannian diff.
geometry ⇝ commutative

Three fundamental interactions

▶ interaction are mediated by
particles ⇝ discrete nature

▶ framework: self-adjoint op., ...
⇝ non-commutative world
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RIEMANNIAN DIFF. GEOM. NONCOMM. GEOMETRY

Precisely:
compact spin Riem. manifold ⇝ spectral triple

Basic concepts:
▶ topological sp.,
▶ points & charts

Basic concept:
▶ algebra of coord.

���finite &
infinite dim.

HHjcommut. &
noncommutative
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Noncommutative Geometry: the idea (2)
Metric/differential aspects:
compact Riem. spin manifold ↭

Reconstr. Th.
Connes [2008]

canonical spectral triple
(C∞(M), L2(M, S),DM, JM, γM)

?
noncomm. spectral triple

(A,H,D)
↭noncomm. manifold

Def: Spectral triple
A spectral triple (A,H,D) consists of:
▶ A = invol. unital alg. , faithf. repr. as op. on H, i.e. A ∼= B(H)
▶ H = Hilbert space
▶ D = self-adjoint operator

+ properties
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Noncommutative Geometry: not only spectral triples

NONCOMMUTATIVE GEOMETRY
����

Motivic theory
�

�
��	

Operator algebras
theory

?
KK-theory

?
Foliation theory

A
AU

NC algebraic
geometry

@@R
QFT &

gauge theory

BUT: spectral triples play an interesting role in QFT as
spectral triple

(A,H,D)
gauge theory
(X0,S0,G)

Noncommutative manifolds, that is, the key geometrical object
in NCG, naturally encode the concept of a gauge theory
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The framework: NCG BV construction BV construction in NCG

Spectral triple & gauge theories

Def. Gauge theory
Given a theory (X0,S0) with G a group acting on X0 through an
action F : G × X0 → X0, (X0,S0) is a gauge theory with gauge group
G if it holds that

S0(F(g, φ)) = S0(φ), ∀φ ∈ X0, ∀g ∈ G.

spectral triple
(A,H,D)

gauge theory
(X0,S0,G)

▶ A = unital *-alg., A ∼= B(H)

▶ H = Hilbert sp.

▶ D : H → H = self-adj. op.

▶ X0 =
{
φ =

∑
j aj[D, bj] : φ∗ = φ

}
conf. sp = inner fluctuations
▶ S0[D + φ] = Tr(f(D + φ)), f ∈ R[x]
action func. = spectral action
▶ G = U(A)
gauge group = unitary el.
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The framework: NCG BV construction BV construction in NCG

The Standard Model in NCG
Does all of this describe any physically relevant model?

The Standard Model as an almost-commut. spectral triple:
[A.H. Chamseddine, A. Connes,

M. Marcolli, ’07]M × F
���

M = compact Riem. spin manifold
with canonical spectral triple

(C∞(M), L2(M, S), DM, JM, γM)

HHj
F= finite noncomm. space

with finite real spectral triple
(C ⊕ H ⊕ M3(C),C96, DSM, JSM, γSM)

finite spectral triple
= particle content
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The framework: NCG BV construction BV construction in NCG

BV construction: quick overview

▶ Context: quantization of gauge theories via a path integral approach

⟨g⟩ =
∫

X0
ge−S0 [dµ]-expectation value

of a reg. funct. on X0

▶ Problem: divergences caused by the presence of local symmetries

AKorbits of G

X0 ⟨g⟩ =
∫

X0
ge−S0 [dµ] ⇝

(+ condit.)

(∫
X0/G . . .

) (∫
G . . .

)
��

infinite terms

▶ Solution: eliminate the symmetries by introducing auxiliary (non-
existing) fields ⇝ ghost fields Faddeev-Popov [1967]

Step 1: (X0,S0) -
BV construction (X̃, S̃)
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The framework: NCG BV construction BV construction in NCG

The BV approach (Batalin-Vilkovisky, [1983]) fin. dim. case

initial theory
(X0,S0)

X0= vector sp.
S0 : X0 → R, regular fun. (∈ OX0 )

-BV construction
extended theory

(X̃, S̃)

X̃ = X0 ∪ {ghost/anti-ghost fields}
S̃ = S0+ terms depending on gh./anti-gh.

A ghost field φ is characterized by:
���

parity ϵ(φ) ∈ {0, 1}

where:
▶ ϵ(φ) = 0 bosonic/real
▶ ϵ(φ) = 1 fermionic/Grass.

HHj

ghost degree deg(φ) ∈ Z

such that:
deg(φ) ≡ ϵ(φ), modZ/Z2

Given a ghost field φ, the corresponding anti-gh.field φ∗ has:
ϵ(φ∗) = ϵ(φ) + 1 deg(φ∗) = − deg(φ) − 1
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The framework: NCG BV construction BV construction in NCG

Step 1: the extended theory (X̃, S̃) (1)
The extended conf. sp.:

X̃ = W∗[1] ⊕ X∗
0 [1] ⊕ X0 ⊕ W

< 0 ⩾ 0��)
anti-ghost

fields

���
anti-fields

�
��


initial
fields

?
ghost
fields

X̃ = Z− graded vect.sp.
s.t. [X̃]0 = X0

(X0,S0)→(X̃, S̃)

Roberta A. Iseppi
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fields
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anti-fields

�
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initial
fields
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X̃ = Z− graded vect.sp.
s.t. [X̃]0 = X0

The extended action:

S̃ : X̃ → R regular function (∈ [OX̃]0) s.t. - S̃|X0 = S0
HHj

{S̃, S̃} = 0 solution classical
master eq.

where
{ , } : On

X̃ × Om
X̃ → On+m+1

X̃ 1-degree Poisson struct.
{φ∗

i , φj} = δij

(X0,S0)→(X̃, S̃)

Roberta A. Iseppi
The BV formalism in the framework of noncommutative geometry 11



The framework: NCG BV construction BV construction in NCG

Step 1: the extended theory (X̃, S̃) (1)
The extended conf. sp.:

X̃ = W∗[1] ⊕ X∗
0 [1] ⊕ X0 ⊕ W

< 0 ⩾ 0��)
anti-ghost

fields

���
anti-fields

�
��


initial
fields

?
ghost
fields

X̃ = Z− graded vect.sp.
s.t. [X̃]0 = X0

The extended action:

S̃ : X̃ → R regular function (∈ [OX̃]0) s.t. - S̃|X0 = S0
HHj

{S̃, S̃} = 0 solution classical
master eq.

where
{ , } : On

X̃ × Om
X̃ → On+m+1

X̃ 1-degree Poisson struct.
{φ∗

i , φj} = δij

(X0,S0)→(X̃, S̃)

Roberta A. Iseppi
The BV formalism in the framework of noncommutative geometry 11



The framework: NCG BV construction BV construction in NCG

Step 1: the extended theory (X̃, S̃) (2)
To determine the (anti)-ghost fields to introduce, one considers the
Koszul-Tate resolution of the Jacobian ideal

J(S0) = ⟨∂1S0, ∂2S0, . . . , ∂nS0⟩

over the ring OX0 : by introducing new variables of
alternating parity & decreasing degree

one constructs a free resolution of OX0/J(S0) that is a differential
OX0-algebra A. �

�	
complex of fin. gen. OX0 -modules

with a coboundary op. d
({Ai}, di)i∈Z⩽0

�
�	

the sequence is exact:
▶ H0(A) = OX0 /J(S0)
▶ Hk(A) = 0, ∀k < 0

· · · A−n
d−n−−→ · · · A−1 = OX0⟨M∗

1 , . . . ,M∗
n⟩ d−1−−→ A0 ∼= OX0

π−→ OX0/J(S0) → 0.
anti-gh. deg -n anti-gh. deg -1

May be infinite ⇝
infinite ghost fields

Roberta A. Iseppi
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The framework: NCG BV construction BV construction in NCG

Step 2 & 3: the BRST cohomology and the auxiliary fields

Step 2: an extended theory (X̃, S̃), with {S̃, S̃} = 0 naturally induces a
classical BRST coh. with:

▶ Cochain spaces: C i(X̃, dS̃) = [OX̃]i ∼= Symi
OX0

(W∗[1] ⊕ X∗
0 [1] ⊕ W)

▶ Coboundary op.: dS̃ := {S̃,−} : C•(X̃, dS̃) → C•+1(X̃, dS̃), d2
S̃ = 0

Step 3: the functional S̃ is in a form which is not suitable for an analysis
via perturbation theory: the anti-fields have to be removed both
both from X̃ and S̃.

gauge-fixing fermion Ψ ∈ [OX0⊕W]−1

We have to introduce auxiliary fields (i.e. ghost fields with nega-
tive ghost degree) in order to be able to define Ψ.

(X0,S0) → (X̃, S̃)→BRST coh.
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The framework: NCG BV construction BV construction in NCG

Step 4 & 5: the gauge fixing and the g.f. BRST coh.

Step 4: given a gauge-fixing fermion Ψ ∈ [OX0⊕W]−1, we perform the
gauge-fixing procedure:

Xtot|Ψ := Xtot|φ∗
i = ∂Ψ

∂φi
Stot|Ψ = S0 + SBV(φi, φ∗

i = ∂Ψ
∂φi

)

This cohomological theory has a physical relevance because:
H0(Xtot|Ψ,Stot|Ψ) = {Classical observables of (X0,S0)}
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The framework: NCG BV construction BV construction in NCG

Our goals

The discovery of the BRST complex made it evident that the
ghost fields are not just a tool to solve the problem of computing
path integrals but they play a significant role.
However, many questions are still waiting for an answer:

Could we give a geometric interpretation to the BV
construction? ⇝ noncommutative geometry (NCG)

Which mathematical property of the initial gauge theory
(X0,S0) is detected by the ghost fields?
⇝ Symmetries of the action

Is the BRST cohomology related to other, maybe
mathematically better known, cohomology theories?
⇝ Hochschild cohomology
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The framework: NCG BV construction BV construction in NCG

The model

spectral triple
(A,H,D)

gauge theory
(X0,S0,G)

▶ A = unital *-alg., A ∼= B(H)
= Mn(C)

▶ H = Hilbert sp.
= Cn

▶ D : H → H = self-adj. op.
∈ Mn(C), s.t. D∗ = D

▶ X0 =
{
φ =

∑
j aj[D, bj] : φ∗ = φ

}
∼= An2

▶ S0[D + φ] = Tr(f(D + φ)), f ∈ R[x]
∈ PolR(M2

1 + · · · + M2
n2−1,Mn2 )

▶ G = U(A)
= U(n)

The action S0 plays a key role as it determines the symmetries of the
theory and hence to ghost fields that have to be introduced.
For simplicity, we consider the class of models determined by the
quadratic Casimir operator of su(n), where Mn2 ⇝ Id in the basis.
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The framework: NCG BV construction BV construction in NCG

Step 1: The extended configuration space
To determine the (anti)-ghost fields to introduce, we consider the
following Koszul-Tate resolution.

· · · → OX0 ⟨M∗
i ,C∗

j , . . . ⟩ → · · ·
d−2−−→ OX0 ⟨M∗

1 , . . . ,M∗
n2 ⟩

d−1−−→ OX0
π−→ OX0

J(S0) → 0.

at each step only a finite number of new generators
it might not stop.

The extended configuration space would be a Z-graded OX0-module
with finite dimensional homogeneous components in any degree.
Consequences:

we can only compute an approximate extended action;
we cannot explicitly determine the classical BRST-cochain
complex and the corresponding coboundary operator;
we loose track of the type of symmetry of the model.
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The framework: NCG BV construction BV construction in NCG

Step 1: The extended conf. sp. & action (2)
The extended conf. sp.
We found a method to select a finite family of (anti)-ghost generators
to extend X0, which reflects the type of invariance of the action:

X̃ = W∗[1] ⊕ X∗
0 ⊕ X0 ⊕ W with W = ⟨C1,C2,C3⟩1 ⊕ ⟨E⟩2
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For a general n > 2, we have to add:
• n2 antifields in deg. −1
•

(n2−1
k

) anti-ghost fields in deg. −k − 1, k = 1, . . . , n2 − 1
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For a general n > 2, we have to add:
• n2 antifields in deg. −1
•

(n2−1
k

) anti-ghost fields in deg. −k − 1, k = 1, . . . , n2 − 1

The extended action
S̃ = S0 +

∑
i,j,k ϵijkM∗

i MjCk +
∑

i,j,k C∗
i
[
MiE + ϵijkCjCk

]
S̃ is: linear

in the anti-(ghost) fields
quadratic

in the ghost fields
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The framework: NCG BV construction BV construction in NCG

Step 1: the BV construction in NCG (1)

We applied the BV construction to gauge theories naturally
induced by finite spectral triple.
Question: can the BV formalism be encoded in the NCG setting?
Could the BV extended theory (X̃, S̃) be described as a new
BV-spectral triple?

(A0,H0,D0) & f

?

(X0,S0)

-

-BV construction (X̃, S̃)
?

Note:
finite spectral triple are naturally defined over C;
in the extended action S̃ there appear Grassmannian variables.
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The framework: NCG BV construction BV construction in NCG

Intermezzo: a bit more of NCG
Problem 1: going from C to R ⇝ real structure

Def. Real structure
For a spectral triple (A,H,D), a real structure J is an antilinear
isometry J : H → H such that:

J2 = ±Id JD = ±DJ ⇝ KO − dimension
[a, Jb∗J−1] = 0, [[D, a], Jb∗J−1] = 0, ∀a, b ∈ A.

Then (A,H,D, J) is called a (odd) real spectral triple

KO-dim 1 3 5 7
J2 = ±Id 1 −1 −1 1

JD = ±DJ −1 1 −1 1

We also have even spectral triples, with KO-dim. 0, 2, 4, 6 but the
even case requires an extra element, that is, a grading γ : H → H.
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The framework: NCG BV construction BV construction in NCG

Intermezzo: a bit more of NCG (2)
Problem 2: the appearance of Grassmannian variables in S̃.

⇝ two notions of action
Spectral action:

S[D + φ] = Tr(f(D + φ));

for
f a regular function (good decay, cut off...);
φ a self-adjoint element, with φ =

∑
j aj[D, bj], for aj, bj ∈ A

Fermionic action:
S[ψ] = 1

2⟨(J)ψ,Dψ⟩,

for
⟨ , ⟩ the inner product structure on H;
ψ ∈ Hf ⊆ H

we can impose a Grassmannian nature to the elements in Hf
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The framework: NCG BV construction BV construction in NCG

Step 1: the BV construction in NCG (2)

(A0,H0,D0) & f

?

(X0,S0)

-

-BV construction (X̃, S̃)
?

(A0,H0,D0) & f - (ABV,HBV,DBV, JBV)BV construction

Questions:
ghost fields: where do they come from? where are they going
to be?
extended action: how can we determine S̃ starting from
(D0, f)? How can we encode it in the BV-spectral triple?

Ideas:
ghost fields ⇝ related to the symmetries of S0 ∼= (D0, f)
S̃⇝ fermionic action induced by the BV-spectral triple.

Hence:
anti-fields/anti-ghost fields will be encoded in DBV

ghost fields are expected to be in HBV,f ⊆ HBV

Roberta A. Iseppi
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The framework: NCG BV construction BV construction in NCG

Step 1: the BV construction in NCG (3)

H0 = C2 - HBV = Q ⊕ Q∗[1]+ ghost/anti-ghost fields

Symmetries of S0

3 indep. ones among pairs of coord. ⇝ 3 ghost in deg 1
1 involving all three coordinates ⇝ 1 ghost in deg 2

Hence:
HBV,f = Q∗

f [1] ⊕ Qf for Qf = [isu(2)]0 ⊕ [isu(2)]1 ⊕ [u(1)]2

The BV-Hilbert space
HBV = Q∗[1] ⊕ Q for Q = [M2(C)]0 ⊕ [M2(C)]1 ⊕ [M2(C)]2
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The framework: NCG BV construction BV construction in NCG

Step 1: the BV construction in NCG (4)
Properties of the action SBV := S̃ − S0

has total degree 0
is 0 restricted to X0

Given: Ad(x)/Ab(x) : M2(C) → M2(C);
ϕ 7→ [α(xi), ϕ]−/+,

The BV operator DBV

DBV =
( 0 R

R∗ S

)
for

R :=

 0 0 0
0 1

2 Ad(C) Ab(M)
1
2 Ad(C) − 1

2 Ad(M) 0

 , S :=

 0 Ad(M∗) Ab(C∗)
Ad(M∗) Ad(C∗) 0
Ab(C∗) 0 0


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The framework: NCG BV construction BV construction in NCG

Step 1: the BV construction in NCG (5)
The real structure: JBV : HBV → HBV with JBV(φ) = φ†

The algebra ABV: given (HBV,DBV, JBV) as defined about, the
maximal unital algebra completing them to a spectral triple is

ABV = M2(C) = A0.

Theorem
For a finite spectral triple (A0,H0,D0) = (M2(C),C2,D0) with induced
gauge theory (X0, S0), the BV-spectral triple is

(ABV,HBV,DBV, JBV) = (M2(C),Q ⊕ Q∗[1],DBV, JBV))

In other words:
X̃ = (Qf + X0) ⊕ (X∗

0 [1] + Q∗
f [1]) S̃ = S0 + 1

4 ⟨JBV(−),DBV(−)⟩

(A0,H0,D0)→(ABV,HBV,DBV, JBV) → . . .
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The framework: NCG BV construction BV construction in NCG

Step 2: the BRST cohomology in NCG
Goal: the classical BRST complex from the BV-spectral triple.
Idea: it is related to cohom. theories appearing naturally in NCG

Riemannian diff. geom NCG
manifold spectral triple

differential forms
de Rham cohomology cyclic homology

Def: Hochschild complex
For a graded associative algebra A and a bimodule M over it,
Cq

H(A,M) := HomK(A⊗q,M) and dH : Cq
H(A,M) → Cq+1

H (A,M)
with

dH(φ)|(x0⊗···⊗xq) := ωL(x0, φ(x1 ⊗ · · · ⊗ xq))
+

∑q
i=1(−1)|x1|+···+|xi−1|φ(x0 ⊗ · · · ⊗ xi−1⋆xi ⊗ · · · ⊗ xq)

+(−1)q+1ωR(φ(x0 ⊗ · · · ⊗ xq−1), xq)
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The framework: NCG BV construction BV construction in NCG

Step 2: the BRST cohomology in NCG (2)

Note: the BV-spectral triple encodes only the “effective” compo-
nents of the extended theory (X̃, S̃)

Effective BRST complex:
C i

f(X̃, dS̃) := [SymOX0
(X̃f)]i, for X̃f := X̃ \

{
x∗

j ∈ [X̃]−1 : {S̃, xj} = 0
}

The coboundary op. dS̃,f is the restriction of dS̃ to SymOX0
(X̃f).

Prop: there exists an isomorphism between classical and effective
BRST coh. groups:

Hn(X̃, dS̃) ∼=
⊕

a=1,...,♯J x∗
j1 · · · · · x∗

ja · Hn+a
f (X̃, dS̃,f),

where x∗
j are the antifields corresponding to initial fields that do

not enter the symmetry of the action S0.
To determine: (A,⋆), (M, ωL.ωR).
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Effective BRST complex:
C i

f(X̃, dS̃) := [SymOX0
(X̃f)]i, for X̃f := X̃ \

{
x∗

j ∈ [X̃]−1 : {S̃, xj} = 0
}

The coboundary op. dS̃,f is the restriction of dS̃ to SymOX0
(X̃f).

Prop: there exists an isomorphism between classical and effective
BRST coh. groups:

Hn(X̃, dS̃) ∼=
⊕

a=1,...,♯J x∗
j1 · · · · · x∗

ja · Hn+a
f (X̃, dS̃,f),

where x∗
j are the antifields corresponding to initial fields that do

not enter the symmetry of the action S0.
To determine: (A,⋆), (M, ωL.ωR).
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The framework: NCG BV construction BV construction in NCG

Step 2: the BRST cohomology in NCG (3)
The algebra A

A := HBV,f = Qf ⊕ Q∗
f [1] for Qf = [isu(2)]0 ⊕ [isu(2)]1 ⊕ [u(1)]2,

Product:
α ⋆ β := 1

4
∑

r̸=0,k
{

⟨JBV(−),DBV(−)⟩ , xr
k
}∣∣∣

α⊗β
· τ r

k,

where {−,−} is the antibracket structure induced by the pairing
fields/anti-fields and τ r

k is the dual basis.

The module M M := ⟨Ω1(ABV)⟩ ∼= OX0 ,

for
Ω1(ABV) =

{
φ =

∑
i aj[D0, bj] : φ∗ = φ, aj, bj ∈ ABV

}
Left/Right module structure:

ωL(α, g) := 1
8

∑
k

∂g
∂x0

k

{
⟨JBV(−),DBV(−)⟩ , x0

k

}∣∣∣
α

= −ωR(g, α)
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The framework: NCG BV construction BV construction in NCG

Step 2: the BRST cohomology in NCG (4)
BV-spectral triple

Hochschild complex

(ABV,HBV,DBV, JBV︸ ︷︷ ︸)
��	

M
?

A
?

deg 0 : ωL, ωR
deg ̸= 0 :⋆

Theorem
Given a BV spectral triple (ABV,HBV,DBV, JBV), let (A,M) be
defined as above. Then it holds that:

(C•
H(A,M), dH) ∼= (C•

f (X̃, dS̃), dS̃,f).

The classical BRST complex corresponds to a complex naturally
induced by a spectral triple: the Hochschild complex

(A0,H0,D0) → (ABV,HBV,DBV, JBV)→(C•
H(A,M), dH) → . . .
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The framework: NCG BV construction BV construction in NCG

Step 3: the auxiliary fields
(ABV,HBV,DBV, JBV) - (Atot,Htot,Dtot, Jtot)

+ auxiliary fields/anti-fields

Atot = ABV = A0 = M2(C) ⇝ no changes for the algebra
Htot := HBV ⊕ Haux, HBV = [M2(C)]⊕6, Haux = [M2(C)]⊕12

Haux,f = Rf ⊕ R∗
f [1]

for
Rf := [u(1)]−2 ⊕ [u(1) ⊕ su(2)]−1 ⊕ [isu(2) ⊕ u(1)]0 ⊕ [u(1)]1.

Dtot

Dtot =
(

DBV 0
0 Daux

)
for Daux :=

(
0 T

T∗ 0

)
,

where

T :=


0 0 0 0 0 0
0 0 0 0 0 i · Id
0 0 0 0 0 0
0 0 0 Id 0 0
0 0 0 0 0 0
0 i · Id 0 0 0 0


⇝ determined by the pairing

between contractible pairs
Same structure as in
the BV spectral triple!
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The framework: NCG BV construction BV construction in NCG

Step 4 & 5: gauge fixing and g.f. BRST cohomology
Also the gauge-fixed BRST cohomology can be seen as an
Hochschild complex
Theorem
Given a total spectral triple (Atot,Htot,Dtot, Jtot)and a gauge-fixing
fermion Ψ ∈ [OQf⊕Rf ]−1, it holds that:

(C•
f (Xtot|Ψ, dStot |Ψ), dStot |Ψ) = (C•

H(AΨ,MΨ), dH),
where

AΨ := Htot|Ψ =
[
Qf ⊕

{
φ∗

i = ∂Ψ
∂φj

}]
⊕

[
Rf ⊕

{
χ∗

i = ∂Ψ
∂χj

}]
and

MΨ :=
⟨
Ω1(A0)

⟩
The construction is absolutely analogous to the one made for the
classical BRST complex, we are simply imposing the gauge fixing
condition
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The framework: NCG BV construction BV construction in NCG

Where we are:
Noncommutative geometry

(Mn(C),Cn,D, f)
initial spectral triple

?
(X0, S0)

initial gauge theory
-

(ABV,HBV,D1 + D2, J)
BV spectral triple

?

HHHj �
��� @R �����*

(X̃, S̃)
extended theory

-
?

(Atot,Htot,Dtot, J)
total spectral triple

?

Ψ ∈ F−1
OX0

(HBV,f ⊕ Haux,f)

(Xtot,Stot)
total theory

- (Xtot|Ψ , Stot|Ψ)
gauge-fixed theory

- C•(X̃|Ψ, dS̃|Ψ)
?

(C•
H(AΨ, MΨ), dH)

Hochschild cohomology

BRST-cohomology complex

BV/BRST construction

• We have considered a model M × F, with M = {point}. What about dim(M) > 0?
• All this was classical. Can we go quantum?
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