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Source and Puzzle

This lecture is based on the article

Y. El Maazouz, BSt, S. Sverrisdéttir:
Gram matrices for isotropic vectors
arXiv:2411.08624
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Source and Puzzle

This lecture is based on the article

Y. El Maazouz, BSt, S. Sverrisdéttir:
Gram matrices for isotropic vectors
arXiv:2411.08624

Find all ma_trices of r_ank 2:

R = QQla,b,c,d,e, fl;
M = matrix{{0,a,b,c},{a,0,d,e}, {b,d,0,f},{c,e, f,0}}
decompose minors(3,M)
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A Tale of Six Vectors
Six vectors Py, Wy, P>, W5, P3, W3 in R” satisfy

Pi-Pi=P-W =W -W =0 fori=12,3.

The dot is a quadratic form, given by a symmetric r X r matrix Q.

All vectors are isotropic.
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A Tale of Six Vectors
Six vectors Py, Wy, P>, W5, P3, W3 in R” satisfy

Pi-Pi=P-W =W -W =0 fori=12,3.

The dot is a quadratic form, given by a symmetric r X r matrix Q.

All vectors are isotropic.

In physics, one works in 143 dim’l spacetime, where r = 4 and
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We have three massless particle. Their momentum vectors P; and
their polarization vectors W; lie on the lightcone in R'*3 = R".

Everyone prefers quantities that are invariant under SO(r, Q).
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Gram Matrix

The Gram matrix records pairwise inner products.
It has zero 2x2 blocks along the main diagonal:

0
0
x — |x3
X14
Xi5
| X16

0
0
X23
X24
X25
X26

X13
X23
0
0
X35
X36

X14
X24
0
0
Xa5
X46

X15
X25
X35

Xa5
0
0

Q: What is the rank of this matrix?

X16
X26
X36

X46
0
0
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Gram Matrix

The Gram matrix records pairwise inner products.
It has zero 2x2 blocks along the main diagonal:

X
X14
X15
| X16

X23
X24
X025
X26

X13
X23
0
0
X35
X36

X14
X24
0
0
Xa5
X46

X15
X25
X35

Xa5
0
0

Q: What is the rank of this matrix?

A: The Gram matrix X has rank < r.

In computer algebra, we fix a polynomial ring in 12 variables x;;
and study the ideal generated by the (r+1) x (r+1) minors of X.

Q: What is its variety in C'??

X16
X26
X36

X46
0
0

4/20



Gram Matrix

The Gram matrix records pairwise inner products.
It has zero 2x2 blocks along the main diagonal:

_ - N
0 0 x13 x4 x5 X6 Py P1
0 0 x3 x4 X5 X W Wi
x = |x3 s 0 0 x5 x|  |P2 P>
— = Q
x4 x4 0 0 Xxs5 Xs6 W5 Wo
x5 x5 x35 x5 0 0 P3 P3
| x16 X6 X3¢ Xa6 O 0 | | W3] | Ws]

Q: What is the rank of this matrix?
A: The Gram matrix X has rank < r.

In computer algebra, we fix a polynomial ring in 12 variables x;;
and study the ideal generated by the (r-+1) x (r+1) minors of X.
Q: What is its variety in C'??

A: Ask Macaulay?2 or ask OSCAR
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|deals, Varieties and Algorithms

Using Grobner bases, we explore six determinantal varieties.
They are nested in our space C'? of 6x6 matrices X:

r = 0: The ideal contains all 12 variables. dim =0
Its variety is just the origin. The matrix is zero.
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|deals, Varieties and Algorithms

Using Grobner bases, we explore six determinantal varieties.
They are nested in our space C'? of 6x6 matrices X:

r = 0: The ideal contains all 12 variables. dim =0
Its variety is just the origin. The matrix is zero.

r = 1: The variety is the origin but with multiplicity 13, dim =0
given by the ideal of 2 x 2 minors.
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|deals, Varieties and Algorithms
Using Grobner bases, we explore six determinantal varieties.

They are nested in our space C'? of 6x6 matrices X:

r = 0: The ideal contains all 12 variables. dim =0
Its variety is just the origin. The matrix is zero.

r = 1: The variety is the origin but with multiplicity 13, dim =0
given by the ideal of 2 x 2 minors.

r = 2: The variety has three irreducible components. dim =5
There are also four embedded primes.
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Ideals,

Varieties and Algorithms

Using Grobner bases, we explore six determinantal varieties.

They are nested in our space C'? of 6x6 matrices X:

r=0:

The ideal contains all 12 variables.
Its variety is just the origin. The matrix is zero.

: The variety is the origin but with multiplicity 13,

given by the ideal of 2 x 2 minors.

: The variety has three irreducible components.

There are also four embedded primes.

: The variety is toric and hence irreducible.

The ideal is primary, but not radical.

dim =0
dim =0
dim =5
dim =6
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Ideals,

Varieties and Algorithms

Using Grobner bases, we explore six determinantal varieties.

They are nested in our space C'? of 6x6 matrices X:

r=0:

The ideal contains all 12 variables.
Its variety is just the origin. The matrix is zero.

: The variety is the origin but with multiplicity 13,

given by the ideal of 2 x 2 minors.

: The variety has three irreducible components.

There are also four embedded primes.

: The variety is toric and hence irreducible.

The ideal is primary, but not radical.

: The ideal is radical but not prime.

It has one main component and three others.

dim =0
dim =0
dim =5
dim =6
dim =9
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|deals, Varieties and Algorithms

Using Grobner bases, we explore six determinantal varieties.
They are nested in our space C'? of 6x6 matrices X:

r = 0: The ideal contains all 12 variables. dim =0
Its variety is just the origin. The matrix is zero.

r = 1: The variety is the origin but with multiplicity 13, dim =0
given by the ideal of 2 x 2 minors.

r = 2: The variety has three irreducible components. dim =5
There are also four embedded primes.

r = 3: The variety is toric and hence irreducible. dim =6
The ideal is primary, but not radical.

r = 4: The ideal is radical but not prime. dim =9
It has one main component and three others.

r =5: The determinant of X is irreducible. dim = 11
It generates a principal ideal that is prime.
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dim =9

r = 4: The ideal is radical but not prime.

It has one main component and three others.
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Determinantal Varieties

Fix a symmetric kn x kn matrix X = (x;;) with zero k x k blocks:

xj = x;i for 1<i<j<kn
and  Xjtijk+m = 0 for j=0,1,...,n=1 and 1 </ <m< k.

The polynomial ring C[X] has variables x;;.

Their number is M = (k”H) — n(kH).

2 2

Let Vi, be the variety in cM given by matrices X of rank < r.
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Determinantal Varieties

Fix a symmetric kn x kn matrix X = (x;;) with zero k x k blocks:

xj = x;i for 1<i<j<kn
and  Xjtijk+m = 0 for j=0,1,...,n=1 and 1 </ <m< k.

The polynomial ring C[X] has variables x;;.

Their number is M = (an) - n(k+1)-

2 2

Let Vi, be the variety in cM given by matrices X of rank < r.

Quiz: What is Vo34 7
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Determinantal Varieties
Fix a symmetric kn x kn matrix X = (x;;) with zero k x k blocks:

xj = x;i for 1<i<j<kn
and  Xjtijk+m = 0 for j=0,1,...,n=1 and 1 </ <m< k.
The polynomial ring C[X] has variables x;;.
Their number is M = (k”2+1) - n(k’gl).
Let Vi, be the variety in CM given by matrices X of rank < r.
Quiz: What is V34 7

Theorem
Let r > 2k 4 1. The variety Vi , . is irreducible of dimension

- ofir- (1))

The minors of X generate the prime ideal, which is Cohen-Macaulay.
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Blocks of Size One

Example (k = 1)

Here X is a symmetric n X n matrix with zeros on the diagonal.

The variety V1 p, - is irreducible for r > 3. For r = 3 it equals the

squared Grassmannian sGr(2, n). For r = 0,1, it is just the origin.
What about r =27

Puzzle: Find all matrices of rank 2:

0 a b c
a 0 d e
b d 0 f V142
c e f O
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Blocks of Size One

Example (k = 1)

Here X is a symmetric n X n matrix with zeros on the diagonal.

The variety V1 p, - is irreducible for r > 3. For r = 3 it equals the

squared Grassmannian sGr(2, n). For r = 0,1, it is just the origin.
What about r =27

Puzzle: Find all matrices of rank 2:

0 a b ¢
a 0 d e
%
b d 0 f 142
c e f O
{ideal(a,b,d), ideal(a,c,e), ideal(b,c,f), ideal(f,e,d),
ideal(a, f,bxe—cxd),ideal(b,e,axf-c*d),ideal(c,d,axf-bxe)}
Proposition
The variety V1 2 has 2"~1 _ 1 irreducible components.

Each has codimension (",). The total degree is (*"3).

The 3 x 3 minors of X generate the radical ideal.
8/20



Main Results

Theorem
The dimension of our variety equals

n(k=0+er=(4N) = () if r<2k+2,

dim(Vin,r) =
- n(kr—(kgl))—(g) if r>2k—1.

Here ¢ = |r/2|. In the second case, the ideal is Cohen-Macaulay.
The two dimension formulas agree for r € {2k — 1,2k, 2k + 1,2k 4 2}.
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Main Results

Theorem
The dimension of our variety equals

n(k=0+er=(4N) = () if r<2k+2,

dim(Vin,r) =
- n(kr—(kgl))—(g) if r>2k—1.

Here ¢ = |r/2|. In the second case, the ideal is Cohen-Macaulay.
The two dimension formulas agree for r € {2k — 1,2k, 2k + 1,2k 4 2}.

Theorem
The variety Vi ,, is irreducible if and only if r is odd or r > 2k.

For r even with 4 < r < 2k, the number of irreducible
components of Vi, is 2" 1. Forr =2, it is 2"t — 1.
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The Joy of Data

We have explicit parametrizations of all irreducible components of Vy , ;.
We computed their ideals in many cases.

Dimension, degree and number of ideal generators:

r\(k,n) (2,4) (2,5) (3,3) (4,2) (5,2)

1 0,41,284 0,121,740 0,28,378  0,17,136  0,26,325

2 7,84,1002 9,600, 4770 8,63,1950  7,20,416  9,70,1700

3 0,4224,1764 12,183040,13860 9,3915,4599 7,200,626 9,1190,4550
4 14,2772,1176 19,306735,19404 15,930,4977 12,20,416 16,175,6202
5 18,672,336  25,151008,13860 17,9504,2520 12,100,136 16,1750, 4550
6 21,84,36  30,28314,4950  21,1386,540  15,4,16 21,50, 1700
7 23,8,1 39, 2640, 825 24,120, 45 15,8,1 21,250,325

Table: The determinantal varieties Vi , , for matrix sizes 8 < kn < 10.
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Cosmology
Our project started in August 2024, after the posting of

A New Twist on Spinning (A)dS Correlators

Daniel Baumann'?3*, Grégoire Mathys®,

Guilherme L. Pimentel® and Facundo Rost!'?

We now turn to Physics.
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Conformal Field Theory

The embedding space formalism in conformal field theory takes
vectors in R? onto the Lorentz cone in R" where r = d+2.

Embedding Space

Conformal symmetries in RY are encoded by the action of the
Lorentz group SO(1,r — 1) on R". We consider n fields, given by
momentum vectors P; and polarization vectors W; for i = 1,2, ... n.

This leads to 2n x 2n Gram matrices of rank r with blocks of size k = 2.

M. Costa, J. Penedones, D. Poland and S. Rychkov: Spinning
conformal correlators, Journal of High Energy Physics 11 (2011)

12/20



Conformally Invariant Coordinates
Conformal field theory considers functions of the Gram matrix X
that are invariant under translations W, — W; + «;P;. We define

P = X2i—1,2j—15
H; = X0i—12j—1 " X2i2j — X2i2j—1" X2j2i—1,
Vi,jk = (X2i,2j71 *X2k—1,2i—1 — X2i2k—1 'X2j71,2i71)/x2j—1,2k—1-

These are the well-known conformally-invariant structures:

Py = PP,
Hy = (Wi - Wj)(P; - Pj) — (Wi - Pj)(W - P;),
Vi = [(Wi- P)(Pi- Pi) = (Wi Po)(P; - Pi)] /(P - P).
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Conformally Invariant Coordinates
Conformal field theory considers functions of the Gram matrix X
that are invariant under translations W, — W; + «;P;. We define

P = X2i—1,2j—15
H; = X0i—12j—1 " X2i2j — X2i2j—1" X2j2i—1,
Vi,jk = (X2i,2j71 *X2k—1,2i—1 — X2i2k—1 'X2j71,2i71)/x2j—1,2k—1-
These are the conformally-invariant structures:
PI" — Pi : F)ja
Hy = (Wi W)(P;- P) = (W, )W, - P

Vi = [(Wi- P)(Pi- Pi) = (Wi Po)(P; - Pi)] /(P - P).

We wish to express Vs p, - in terms of these. From now on k = 2.

Example: The main component for n =3, r =4 is
ba = (Hi+ VisVais, Hiz — ViasVaiz, Hos + Vor3Varo ).
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The Joy of Prime Ideals

Let /,, be the ideal in C[P, H, V] of relations
among the 2('2’) + n("gl) basic building blocks Pj;, Hjj, Vj j«.

Example (d =3,r =5,n=3)

For three fields in cosmology, /55 is the principal ideal generated by
4HipHpsHis — (Via3Hos — VaizHiz + Va1oHio + Vi3 Va13Va 12)2.
This equals the determinant of the Gram matrix

0 0 x13 x4 X5 X6
0 0 xx3 x4 x5 X6
x — |x3 X3 0 0 x5 x36
x4 x4 0 0 xs5 xs6
x5 x5 x35 x5 0 0

[ x16 X6 X3 Xa6 0 0
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An Orbit Space

Corollary
Let n > 3 and r > 4. The variety of I, , has dimension

dim(V(ln,)) = (2r —4)n— @

This equals 6n — 10 for r =5, and it equals 4n — 6 for r = 4.
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An Orbit Space

Corollary
Let n > 3 and r > 4. The variety of I, , has dimension

dim(V(ln,)) = (2r —4)n— @
This equals 6n — 10 for r = 5, and it equals 4n — 6 for r = 4.

Lemma ( dim 14 in C?*)

The ideal I4 5 contains the 3 x 3 minors of the 4 x 3 matrix

Vips Vioa Vi
Voia Voiz —Vos3s
V31a Vios —Vz10
Viaoz Viaiz Vi

T .
The product V - [P23P14 — Py Pr3 P34P12} is zero on V(ls5),
so its four entries are in ly 5. But there are many more generators.
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Spinor-Helicity Formalism

.. takes us further for r = 4.

The orbit space V/(/,4) has the parametric representation:
C1g I si)(sj)[ss
Pj = [ij1(ij), Hs = (st)’[s5][tt], Vsy = <><<:j;[]

The brackets are the 2 x 2 minors of a 2 X 3n matrix of parameters.

Proposition

The prime ideal Is 4 is minimally generated by 180 quadrics,
20 cubics, 95 quartics and 156 quintics in the 50 variables P, H, V.

The variety V/(I5.4) has dimension 14 and degree 10145 in C*.

16 /20



Conformal Correlators
A fundamental observable for physics is the two-point function

Hy _ (Wi W)(Pi- ) — (Wi P)(W; - P)

P2 (Pi - Pj)? '

These are the coordinates of a rational map

VZ,n,r -2 ]P)(;)_l .
(2)

The image is the conformal two-point variety C ;.
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Conformal Correlators

A fundamental observable for physics is the two-point function

Hy _ (Wi W)(Pi- ) — (Wi P)(W; - P)

P2 (Pi - Pj)? '
These are the coordinates of a rational map
VZ,n,r -2 P(g)_l
The image is the conformal two-point variety C,(,zr)

@

Computing Cp; is very difficult. Experiments suggest:

Conjecture (r =5, )

The dimension of the conformal two-point variety equals

dim(C,(fg) = min(5n —11, <,27> — 1).
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One Last Theorem

. about the conformal two-point variety for r = 4:

(2 5)-1
Cha C p(z)-1.
Spinor-helicity gives the parametrization

Hs:  [s5][tt]

— = —— for 1<s<t<n.
P [stP(st)

We use tropical geometry (phylogenetic trees) to prove:

Theorem
The dimension of the two-point variety C,(fz equals 3n —17.
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One Last Theorem

. about the conformal two-point variety for r = 4:

c® c pG)-1,

Spinor-helicity gives the parametrization

Hs:  [s5][tt]

— = —— for 1<s<t<n.
P [stP(st)

We use tropical geometry (phylogenetic trees) to prove:

Theorem
The dimension of the two-point variety C,(fz equals 3n— 7.

Corollary
()

The variety C., has positive codimension for n > 5.
For n =5 it is a hypersurface of degree 270 in P°.
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Conclusion - R
v Embedding Space

» The project started from discussions with cosmologists.
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> We studied symmetric matrices with diagonal zero blocks.
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Embedding Space

Conclusion - R4

» The project started from discussions with cosmologists.

> We studied symmetric matrices with diagonal zero blocks.

» We understand their rank strata in terms of
commutative algebra and algebraic geometry.
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Conclusion - R
v Embedding Space

» The project started from discussions with cosmologists.
> We studied symmetric matrices with diagonal zero blocks.

» We understand their rank strata in terms of
commutative algebra and algebraic geometry.

> We introduced algebraic varieties for conformal field theory.
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Conclusion - R
v Embedding Space

» The project started from discussions with cosmologists.

v

We studied symmetric matrices with diagonal zero blocks.

v

We understand their rank strata in terms of
commutative algebra and algebraic geometry.

> We introduced algebraic varieties for conformal field theory.

v

These govern the relations among the two-point functions.
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Homework
Consider the ideal generated by the 5 X 5 minors of the matrix

[0 0 X3 x4 x5 Xi6]
0 0 X3 X4 Xo5 X6
X — x13 x3 0 0 x35 X3
x4 x4 O 0 xs5 Xu
X15 Xo5 X35 Xa5 O 0
[x16 X6 x36 xa6 0 O

Determine all associated primes of this ideal.

¥ universe +

20/20



