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3 Sheaves and Ⅽohomology
How can we work effectively with sheaves on a toric variety? We
exploit methods from computational commutative algebra.

Sheaves & Ⅿodules. Ⅼet 𝑋 be a normal toric variety with no torus
factors and set 𝑛∶= ||Σ(1)||. The Ⅽox ring 𝑆∶= ℂ[𝑥0, 𝑥1,… ,𝑥𝑛−1] has
the grading determined by deg(𝑥𝑖)∶= [𝐷𝑖] ∈ Ⅽl(𝑋) for all 0 ⩽ 𝑖 < 𝑛,
and the irrelevant ideal is 𝐵∶= ⟨𝑥𝜎̂ || 𝜎 ∈ Σ⟩ = ⋂𝛾⟨𝑥𝛾0, 𝑥𝛾1 ,… ,𝑥𝛾𝑘⟩.
An 𝑆‑module𝐹 is𝐵‑torsion if, for all 𝑓 ∈ 𝐹, there exists a positive

integer𝑚 such that 𝐵𝑚𝑓 = 0. The support of a 𝐵‑torsion module is
contained in the irrelevant set.

Ⅽox (1995). The category of coherent 𝒪𝑋‑modules is equivalent to the
quotient category of finitely‑generated Ⅽl(𝑋)‑graded 𝑆‑modules modulo
the full subcategory of 𝐵‑torsion modules.
Ɪdeas. For any Ⅽl(𝑋)‑graded 𝑆‑module 𝐹, there is a quasicoherent
sheaf 𝐹 on 𝑋 such that, for all 𝜎 ∈ Σ, 𝐻0(𝑈𝜎,𝐹) = (𝐹𝑥𝜎̂)[0]. The
sheaf 𝐹 is coherent when 𝐹 is finitely generated. For any 𝛼 ∈ Ⅽl(𝑋),
the shifted 𝑆‑module 𝑆(𝛼) produces 𝒪𝑋(𝛼) ∶= 𝑆(𝛼). Given a Weil
divisor𝐷∶= 𝑎0𝐷0+𝑎1𝐷1+⋯+𝑎𝑛−1𝐷𝑛−1 such that 𝛼 = [𝐷], we also
have 𝒪𝑋(𝛼) = 𝒪𝑋(𝐷).

The shifted 𝑆‑module 𝐹(𝛼) satisfies𝐹(𝛼)𝛽 = 𝐹𝛼+𝛽 for all 𝛽 ∈ Ⅽl(𝑋).
For the opposite direction, consider a coherent sheafℱ on𝑋. For

any 𝛼 ∈ Ⅽl(𝑋), setℱ(𝛼)∶= ℱ ⊗𝒪𝑋𝒪𝑋(𝛼) andΓ∗(ℱ)∶= ⨁𝛼∈Ⅽl(𝑋)𝐻0(𝑋,ℱ(𝛼)) .
One verifies that Γ̃∗(ℱ) ≅ ℱ. However, one must choose a suitable
finitely generated submodule of Γ∗(ℱ). Ɪf 𝑓 ∈ 𝐻0(𝑋,ℱ) restricts to0 in𝐻0(𝑈𝜎,ℱ), then there exists a positive𝑚 ∈ ℤ such that𝑥𝜎̂𝑓 = 0,
so any two choices “differ” by a 𝐵‑torsion module. Warning: Ɪn general, Γ∗(𝐹) ≠ 𝐹.
Example. When 𝑋 is smooth, there exists an exact sequence

0⟶Ω𝑋 ⟶ 𝑛−1⨁𝑗=0 𝒪𝑋(−𝐷𝑗)⟶ Pic(𝑋) ⊗ℤ𝒪𝑋 ⟶ 0.
Given the grading matrixW∶ ℤ𝑛 ∶= Ⅾiv𝑇(𝑋) → Pic(𝑋), there is a
first choice of finitely generated 𝑆‑module forΩ𝑋 : the kernel of

𝑛−1⨁𝑗=0 𝑆(−deg𝑥𝑗)
W[𝑥0𝑥1⋱𝑥𝑛−1]−−−−−−−−−−→ 𝑆𝑛−𝑑 . The theory of toric vector bundles

identifies distinguished 𝑆‑modules
representing 𝑇𝑁 ‑equivariant
locally‑free sheaves on 𝑋.

Ⅽohomology. As a benefit of this equivalence, homological tech‑
niques over 𝑆 lead to effective methods for calculating sheaf coho‑
mology.

Eisenbud–Ⅿustaţă–Stillman (2000). For any positive 𝑝∈ℤ, the map
Ext𝑝+1𝑆 (𝑆/𝐵[𝑚], 𝐹)⟶ ⨁𝛼∈Ⅽl(𝑋)𝐻𝑝(𝑋,𝐹(𝛼)) ,

is an isomorphism for all sufficiently positive 𝛼. Explicit lower bounds on
the parameter𝑚 depend on the minimal graded free resolution of 𝐹.
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Ɪdea. Replace𝐹 by itsminimal free resolution and force the spectral
sequence to degenerate at the first page.
The case 𝐹 = 𝑆 gives the cohomology of line bundles. The mini‑

mal free resolution of 𝑆/𝐵 is a cellular resolution determined by the
dual fan (or polytope when𝑋 is projective). For instance, when𝑋 is
simplicial, we have

∑𝛼∈Ⅽl(𝑋) ℎ𝑖(𝑋,𝒪𝑋(𝛼)) = ∑𝜎⊆{0,1,…,𝑛−1}
dim 𝐻̃𝑖−1(Δ𝜎)∏𝑗∈𝜎 𝑡−𝑤𝑗∏𝑗∉𝜎(1 − 𝑡𝑤𝑗 )∏𝑗∈𝜎(1 − 𝑡−𝑤𝑗 ) ,

whereΔ𝜎 is the induced subcomplex of the simplicial (𝑑−1)‑sphere
defined by the fan Σ.

As a feature, this approach
simultaneously computes the
cohomology of all sufficiently large
twists.

Ⅴanishing Ⅽohomology. We highlight a few of the basic results.

Theorem (Ⅾemazure). Ⅼet 𝑋 be a complete toric variety. For any nefℚ‑Ⅽartier divisor𝐷, we have𝐻𝑝(𝑋,𝒪𝑋(𝐷)) = 0 for all 𝑝 > 0.
Theorem (Toric Serre Ⅾuality). Ⅼet 𝑋 be a complete toric variety. For
anyℚ‑Ⅽartier divisor𝐷, we have𝐻𝑝(𝑋,𝒪𝑋(𝐷))∨ ≅ 𝐻𝑛−𝑝(𝑋,𝒪𝑋(𝐾𝑋 −𝐷)) .
Theorem (Bott–Steenbrink–Ⅾanilov). Ⅼet 𝑋 be a smooth projective
toric variety. For any ample divisor𝐷, we have𝐻𝑝(𝑋,Ω𝑞𝑋(𝐷)) = 0 for all 𝑝 > 0 and all 𝑞 ⩾ 0.
Ⅽomputational Examples inⅯacaulay2.
Macaulay2 , version 1.26.06
Type "help" to see useful commands
i1 : needsPackage "NormalToricVarieties";
i2 : kk = ZZ/101;
i3 : PP4 = toricProjectiveSpace(4, CoefficientRing => kk);
i4 : S = ring PP4;
i5 : F = sheaf(PP4, S^{1} ++ S^{2} ++ S^{3})

1 1 1
o5 = OO (1) ++ OO (2) ++ OO (3)

PP4 PP4 PP4
o5 : coherent sheaf on PP4, free of rank 3
i6 : G = OO_PP4(7)

1
o6 = OO (7)

PP4
o6 : coherent sheaf on PP4, free of rank 1
i7 : G ** F

1 1 1
o7 = OO (8) ++ OO (9) ++ OO (10)

PP4 PP4 PP4
o7 : coherent sheaf on PP4, free of rank 3
i8 : G ++ F

1 1 1 1
o8 = OO (7) ++ OO (1) ++ OO (2) ++ OO (3)

PP4 PP4 PP4 PP4
o8 : coherent sheaf on PP4, free of rank 4
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i9 : module (G++F)
4

o9 = S
o9 : S-module, free, degrees {-7, -1, -2, -3}
i10 : Omega = cotangentSheaf PP4
o10 = cokernel {2} | x_2 0 0 x_3 0 0 0 0 0 x_4 |

{2} | x_0 x_3 0 0 0 0 x_4 0 0 0 |
{2} | -x_1 0 x_3 0 0 0 0 0 x_4 0 |
{2} | 0 x_1 x_0 0 x_4 0 0 0 0 0 |
{2} | 0 -x_2 0 x_0 0 x_4 0 0 0 0 |
{2} | 0 0 -x_2 -x_1 0 0 0 x_4 0 0 |
{2} | 0 0 0 0 x_2 x_1 0 x_0 0 0 |
{2} | 0 0 0 0 -x_3 0 x_1 0 x_0 0 |
{2} | 0 0 0 0 0 -x_3 -x_2 0 0 x_0 |
{2} | 0 0 0 0 0 0 0 -x_3 -x_2 -x_1 |

10
o10 : coherent sheaf on PP4, quotient of OO (-2)

PP4
i11 : K = ker ((transpose matrix degrees S) * (diagonalMatrix gens S))
o11 = image {1} | -x_1 0 -x_2 0 0 -x_3 0 0 0 -x_4 |

{1} | x_0 -x_2 0 0 -x_3 0 0 0 -x_4 0 |
{1} | 0 x_1 x_0 -x_3 0 0 0 -x_4 0 0 |
{1} | 0 0 0 x_2 x_1 x_0 -x_4 0 0 0 |
{1} | 0 0 0 0 0 0 x_3 x_2 x_1 x_0 |

5
o11 : S-module, submodule of S
i12 : prune K == module Omega
o12 = true
i13 : HH^0(PP4, OO_PP4(1))

5
o13 = kk
o13 : kk-module, free
i14 : HH^4(PP4, OO_PP4(-5))

1
o14 = kk
o14 : kk-module, free
i15 : matrix table (reverse toList (0..4), toList (-10..9),

(i,j) -> rank HH^i (PP4, OO_PP4(j-i)))
o15 = | 715 495 330 210 126 70 35 15 5 1 0 0 0 0 0 0 0 0 0 0 |

| 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 |
| 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 |
| 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 |
| 0 0 0 0 0 0 0 0 0 0 1 5 15 35 70 126 210 330 495 715 |

5 20
o15 : Matrix ZZ <-- ZZ
i16 : F = S^1/random(5,S);

1
o16 : S-module, quotient of S
i17 : for i from 0 to 4 list HH^i (PP4, F^~)

1 1
o17 = {kk , 0, 0, kk , 0}
o17 : List
i18 : X = hirzebruchSurface 2;
i19 : picardGroup X

2
o19 = ZZ
o19 : ZZ-module, free
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i20 : OO(X_1)
1

o20 = OO (-2, 1)
X

o20 : coherent sheaf on X, free of rank 1
i21 : matrix table (reverse toList (-7..7), toList (-7..7),

(i,j) -> rank HH^0 (X, OO_X(j,i)))
o21 = | 20 25 30 36 42 49 56 64 72 80 88 96 104 112 120 |

| 12 16 20 25 30 36 42 49 56 63 70 77 84 91 98 |
| 6 9 12 16 20 25 30 36 42 48 54 60 66 72 78 |
| 2 4 6 9 12 16 20 25 30 35 40 45 50 55 60 |
| 0 1 2 4 6 9 12 16 20 24 28 32 36 40 44 |
| 0 0 0 1 2 4 6 9 12 15 18 21 24 27 30 |
| 0 0 0 0 0 1 2 4 6 8 10 12 14 16 18 |
| 0 0 0 0 0 0 0 1 2 3 4 5 6 7 8 |
| 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 |
| 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 |
| 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 |
| 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 |
| 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 |
| 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 |
| 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 |

15 15
o21 : Matrix ZZ <-- ZZ
i22 : matrix table (reverse toList (-7..7), toList (-7..7),

(i,j) -> rank HH^1 (X, OO_X(j,i)))
o22 = | 12 9 6 4 2 1 0 0 0 0 0 0 0 0 0 |

| 12 9 6 4 2 1 0 0 0 0 0 0 0 0 0 |
| 12 9 6 4 2 1 0 0 0 0 0 0 0 0 0 |
| 12 9 6 4 2 1 0 0 0 0 0 0 0 0 0 |
| 12 9 6 4 2 1 0 0 0 0 0 0 0 0 0 |
| 12 9 6 4 2 1 0 0 0 0 0 0 0 0 0 |
| 10 8 6 4 2 1 0 0 0 0 0 0 0 0 0 |
| 6 5 4 3 2 1 0 0 0 0 0 0 0 0 0 |
| 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 |
| 0 0 0 0 0 0 0 0 0 1 2 3 4 5 6 |
| 0 0 0 0 0 0 0 0 0 1 2 4 6 8 10 |
| 0 0 0 0 0 0 0 0 0 1 2 4 6 9 12 |
| 0 0 0 0 0 0 0 0 0 1 2 4 6 9 12 |
| 0 0 0 0 0 0 0 0 0 1 2 4 6 9 12 |
| 0 0 0 0 0 0 0 0 0 1 2 4 6 9 12 |

15 15
o22 : Matrix ZZ <-- ZZ
i23 : matrix table (reverse toList (-7..7), toList (-7..7),

(i,j) -> rank HH^2 (X, OO_X(j,i)))
o23 = | 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 |

| 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 |
| 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 |
| 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 |
| 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 |
| 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 |
| 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 |
| 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 |
| 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 |
| 8 7 6 5 4 3 2 1 0 0 0 0 0 0 0 |
| 18 16 14 12 10 8 6 4 2 1 0 0 0 0 0 |
| 30 27 24 21 18 15 12 9 6 4 2 1 0 0 0 |
| 44 40 36 32 28 24 20 16 12 9 6 4 2 1 0 |
| 60 55 50 45 40 35 30 25 20 16 12 9 6 4 2 |
| 78 72 66 60 54 48 42 36 30 25 20 16 12 9 6 |

15 15
o23 : Matrix ZZ <-- ZZ
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i24 : Omega = cotangentSheaf X
o24 = cokernel {2, 0} | 2x_1x_3 |

{-1, 2} | x_0 |
{-1, 2} | -x_2 |

1 2
o24 : coherent sheaf on X, quotient of OO (-2, 0) ++ OO (1, -2)

X X

i25 : HH^1(X, Omega(2,1))
o25 = 0
o25 : QQ-module
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