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Aim

We are aiming to find

π∞(φ(x)) := Eπ∞ [φ(x)],

where
x ∼ π∞

φ(x) : R → R.

However, we can only approximate π∞ by πα with α ∈ ZD
+ being

the index of refinement.
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Bayesian Inference

Under Bayesian context, the target distribution can only be
evaluated up to normalising constant

πα(dx) := πα(dx |y) ∝ Lα(x)π0(dx),

where
x ∈ Rdx is the unknown parameter
y ∈ Rdy is the observations
π0(dx) is the prior distribution
Lα(dx) ∝ πα(y |x) is the approximated likelihood.
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Notations

Exact Approximate
L(x) ∝ π(y |x) Lα(x) ∝ πα(y |x)
f (dx) := L(x)π0(dx) fα(dx) := Lα(x)π0(dx)
Z :=

∫
X f (x)dx Zα :=

∫
X fα(x)dx

π := π(dx |y) = f (dx)/Z πα := πα(dx |y) = fα(dx)/Zα
π(φ) := Eπ[φ(x)] πα(φα) := Eπα [φα(x)]
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Monte Carlo

Assuming can simulate samples from πα(dx |y), we can construct
the single level Monte Carlo estimator for Eπα [φ(x)] as

N−1
N∑

i=1
φα(x i),

where N is the number of samples.

Complexity: MSE−ξ (ε−2ξ) for ξ > 1 (e.g. SDE/PDE)

Canonical: MSE−1 if no discretisation bias (e.g. integral of an
arbitrary function on [0,1])
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Multilevel Monte Carlo (MLMC)

With MLMC, we apply the approximation

π(φ) ≈
L∑
ℓ=0

E[φℓ(x)− φℓ−1(x)], (1)

where L > 0 is the finest level of discretisation and φℓ ≡ 0 if ℓ < 0.
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Multi-index Monte Carlo (MIMC)

With MIMC, we apply the approximation

π(φ) ≈
∑
α∈I

E[∆φα(x)], (2)

where
I ⊂ ZD

+

the difference of difference operator is defined as
∆φα := ∆D ◦ · · · ◦∆1φα with ∆iφα := φα − φα−ei

φα ≡ 0 if αi < 0 for any i .
E.g. D = 2:

∆φα = φ(uα(x))−φ(uα1,α2−1(x))−φ(uα1−1,α2(x))+φ(uα1−1,α2−1(x))
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MIMC

Define the vector of multi-indices:

α(α) := (α1(α), . . . ,α2D (α)) ∈ ZD×2D
+ ,

where
α1(α) = α

α2D (α) = α−
∑D

i=1 ei

ei is the i th standard basis vector in RD.
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MIMC

Two cases:
can sample from a coupling of (πα1(α), . . . , πα2D (α)) (a joint
distribution with the marginal παj (α)) → construct a standard
multi-index estimator [5]
cannot → approximate coupling and construct different
estimators [7, 13]
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Approximate Coupling

Let
Π0(dx) = π0(dx1)

∏2D

i=2 δx1(dx i) (δx1 the Dirac delta
function)
Lα(x) = max{Lα1(α)(x1), . . . , Lα2D (α)(x2D )}.

Approximate coupling:

Fα(dx) = Lα(x)Π0(dx) , Πα(dx) = 1
Fα(1)

Fα(dx) . (3)
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Markov Chain Monte Carlo (MCMC)

MCMC:
Construct an ergodic (aperiodic and positive recurrent)
Markov chain such that it is π−invariant
Simulate a trajectory and construct an estimator

Metropolis-Hastings method:
Design a proposal Markov kernel M
Sample x ′ ∼ M(x (i), ·)

Let x (i+1) = x ′ with probability min
{

1, f (x ′)M(x ′,x (i))
f (x (i))M(x (i),x ′)

}
Let x (i+1) = x (i), otherwise
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Sequential Monte Carlo Sampler (SMC sampler)

Sequential Monte Carlo sampler is the combination of (sequential)
importance (re)sampling and Markov chain Monte Carlo.

Sample from the target π by sampling from a simple
distribution (importance sampling)
Mutate/Propagate by Markov kernels to decorrelate the
samples, along a sequence of distributions converging to the
target (sequential importance sampling and Markov chain
Monte Carlo)
Resample when the effective sample size of the samples
drops down to certain values (Resampling)
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Sequential Monte Carlo Sampler (SMC sampler)

Let for j = 1, ..., J
hj = fj+1/fj where f1 = π0, fJ = f and fj for j = 2, ..., J − 1
are some intermediate distributions (e.g. fj(x) = L(x)τjπ0(x),
where τ1 = 0, τj < τj+1, and τJ = 1)
πj(x) = 1

fj (1) fj(x)
Mi be a Markov transition kernel such that
(πα,jMj)(dx) = πj(dx)
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Sequential Monte Carlo Sampler (SMC sampler)

Algorithm 1 SMC sampler
Let x (i)

1 ∼ π1 for i = 1, . . . ,N, and ZN
1 = 1. For j = 2, . . . , J ,

repeat the following steps:
(0) Store ZN

j = ZN
j−1

1
N
∑N

k=1 hj−1(
(k)
j−1).

For i = 1, ...,N:
(i) Define w i

j = hj−1(
(i)
j−1)/

∑N
k=1 hj−1(

(k)
j−1).

(ii) Resample. Select I i
j ∼ {w1

j , . . . ,wN
j }, and let x̂ (i)

j = x (I i
j )

j−1.

(iii) Mutate. Draw x (i)
j ∼ Mj(x̂ (i)

j , ·).
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MISMC

Multi-index sequential Monte Carlo (MISMC):

MIMC + SMC sampler + Estimators

Estimators
{

self-normalised (SN) increments estimator
ratio estimator
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Self-normalised increments estimator

Self-normalised increments estimator (lack of rigorous convergence
results for realistic assumptions):

π(φ) ≈
∑
α∈I

∆(πα(φα)) =
∑
α∈I

∆

(
1

Zα
fα(φα)

)
(4)

Sample from the approximate coupling (3) using SMC sampler
Construct the self-normalized importance sampling estimators

∆

∑N
i=1 φα(x (i)) πα(x

(i))
Πα(x (i))∑N

i=1
πα(x (i))
Πα(x (i))

 , x (i) ∼ Πα

for each individual summands of (4)
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Self-normalised increments estimator assumption
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Ratio estimator

Ratio estimator (by ratio decomposition)

π(φ) =
f (φ)
f (1) ≈

∑
α∈I ∆(fα(φ))∑
α∈I ∆(fα(1))

(5)

Sample from the approximate coupling (3) using SMC sampler
Construct estimators for the unnormalised increments
∆(fα(ζα)) for ζα = φα and ζα = 1
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Estimators for the unnormalised increments of increments

Define for j = 1, . . . , J , and for random variables x(i)
j , i = 1, ...,N

ΠN
α,j(dx) := 1

N
∑N

i=1 δx(i)
j
(dx)

Hα,j = Fα,j+1/Fα,j
ZN
α :=

∏J−1
j=1 ΠN

α,j(Hα,j)

F N
α (dx) := ZN

α ΠN
α,J(dx)

ψζα(x) :=
∑2D

k=1 ιkωk(x)ζαk(α)(xk) , ωk(x) :=
Lk (α)(xk)

Lα(x) ,
where ιk ∈ {−1, 1} is the sign of the kth term in ∆fα.
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Ratio Estimator

The ratio estimator is

φ̂MI
I =

∑
α∈I F Nα

α (ψφα)

max{
∑

α∈I F Nα
α (ψ1),Zmin}

,

where
I ⊆ ZD

+ is the index set
{Nα}α∈I are the number of samples
φ : X → R is the quantity of interest
Zmin is a lower bound on Z .
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Estimators for the unnormalised increments of increments

Note:

The estimator F N
α (ψζα) is unbiased

E[F N
α (ψζα)] = Fα(ψζα) = ∆fα(ζα)

.
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Estimators for the unnormalised increments of increments

Assumption 4.1

Let J ∈ N be given. For each j ∈ {1, . . . , J} there exists some
C > 0 such that for all (α, x) ∈ ZD

+ × X

C−1 < Z ,Hα,j(x) ≤ C .

Assumption 4.2

For any ζ :→ bounded and Lipschitz, there exist C , βi , si , γi > 0
for i = 1, . . . ,D such that for resolution vector (2−α1 , . . . , 2−αD ),
i.e. resolution 2−αi in the i th direction, the following holds
(B) |fα(ζ)− f (ζ)| =: Bα ≤ C2−⟨α,s⟩;
(V)

∫
X (∆(Lα(x)ζα(x)))2π0(dx) =: Vα ≤ C2−⟨α,β⟩;

(C) COST(Fα(ψφ)) =: Cα ∝ 2⟨α,γ⟩.
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Multi-index sequential Monte Carlo ratio estimator

Theorem 1

Assume 4.1. Then for any J ∈ N there exists a C > 0 such that for
any N ∈ N, ψ : X 2D → R bounded and measurable and α ∈ ZD

+

E
[
|F N
α (ψ)− Fα(ψ)|2

]
≤ C

N Fα(ψ2).

Lemma 4.1

Assume 4.1. Then there exist a C > 0 such that for any α ∈ ZD
+

Fα(ψ2
ζα) ≤ C

∫
X
(∆(Lα(x)ζα(x)))2π0(dx) .
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MISMCRE with the tensor product index set

Theorem 2

Assume 4.1 and 4.2, with
∑D

j=1
γj
sj
≤ 2 and βi > γi for

i = 1, . . . ,D. Then for any ε > 0 and suitable φ : X → R, it is
possible to choose a tensor product (TP) index set
IL1:Ld := {α ∈ ND : α1 ∈ {0, ..., L1}, ..., αD ∈ {0, ..., LD}} and
{Nα}α∈IL1:LD

, such that for some C > 0

E[(φ̂MI
I − π(φ))2] ≤ Cε2 ,

and COST(φ̂MI
I ) ≤ Cε−2, the canonical rate.
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MISMCRE with the total degree index set

Theorem 3

Assume 4.1 and 4.2, with βi > γi for i = 1, . . . ,D. Then for any
ε > 0 and suitable φ : X → R, it is possible to choose a total
degree (TD) index set
IL := {α ∈ ND :

∑D
i=1 δiαi ≤ L,

∑D
i=1 δi = 1}, δi ∈ (0, 1] and

{Nα}α∈IL , such that for some C > 0

E[(φ̂MI
I − π(φ))2] ≤ Cε2 ,

and COST(φ̂MI
I ) ≤ Cε−2, the canonical rate.
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Index sets
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Crucial point for theoretical results

Lemma 4.2

For the estimator φ̂MI
I =

∑
α∈I F Nα

α (ψφα )

max{
∑

α∈I F Nα
α (ψ1),Zmin}

, the following
inequality holds

E[(φ̂MI
I − π(φ))2] ≤C max

ζ∈{φ,1}

(∑
α∈I

E
[(

F Nα
α (ψζα)− Fα(ψζα)

)2
]

+

(∑
α/∈I

Fα(ψζα)
)2)

,

for some C > 0.
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Sub-canonical and Canonical

MISMC with TP index set:
relies on the assumption that

∑D
j=1

γj
sj
≤ 2 (the samples at the

finest index do not dominate the cost)
if assumption is violated, only sub-canonical complexity
sub-canonical rate may often be D-dependent
(curse-of-dimensionality)

MISMC with TD index set:
releases this constraint
improves the computational complexity for many problems
from sub-canonical to canonical
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1 Introduction

2 MLMC and MIMC

3 Samplers

4 MISMC

5 Numerical Results
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Elliptic PDEs

We consider the following elliptic PDE,

−∇ · (a(x)∇u(x)) = f, on Ω , (6)
u(x) = 0, on ∂Ω , (7)

where
Ω ⊂ RD is a convex domain
∂Ω ∈ C0 is the boundary
f : Ω → R
a(x) : Ω → R+, parameterised by a random variable x ∈ X .

We solve the PDE by the finite element method.
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Bayesian settings

Define
G(u(x)) = [v1(u(x)), . . . , vm(u(x))]⊤,

where vi ∈ L2 and vi(u(x)) =
∫

vi(z)u(x)(z)dz for
i = 1, . . . ,m, for some m ≥ 1.
Assume the observations take the form

y = G(u(x)) + ν,

where ν ∼ N(0,Ξ), and x and ν are independent.
Define

L(x) := exp
(
− 1

2 |y − G(u(x))|2Ξ
)
∝ π(y |x) ,

where |w |Ξ := (w⊤Ξ−1w)1/2
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Bayesian Settings

Denote the weak approximation of (6)-(7) at resolution multi-index
α by uα(x), the approximated likelihood is given by

Lα(x) := exp(−1
2 |y − G(uα(x))|2Ξ),

and the associated target is

πα(dx) ∝ Lα(x)π0(dx) . (8)
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1D Toy Example

PDE:
Ω = [0, 1]
a(x) = 1
f = x , where x is a random input with a uniform prior such
that x ∼ U[−1, 1]
analytical solution u(x) = −0.5x(z2 − z)

Observations:
ten observations in the interval (0, 1) with a step size 1/10
generated by y = −0.5x∗(z2 − z) + ν, where y = [y1, ..., y10],
z = [z1, ..., z10], x∗ = 0.2581 drawn from U[−1, 1] and
ν ∼ N(0, 0.22).
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1D Toy Example

Regularity:
s = 2, β = 4, γ = 1

Quantity of interest:
φ(x) = x2

Complexity:
Multilevel methods: MSE−1

Single level method: MSE−4/5

Shangda Yang Kody J.H. Law, Neil Walton and Ajay Jasra ESI Workshop 1
Multi-index Sequential Monte Carlo ratio estimators for Bayesian inverse problems 39 / 55



.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

Introduction MLMC and MIMC Samplers MISMC Numerical Results References

1D Toy Example
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2D Elliptic PDE with random diffusion coefficient

PDE:
Ω = [0, 1]2

a(x) = 3 + x1 cos(3z1) sin(3z2) + x2 cos(z1) sin(z2), where x is
a random input with a uniform prior such that x ∼ U[−1, 1]2

f = 100
Observations:

four observations {(0.25,0.25), (0.25,0.75), (0.75,0.25),
(0.75,0.75)}
generated by y = uα(x∗) + ν, where uα(x∗) is the
approximate solution of the PDE at α = [10, 10] with
x∗ = [−0.4836,−0.5806] drawn from U[−1, 1]2, and
ν ∼ N(0, 0.52).
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2D Elliptic PDE with random diffusion coefficient

Regularity:
s1 = s2 = 2, β1 = β2 = 4, γ1 = γ2 = 1

Quantity of interest:
φ(x) = x2

1 + x2
2

Complexity:
Multilevel and multi-index methods: MSE−1

Single level method: MSE−2/3
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2D Elliptic PDE with random diffusion coefficient
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Log Gaussian (Cox) Process models [6, 10][12]

Observations: the location of n = 126 Scots pine saplings in a
natural forest in Finland, denoted z1, . . . , zn ∈ [0, 1]2.

Process applied: Λ = exp(x) where x is a Gaussian process (a
priori), for z ∈ [0, 2]2,

x(z) = θ1 +
∑

k∈Z×Z+∪Z+×0
ζk(θ)(ξkϕk(z) + ξ∗kϕ−k(z)) ,

where
ξk ∼ CN (0, 1) i.i.d. and ξ∗k is the complex conjugate of ξk

CN (0, 1) denotes a standard complex Normal distribution
ϕk(z) ∝ exp[πiz · k] are Fourier series basis functions
ζ2

k (θ) = θ2/((θ3 + k2
1 )(θ3 + k2

2 ))
β+1

2 .
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Likelihoods

(LGC) dπ
dπ0

(x) ∝ exp

 n∑
j=1

x(zj)−
∫
[0,1]2

exp(x(z))dz

 ,
(LGP) dπ

dπ0
(x) ∝ exp

 n∑
j=1

x(zj)− n log

∫
[0,1]2

exp(x(z))dz

 .
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Finite Approximation

Finite approximation of x(z):

xα(z) = θ1+
∑

k∈Aα

ζk(θ)(ξkϕk(z)+ξ∗kϕ−k(z)) , ξk ∼ CN (0, 1) i.i.d. ,

where
Aα := {−2α1/2, . . . , 2α1/2} × {1, . . . , 2α2/2} ∪ {1, . . . , 2α2/2} × 0
and can be approximated on a grid
{0, 2−α1 , . . . 1 − 2−α1} × {0, 2−α2 , . . . 1 − 2−α2} using the FFT
with a cost O((α1 + α2)2α1+α2).
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Finite Approximation

Finite approximation of the likelihood:

(LGC) dπα
dπ0,α

(xα) ∝ exp

 n∑
j=1

x̂α(zj)− Q(exp(xα))

 ,
(LGP) dπα

dπ0,α
(xα) ∝ exp

 n∑
j=1

x̂α(zj)− n logQ(exp(xα))

 ,
where x̂α(z) is defined as an interpolant over the grid output from
FFT and Q denotes a quadrature rule.
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Log Gaussian (Cox) Process Models

Parameters for LGC:
β = 1.6, θ = (θ1, θ2, θ3) = (0, 1, 110.339)

Parameters for LGP:
β = 1.6, θ = (θ1, θ2, θ3) = (0, 1, 27.585)

Regularity:
s1 = s2 = 0.8, β1 = β2 = 1.6, γ1 = γ2 = 1 + ω for ω > 0

Quantity of interest:
φ(x) =

∫
[0,1]2 exp(x(z))dz

Complexity:
Grid-based approach: approximately MSE−19/4

Single level method with circulant embedding: approximately
MSE−9/4

MLSMC or MISMC with TP set: MSE−5/4−ω

MISMC with TD set: MSE−1
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Log Gaussian Cox Process Model
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Log Gaussian Process Model
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Summary

MISMCRE has rigorous theoretical results under realistic
assumptions due to the unbiased estimation of the
unnormalised increments of increments.
MISMCRE with TD set can improve the complexity of
MLSMCRE and MISMCRE with TP set from subcanonical to
canonical for some problems.
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Thank You!
Paper: https://arxiv.org/abs/2203.05351

Codes: https://github.com/Shangda-Yang/MISMCRE.git
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