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Henn Part B1 UNIVERSE+

Objective III: Discover the positive geometries that underlie our universe.

Our final objective is to uncover the positive geometries that describe the real world, from particle
physics to the expanding universe. This must include a new formulation of scattering processes
involving all fundamental interactions, including gravity, where spacetime and quantum mechanics
are not taken as fundamental inputs, but are seen as emergent concepts. Moreover, nowhere is the
question of the emergence of spacetime more urgent than in cosmology, where the birth of spacetime
and the universe itself are intimately connected at the Big Bang singularity. A deeper formulation
of cosmology therefore should not involve time as an input, but must have it arise as a derivable
output. We aim to develop such a new timeless perspective of cosmology, inspired by geometric ideas
similar to those seen for scattering amplitudes. Finally, dislodging spacetime and quantum mechanics
from their primary roles in describing known physical laws will provide a better jumping-o↵ point to
transcending these concepts, in the settings of quantum gravity and cosmology where this is ultimately
necessary. Our work will provide the needed mathematical framework in which such extensions of the
known physical laws can be studied rigorously. Achieving these goals would radically transform our
understanding of fundamental physics and cosmology.
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Figure 2: Three diagrams that illustrate the project UNIVERSE+. Associated to all scattering processes (left)
and cosmological correlations (right) are positive geometries (middle). These novel geometries are defined purely
in terms of the initial and final states of the particles, and make no reference to their evolution in spacetime.

Methodology

In order to achieve our three objectives, we have organized the project into three corresponding work
packages (WPs), which provide a concrete path from mathematical data, via Positive Geometry,
towards our ultimate goal of finding the new geometrical language describing our universe.

I. Mathematical Data from Particle Physics and Cosmology

First, we will create new tools to compute and classify scattering amplitudes and cosmological correla-
tors. This part of the project will build on the pioneering work we have done in these areas. Scattering
amplitudes and cosmological correlators are defined in terms of the energies (and momenta) of the par-
ticles involved in a scattering process. At specific values of these energies, amplitudes and correlators
becomes singular, and the form of these singularities is determined by causality and unitarity. This
has lead to powerful new ways of computing observables in the context of scattering amplitudes [4, 15]
and conformal field theories [16].

We will systematically understand the singular limits of amplitudes and correlators and exploit this
to fully determine these observables, using new mathematical tools ranging from tropical geometry to
novel perspectives on di↵erential equations. Although our understanding of cosmological correlators
is not yet as mature as that of scattering amplitudes, the past few years have seen promising new
developments in the program called the Cosmological Bootstrap [6–10]. So far, this has only been
applied to the simplest tree-level processes of toy scalar theories. We will extend the cosmological
bootstrap to more general theories and beyond the tree-level approximation.
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Source and Puzzle

This lecture is based on the article

Y. El Maazouz, BSt, S. Sverrisdóttir:
Gram matrices for isotropic vectors
arXiv:2411.08624

Find all matrices of rank 2:
0 a b c
a 0 d e
b d 0 f
c e f 0

 V1,4,2

R = QQ[a,b,c,d,e,f];
M = matrix{{0,a,b,c},{a,0,d,e},{b,d,0,f},{c,e,f,0}}
decompose minors(3,M)
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A Tale of Six Vectors

Six vectors P1,W1,P2,W2,P3,W3 in Rr satisfy

Pi · Pi = Pi ·Wi = Wi ·Wi = 0 for i = 1, 2, 3.

The dot is a quadratic form, given by a symmetric r × r matrix Q.

All vectors are isotropic.

In physics, one works in 1+3 dim’l spacetime, where r = 4 and

Q =

−1 0 0 0
0 1 0 0
0 0 1 0
0 0 0 1

 .

We have three massless particle. Their momentum vectors Pi and
their polarization vectors Wi lie on the lightcone in R1+3 = Rr .

Everyone prefers quantities that are invariant under SO(r ,Q).

3 / 20



A Tale of Six Vectors

Six vectors P1,W1,P2,W2,P3,W3 in Rr satisfy

Pi · Pi = Pi ·Wi = Wi ·Wi = 0 for i = 1, 2, 3.

The dot is a quadratic form, given by a symmetric r × r matrix Q.

All vectors are isotropic.

In physics, one works in 1+3 dim’l spacetime, where r = 4 and

Q =

−1 0 0 0
0 1 0 0
0 0 1 0
0 0 0 1

 .

We have three massless particle. Their momentum vectors Pi and
their polarization vectors Wi lie on the lightcone in R1+3 = Rr .

Everyone prefers quantities that are invariant under SO(r ,Q).

3 / 20



Gram Matrix
The Gram matrix records pairwise inner products.
It has zero 2×2 blocks along the main diagonal:

X =



0 0 x13 x14 x15 x16
0 0 x23 x24 x25 x26
x13 x23 0 0 x35 x36
x14 x24 0 0 x45 x46
x15 x25 x35 x45 0 0
x16 x26 x36 x46 0 0

 =



P1

W1

P2

W2

P3

W3

Q



P1

W1

P2

W2

P3

W3



T

Q: What is the rank of this matrix?

A: The Gram matrix X has rank ≤ r .

In computer algebra, we fix a polynomial ring in 12 variables xij
and study the ideal generated by the (r+1)× (r+1) minors of X .

Q: What is its variety in C12?
A: Ask Macaulay2 or ask OSCAR
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Ideals, Varieties and Algorithms
Using Gröbner bases, we explore six determinantal varieties.
They are nested in our space C12 of 6×6 matrices X :

r = 0: The ideal contains all 12 variables. dim = 0
Its variety is just the origin. The matrix is zero.

r = 1: The variety is the origin but with multiplicity 13, dim = 0
given by the ideal of 2× 2 minors.

r = 2: The variety has three irreducible components. dim = 5
There are also four embedded primes.

r = 3: The variety is toric and hence irreducible. dim = 6
The ideal is primary, but not radical.

r = 4: The ideal is radical but not prime. dim = 9
It has one main component and three others.

r = 5: The determinant of X is irreducible. dim = 11
It generates a principal ideal that is prime.
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Rulings on the Quadric Surface

28.08.25, 06:07A-hyperboloid-with-its-two-rulings.png 295×353 pixels

Page 1 of 1https://www.researchgate.net/profile/Frank-Sottile/publication/334…377871863813@1564975340570/A-hyperboloid-with-its-two-rulings.png


0 0 x13 x14 x15 x16
0 0 x23 x24 x25 x26
x13 x23 0 0 x35 x36
x14 x24 0 0 x45 x46
x15 x25 x35 x45 0 0
x16 x26 x36 x46 0 0



=


a1 a2 a3 a4
b1 b2 b3 b4
c1 c2 c3 c4
d1 d2 d3 d4
e1 e2 e3 e4
f1 f2 f3 f4


1 0 0 0
0 1 0 0
0 0 −1 0
0 0 0 −1


a1 b1 c1 d1 e1 f1
a2 b2 c2 d2 e2 f2
a3 b3 c3 d3 e3 f3
a4 b4 c4 d4 e4 f4



r = 4: The ideal is radical but not prime. dim = 9
It has one main component and three others.
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Determinantal Varieties

Fix a symmetric kn × kn matrix X = (xij) with zero k × k blocks:

xij = xji for 1 ≤ i ≤ j ≤ kn
and xjk+l,jk+m = 0 for j = 0, 1, . . . , n−1 and 1 ≤ l ≤ m ≤ k.

The polynomial ring C[X ] has variables xij .

Their number is M =
(
kn+1
2

)
− n

(
k+1
2

)
.

Let Vk,n,r be the variety in CM given by matrices X of rank ≤ r .

Quiz: What is V2,3,4 ?

Theorem
Let r ≥ 2k + 1. The variety Vk,n,r is irreducible of dimension

dim(Vk,n,r ) = n

(
kr −

(
k + 1

2

))
−
(
r

2

)
.

The minors of X generate the prime ideal, which is Cohen-Macaulay.
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Blocks of Size One

Example (k = 1)

Here X is a symmetric n × n matrix with zeros on the diagonal.
The variety V1,n,r is irreducible for r ≥ 3. For r = 3 it equals the
squared Grassmannian sGr(2, n). For r = 0, 1, it is just the origin.

What about r = 2?

Puzzle: Find all matrices of rank 2:
0 a b c
a 0 d e
b d 0 f
c e f 0

 V1,4,2

{ideal(a,b,d), ideal(a,c,e), ideal(b,c,f), ideal(f,e,d),
 ideal(a,f,b*e-c*d),ideal(b,e,a*f-c*d),ideal(c,d,a*f-b*e)}
     Proposition

The variety V1,n,2 has 2n−1 − 1 irreducible components.
Each has codimension

(n−1
2

)
. The total degree is

(2n−3
n−2

)
.

The 3× 3 minors of X generate the radical ideal.

8 / 20



Blocks of Size One

Example (k = 1)

Here X is a symmetric n × n matrix with zeros on the diagonal.
The variety V1,n,r is irreducible for r ≥ 3. For r = 3 it equals the
squared Grassmannian sGr(2, n). For r = 0, 1, it is just the origin.

What about r = 2?

Puzzle: Find all matrices of rank 2:
0 a b c
a 0 d e
b d 0 f
c e f 0

 V1,4,2

{ideal(a,b,d), ideal(a,c,e), ideal(b,c,f), ideal(f,e,d),
 ideal(a,f,b*e-c*d),ideal(b,e,a*f-c*d),ideal(c,d,a*f-b*e)}
     Proposition

The variety V1,n,2 has 2n−1 − 1 irreducible components.
Each has codimension

(n−1
2

)
. The total degree is

(2n−3
n−2

)
.

The 3× 3 minors of X generate the radical ideal.
8 / 20



Main Results

Theorem
The dimension of our variety equals

dim(Vk,n,r ) =

n
(
ℓ(k − ℓ) + ℓr −

(
ℓ+1
2

) )
−
(r
2

)
if r ≤ 2k + 2,

n
(
kr −

(k+1
2

) )
−
(r
2

)
if r ≥ 2k − 1.

Here ℓ = ⌊r/2⌋. In the second case, the ideal is Cohen-Macaulay.

The two dimension formulas agree for r ∈ {2k − 1, 2k , 2k + 1, 2k + 2}.

Theorem
The variety Vk,n,r is irreducible if and only if r is odd or r > 2k.

For r even with 4 ≤ r ≤ 2k, the number of irreducible
components of Vk,n,r is 2n−1. For r = 2, it is 2n−1 − 1.
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The Joy of Data

We have explicit parametrizations of all irreducible components of Vk,n,r .

We computed their ideals in many cases.

Dimension, degree and number of ideal generators:

r \(k, n) (2, 4) (2, 5) (3, 3) (4, 2) (5, 2)
1 0, 41, 284 0, 121, 740 0, 28, 378 0, 17, 136 0, 26, 325
2 7, 84, 1092 9, 600, 4770 8, 63, 1950 7, 20, 416 9, 70, 1700
3 9, 4224, 1764 12, 183040, 13860 9, 3915, 4599 7, 200, 626 9, 1190, 4550
4 14, 2772, 1176 19, 306735, 19404 15, 930, 4977 12, 20, 416 16, 175, 6202
5 18, 672, 336 25, 151008, 13860 17, 9504, 2520 12, 100, 136 16, 1750, 4550
6 21, 84, 36 30, 28314, 4950 21, 1386, 540 15, 4, 16 21, 50, 1700
7 23, 8, 1 39, 2640, 825 24, 120, 45 15, 8, 1 21, 250, 325

Table: The determinantal varieties Vk,n,r for matrix sizes 8 ≤ kn ≤ 10.
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Cosmology

Our project started in August 2024, after the posting of

A New Twist on Spinning (A)dS Correlators

Daniel Baumann1,2,3,4, Grégoire Mathys5,

Guilherme L. Pimentel6 and Facundo Rost1,3

1 Leung Center for Cosmology and Particle Astrophysics, Taipei 10617, Taiwan

2 Center for Theoretical Physics, National Taiwan University, Taipei 10617, Taiwan

3 Institute of Physics, University of Amsterdam, Amsterdam, 1098 XH, The Netherlands

4 Max-Planck-Institut für Physik, Werner-Heisenberg-Institut, 85748 Garching bei München, Germany

5 Institute of Physics, Ecole Polytechnique Fédéral de Lausanne, CH-1015 Lausanne, Switzerland

6 Scuola Normale Superiore and INFN, Piazza dei Cavalieri 7, 56126, Pisa, Italy

Abstract

Massless spinning correlators in cosmology are extremely complicated. In contrast, the scattering ampli-

tudes of massless particles with spin are very simple. We propose that the reason for the unreasonable

complexity of these correlators lies in the use of inconvenient kinematic variables. For example, in de

Sitter space, consistency with unitarity and the background isometries imply that the correlators must be

conformally covariant and also conserved. However, the commonly used kinematic variables for correla-

tors do not make all of these properties manifest. In this paper, we introduce twistor space as a powerful

way to satisfy all kinematic constraints. We show that conformal correlators of conserved currents can

be written as twistor integrals, where the conservation condition translates into holomorphicity of the

integrand. The functional form of the twistor-space correlators is very simple and easily bootstrapped.

For the case of three-point functions, we verify explicitly that this reproduces known results in embedding

space. We also perform a half-Fourier transform of the twistor-space correlators to obtain their counter-

parts in momentum space. We conclude that twistors provide a promising new avenue to study conformal

correlation functions that exposes their hidden simplicity.ar
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Henn Part B1 UNIVERSE+

Objective III: Discover the positive geometries that underlie our universe.

Our final objective is to uncover the positive geometries that describe the real world, from particle
physics to the expanding universe. This must include a new formulation of scattering processes
involving all fundamental interactions, including gravity, where spacetime and quantum mechanics
are not taken as fundamental inputs, but are seen as emergent concepts. Moreover, nowhere is the
question of the emergence of spacetime more urgent than in cosmology, where the birth of spacetime
and the universe itself are intimately connected at the Big Bang singularity. A deeper formulation
of cosmology therefore should not involve time as an input, but must have it arise as a derivable
output. We aim to develop such a new timeless perspective of cosmology, inspired by geometric ideas
similar to those seen for scattering amplitudes. Finally, dislodging spacetime and quantum mechanics
from their primary roles in describing known physical laws will provide a better jumping-o↵ point to
transcending these concepts, in the settings of quantum gravity and cosmology where this is ultimately
necessary. Our work will provide the needed mathematical framework in which such extensions of the
known physical laws can be studied rigorously. Achieving these goals would radically transform our
understanding of fundamental physics and cosmology.
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Figure 2: Three diagrams that illustrate the project UNIVERSE+. Associated to all scattering processes (left)
and cosmological correlations (right) are positive geometries (middle). These novel geometries are defined purely
in terms of the initial and final states of the particles, and make no reference to their evolution in spacetime.

Methodology

In order to achieve our three objectives, we have organized the project into three corresponding work
packages (WPs), which provide a concrete path from mathematical data, via Positive Geometry,
towards our ultimate goal of finding the new geometrical language describing our universe.

I. Mathematical Data from Particle Physics and Cosmology

First, we will create new tools to compute and classify scattering amplitudes and cosmological correla-
tors. This part of the project will build on the pioneering work we have done in these areas. Scattering
amplitudes and cosmological correlators are defined in terms of the energies (and momenta) of the par-
ticles involved in a scattering process. At specific values of these energies, amplitudes and correlators
becomes singular, and the form of these singularities is determined by causality and unitarity. This
has lead to powerful new ways of computing observables in the context of scattering amplitudes [4, 15]
and conformal field theories [16].

We will systematically understand the singular limits of amplitudes and correlators and exploit this
to fully determine these observables, using new mathematical tools ranging from tropical geometry to
novel perspectives on di↵erential equations. Although our understanding of cosmological correlators
is not yet as mature as that of scattering amplitudes, the past few years have seen promising new
developments in the program called the Cosmological Bootstrap [6–10]. So far, this has only been
applied to the simplest tree-level processes of toy scalar theories. We will extend the cosmological
bootstrap to more general theories and beyond the tree-level approximation.

3

We now turn to Physics.
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Conformal Field Theory
The embedding space formalism in conformal field theory takes
vectors in Rd onto the Lorentz cone in Rr where r = d+2.

Embedding Space

Twistor Space

Fourier Space

PM
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Figure 1: Outline of the di↵erent kinematic spaces discussed in this paper. The natural arena in cosmology

is Fourier space, but conformal symmetry is hard to implement there. In conformal field theory, we therefore

prefer to work in embedding space, but current conservation is then a nontrivial constraint. In this paper,

we study conformal correlators of conserved currents in twistor space, in which all kinematic constraints can

be made manifest.

By defining a suitable embedding of Rd into R1,d+1 (see Fig. 1), the d-dimensional conformal

transformations (which are nonlinear and complicated) can be uplifted to (d + 2)-dimensional

Lorentz transformations (which are linear and simple). However, while conformal symmetry

becomes much simpler to enforce in embedding space, current conservation is now harder to

implement [6]. In practice, one first has to define the space of conformally-invariant structures

and then impose a di↵erential constraint to select the sub-space of conserved correlators. This

two-step procedure is conceptually unsatisfying. It would be much nicer if we could write down

an expression for the correlator that from the start makes both conformal symmetry and current

conservation manifest. In this paper, we will show that this can be achieved in twistor space1

(see [30, 31] for important prior work).

First, we will introduce embedding-space spinors ⇤A
a [32, 33] and then define twistor coor-

dinates as a specific linear combination of these spinors ZA ⌘ ⇡a⇤A
a . This allows us to write

an integral representation for correlators that automatically ensures both conformal symmetry

and current conservation. Conserved correlators in twistor space are holomorphic functions of

the coordinates ZA
i (for each field i) whose precise form is easily bootstrapped. For the case of

three-point functions, we verify explicitly that this reproduces known results in embedding space.

Unlike in embedding space, however, current conservation is part of the ansatz and doesn’t have

to be imposed by hand as an additional constraint.

1We would like to thank Mariana Carrillo González for first suggesting to us the connection between conformal

correlators and (mini) twistor space [27–29].

4

Conformal symmetries in Rd are encoded by the action of the
Lorentz group SO(1, r − 1) on Rr . We consider n fields, given by
momentum vectors Pi and polarization vectors Wi for i = 1, 2, . . . , n.

This leads to 2n × 2n Gram matrices of rank r with blocks of size k = 2.

M. Costa, J. Penedones, D. Poland and S. Rychkov: Spinning
conformal correlators, Journal of High Energy Physics 11 (2011)
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Conformally Invariant Coordinates
Conformal field theory considers functions of the Gram matrix X

that are invariant under translations Wi 7→ Wi + αiPi . We define

Pij = x2i−1,2j−1,
Hij = x2i−1,2j−1 · x2i ,2j − x2i ,2j−1 · x2j ,2i−1,
Vi ,jk =

(
x2i ,2j−1 · x2k−1,2i−1 − x2i ,2k−1 · x2j−1,2i−1

)
/x2j−1,2k−1.

These are the well-known conformally-invariant structures:

Pij = Pi · Pj ,
Hij = (Wi ·Wj)(Pi · Pj)− (Wi · Pj)(Wj · Pi ),
Vi ,jk =

[
(Wi · Pj)(Pk · Pi )− (Wi · Pk)(Pj · Pi )

]
/(Pj · Pk).

We wish to express V2,n,r in terms of these. From now on k = 2.

Example: The main component for n = 3, r = 4 is

I3,4 =
〈
H12 + V123V213 , H13 − V123V312 , H23 + V213V312

〉
.
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The Joy of Prime Ideals

Let In,r be the ideal in C[P,H,V ] of relations
among the 2

(n
2

)
+ n

(n−1
2

)
basic building blocks Pij , Hij , Vi ,jk .

Example (d = 3, r = 5, n = 3)

For three fields in cosmology, I3,5 is the principal ideal generated by

4H12H23H13 − (V1,23H23 − V2,13H13 + V3,12H12 + V1,23V2,13V3,12)
2.

This equals the determinant of the Gram matrix

X =



0 0 x13 x14 x15 x16
0 0 x23 x24 x25 x26
x13 x23 0 0 x35 x36
x14 x24 0 0 x45 x46
x15 x25 x35 x45 0 0
x16 x26 x36 x46 0 0


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An Orbit Space

Corollary

Let n ≥ 3 and r ≥ 4. The variety of In,r has dimension

dim(V (In,r ) ) = (2r − 4)n −
(
r

2

)
.

This equals 6n − 10 for r = 5, and it equals 4n − 6 for r = 4.

Lemma (Four fields in cosmology dim 14 in C24)
The ideal I4,5 contains the 3× 3 minors of the 4× 3 matrix

V =


V1,23 V1,24 V1,34

V2,14 V2,13 −V2,34

V3,14 V3,24 −V3,12

V4,23 V4,13 V4,12

 .

The product V ·
[
P23P14 −P24P13 P34P12

]T
is zero on V (I4,5),

so its four entries are in I4,5. But there are many more generators.
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Spinor-Helicity Formalism

... takes us further for r = 4.

The orbit space V (In,4) has the parametric representation:

Pij = [ i j ]⟨ i j ⟩ , Hst = ⟨s t⟩2[ s s ][ t t ] , Vs,ij =
⟨s i ⟩⟨ s j ⟩[ s s ]

⟨ i j ⟩ .

The brackets are the 2× 2 minors of a 2× 3n matrix of parameters.

Proposition

The prime ideal I5,4 is minimally generated by 180 quadrics,
20 cubics, 95 quartics and 156 quintics in the 50 variables P,H,V .

The variety V (I5,4) has dimension 14 and degree 10145 in C50.
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Conformal Correlators
A fundamental observable for physics is the two-point function

Hij

P3
ij

=
(Wi ·Wj)(Pi · Pj)− (Wi · Pj)(Wj · Pi )

(Pi · Pj)3
.

These are the coordinates of a rational map

V2,n,r 99K P(
n
2)−1.

The image is the conformal two-point variety C(2)
n,r .

Computing C(2)
n,r is very difficult. Experiments suggest:

Conjecture (r = 5, Cosmology)

The dimension of the conformal two-point variety equals

dim
(
C(2)
n,5

)
= min

(
5n − 11 ,

(
n

2

)
− 1

)
.
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One Last Theorem
... about the conformal two-point variety for r = 4:

C(2)
n,4 ⊂ P(

n
2)−1.

Spinor-helicity gives the parametrization

Hst

P3
st

=
[s s ] [t t ]

[s t]3⟨s t⟩ for 1 ≤ s < t ≤ n.

We use tropical geometry (phylogenetic trees) to prove:

Theorem
The dimension of the two-point variety C(2)

n,4 equals 3n − 7.

Corollary

The variety C(2)
n,4 has positive codimension for n ≥ 5.

For n = 5 it is a hypersurface of degree 270 in P9.
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Conclusion

Embedding Space

Twistor Space

Fourier Space
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Figure 1: Outline of the di↵erent kinematic spaces discussed in this paper. The natural arena in cosmology

is Fourier space, but conformal symmetry is hard to implement there. In conformal field theory, we therefore

prefer to work in embedding space, but current conservation is then a nontrivial constraint. In this paper,

we study conformal correlators of conserved currents in twistor space, in which all kinematic constraints can

be made manifest.

By defining a suitable embedding of Rd into R1,d+1 (see Fig. 1), the d-dimensional conformal

transformations (which are nonlinear and complicated) can be uplifted to (d + 2)-dimensional

Lorentz transformations (which are linear and simple). However, while conformal symmetry

becomes much simpler to enforce in embedding space, current conservation is now harder to

implement [6]. In practice, one first has to define the space of conformally-invariant structures

and then impose a di↵erential constraint to select the sub-space of conserved correlators. This

two-step procedure is conceptually unsatisfying. It would be much nicer if we could write down

an expression for the correlator that from the start makes both conformal symmetry and current

conservation manifest. In this paper, we will show that this can be achieved in twistor space1

(see [30, 31] for important prior work).

First, we will introduce embedding-space spinors ⇤A
a [32, 33] and then define twistor coor-

dinates as a specific linear combination of these spinors ZA ⌘ ⇡a⇤A
a . This allows us to write

an integral representation for correlators that automatically ensures both conformal symmetry

and current conservation. Conserved correlators in twistor space are holomorphic functions of

the coordinates ZA
i (for each field i) whose precise form is easily bootstrapped. For the case of

three-point functions, we verify explicitly that this reproduces known results in embedding space.

Unlike in embedding space, however, current conservation is part of the ansatz and doesn’t have

to be imposed by hand as an additional constraint.

1We would like to thank Mariana Carrillo González for first suggesting to us the connection between conformal

correlators and (mini) twistor space [27–29].

4

▶ The project started from discussions with cosmologists.

▶ We studied symmetric matrices with diagonal zero blocks.

▶ We understand their rank strata in terms of
commutative algebra and algebraic geometry.

▶ We introduced algebraic varieties for conformal field theory.

▶ These govern the relations among the two-point functions.

Henn Part B1 UNIVERSE+

Objective III: Discover the positive geometries that underlie our universe.

Our final objective is to uncover the positive geometries that describe the real world, from particle
physics to the expanding universe. This must include a new formulation of scattering processes
involving all fundamental interactions, including gravity, where spacetime and quantum mechanics
are not taken as fundamental inputs, but are seen as emergent concepts. Moreover, nowhere is the
question of the emergence of spacetime more urgent than in cosmology, where the birth of spacetime
and the universe itself are intimately connected at the Big Bang singularity. A deeper formulation
of cosmology therefore should not involve time as an input, but must have it arise as a derivable
output. We aim to develop such a new timeless perspective of cosmology, inspired by geometric ideas
similar to those seen for scattering amplitudes. Finally, dislodging spacetime and quantum mechanics
from their primary roles in describing known physical laws will provide a better jumping-o↵ point to
transcending these concepts, in the settings of quantum gravity and cosmology where this is ultimately
necessary. Our work will provide the needed mathematical framework in which such extensions of the
known physical laws can be studied rigorously. Achieving these goals would radically transform our
understanding of fundamental physics and cosmology.
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MPI Leipzig and UC Berkeley

Paper with Mateusz Micha�lek,
Caroline Uhler, and Piotr Zwiernik

1 / 24

Figure 2: Three diagrams that illustrate the project UNIVERSE+. Associated to all scattering processes (left)
and cosmological correlations (right) are positive geometries (middle). These novel geometries are defined purely
in terms of the initial and final states of the particles, and make no reference to their evolution in spacetime.

Methodology

In order to achieve our three objectives, we have organized the project into three corresponding work
packages (WPs), which provide a concrete path from mathematical data, via Positive Geometry,
towards our ultimate goal of finding the new geometrical language describing our universe.

I. Mathematical Data from Particle Physics and Cosmology

First, we will create new tools to compute and classify scattering amplitudes and cosmological correla-
tors. This part of the project will build on the pioneering work we have done in these areas. Scattering
amplitudes and cosmological correlators are defined in terms of the energies (and momenta) of the par-
ticles involved in a scattering process. At specific values of these energies, amplitudes and correlators
becomes singular, and the form of these singularities is determined by causality and unitarity. This
has lead to powerful new ways of computing observables in the context of scattering amplitudes [4, 15]
and conformal field theories [16].

We will systematically understand the singular limits of amplitudes and correlators and exploit this
to fully determine these observables, using new mathematical tools ranging from tropical geometry to
novel perspectives on di↵erential equations. Although our understanding of cosmological correlators
is not yet as mature as that of scattering amplitudes, the past few years have seen promising new
developments in the program called the Cosmological Bootstrap [6–10]. So far, this has only been
applied to the simplest tree-level processes of toy scalar theories. We will extend the cosmological
bootstrap to more general theories and beyond the tree-level approximation.
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Figure 1: Outline of the di↵erent kinematic spaces discussed in this paper. The natural arena in cosmology

is Fourier space, but conformal symmetry is hard to implement there. In conformal field theory, we therefore

prefer to work in embedding space, but current conservation is then a nontrivial constraint. In this paper,

we study conformal correlators of conserved currents in twistor space, in which all kinematic constraints can

be made manifest.

By defining a suitable embedding of Rd into R1,d+1 (see Fig. 1), the d-dimensional conformal

transformations (which are nonlinear and complicated) can be uplifted to (d + 2)-dimensional

Lorentz transformations (which are linear and simple). However, while conformal symmetry

becomes much simpler to enforce in embedding space, current conservation is now harder to

implement [6]. In practice, one first has to define the space of conformally-invariant structures

and then impose a di↵erential constraint to select the sub-space of conserved correlators. This

two-step procedure is conceptually unsatisfying. It would be much nicer if we could write down

an expression for the correlator that from the start makes both conformal symmetry and current

conservation manifest. In this paper, we will show that this can be achieved in twistor space1

(see [30, 31] for important prior work).

First, we will introduce embedding-space spinors ⇤A
a [32, 33] and then define twistor coor-

dinates as a specific linear combination of these spinors ZA ⌘ ⇡a⇤A
a . This allows us to write

an integral representation for correlators that automatically ensures both conformal symmetry

and current conservation. Conserved correlators in twistor space are holomorphic functions of

the coordinates ZA
i (for each field i) whose precise form is easily bootstrapped. For the case of

three-point functions, we verify explicitly that this reproduces known results in embedding space.

Unlike in embedding space, however, current conservation is part of the ansatz and doesn’t have

to be imposed by hand as an additional constraint.

1We would like to thank Mariana Carrillo González for first suggesting to us the connection between conformal

correlators and (mini) twistor space [27–29].

4

▶ The project started from discussions with cosmologists.

▶ We studied symmetric matrices with diagonal zero blocks.

▶ We understand their rank strata in terms of
commutative algebra and algebraic geometry.

▶ We introduced algebraic varieties for conformal field theory.

▶ These govern the relations among the two-point functions.

Henn Part B1 UNIVERSE+

Objective III: Discover the positive geometries that underlie our universe.

Our final objective is to uncover the positive geometries that describe the real world, from particle
physics to the expanding universe. This must include a new formulation of scattering processes
involving all fundamental interactions, including gravity, where spacetime and quantum mechanics
are not taken as fundamental inputs, but are seen as emergent concepts. Moreover, nowhere is the
question of the emergence of spacetime more urgent than in cosmology, where the birth of spacetime
and the universe itself are intimately connected at the Big Bang singularity. A deeper formulation
of cosmology therefore should not involve time as an input, but must have it arise as a derivable
output. We aim to develop such a new timeless perspective of cosmology, inspired by geometric ideas
similar to those seen for scattering amplitudes. Finally, dislodging spacetime and quantum mechanics
from their primary roles in describing known physical laws will provide a better jumping-o↵ point to
transcending these concepts, in the settings of quantum gravity and cosmology where this is ultimately
necessary. Our work will provide the needed mathematical framework in which such extensions of the
known physical laws can be studied rigorously. Achieving these goals would radically transform our
understanding of fundamental physics and cosmology.
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Figure 2: Three diagrams that illustrate the project UNIVERSE+. Associated to all scattering processes (left)
and cosmological correlations (right) are positive geometries (middle). These novel geometries are defined purely
in terms of the initial and final states of the particles, and make no reference to their evolution in spacetime.

Methodology

In order to achieve our three objectives, we have organized the project into three corresponding work
packages (WPs), which provide a concrete path from mathematical data, via Positive Geometry,
towards our ultimate goal of finding the new geometrical language describing our universe.

I. Mathematical Data from Particle Physics and Cosmology

First, we will create new tools to compute and classify scattering amplitudes and cosmological correla-
tors. This part of the project will build on the pioneering work we have done in these areas. Scattering
amplitudes and cosmological correlators are defined in terms of the energies (and momenta) of the par-
ticles involved in a scattering process. At specific values of these energies, amplitudes and correlators
becomes singular, and the form of these singularities is determined by causality and unitarity. This
has lead to powerful new ways of computing observables in the context of scattering amplitudes [4, 15]
and conformal field theories [16].

We will systematically understand the singular limits of amplitudes and correlators and exploit this
to fully determine these observables, using new mathematical tools ranging from tropical geometry to
novel perspectives on di↵erential equations. Although our understanding of cosmological correlators
is not yet as mature as that of scattering amplitudes, the past few years have seen promising new
developments in the program called the Cosmological Bootstrap [6–10]. So far, this has only been
applied to the simplest tree-level processes of toy scalar theories. We will extend the cosmological
bootstrap to more general theories and beyond the tree-level approximation.
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Figure 1: Outline of the di↵erent kinematic spaces discussed in this paper. The natural arena in cosmology

is Fourier space, but conformal symmetry is hard to implement there. In conformal field theory, we therefore

prefer to work in embedding space, but current conservation is then a nontrivial constraint. In this paper,

we study conformal correlators of conserved currents in twistor space, in which all kinematic constraints can

be made manifest.

By defining a suitable embedding of Rd into R1,d+1 (see Fig. 1), the d-dimensional conformal

transformations (which are nonlinear and complicated) can be uplifted to (d + 2)-dimensional

Lorentz transformations (which are linear and simple). However, while conformal symmetry

becomes much simpler to enforce in embedding space, current conservation is now harder to

implement [6]. In practice, one first has to define the space of conformally-invariant structures

and then impose a di↵erential constraint to select the sub-space of conserved correlators. This

two-step procedure is conceptually unsatisfying. It would be much nicer if we could write down

an expression for the correlator that from the start makes both conformal symmetry and current

conservation manifest. In this paper, we will show that this can be achieved in twistor space1

(see [30, 31] for important prior work).

First, we will introduce embedding-space spinors ⇤A
a [32, 33] and then define twistor coor-

dinates as a specific linear combination of these spinors ZA ⌘ ⇡a⇤A
a . This allows us to write

an integral representation for correlators that automatically ensures both conformal symmetry

and current conservation. Conserved correlators in twistor space are holomorphic functions of

the coordinates ZA
i (for each field i) whose precise form is easily bootstrapped. For the case of

three-point functions, we verify explicitly that this reproduces known results in embedding space.

Unlike in embedding space, however, current conservation is part of the ansatz and doesn’t have

to be imposed by hand as an additional constraint.

1We would like to thank Mariana Carrillo González for first suggesting to us the connection between conformal

correlators and (mini) twistor space [27–29].
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▶ The project started from discussions with cosmologists.

▶ We studied symmetric matrices with diagonal zero blocks.

▶ We understand their rank strata in terms of
commutative algebra and algebraic geometry.

▶ We introduced algebraic varieties for conformal field theory.

▶ These govern the relations among the two-point functions.

Henn Part B1 UNIVERSE+

Objective III: Discover the positive geometries that underlie our universe.

Our final objective is to uncover the positive geometries that describe the real world, from particle
physics to the expanding universe. This must include a new formulation of scattering processes
involving all fundamental interactions, including gravity, where spacetime and quantum mechanics
are not taken as fundamental inputs, but are seen as emergent concepts. Moreover, nowhere is the
question of the emergence of spacetime more urgent than in cosmology, where the birth of spacetime
and the universe itself are intimately connected at the Big Bang singularity. A deeper formulation
of cosmology therefore should not involve time as an input, but must have it arise as a derivable
output. We aim to develop such a new timeless perspective of cosmology, inspired by geometric ideas
similar to those seen for scattering amplitudes. Finally, dislodging spacetime and quantum mechanics
from their primary roles in describing known physical laws will provide a better jumping-o↵ point to
transcending these concepts, in the settings of quantum gravity and cosmology where this is ultimately
necessary. Our work will provide the needed mathematical framework in which such extensions of the
known physical laws can be studied rigorously. Achieving these goals would radically transform our
understanding of fundamental physics and cosmology.
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Figure 2: Three diagrams that illustrate the project UNIVERSE+. Associated to all scattering processes (left)
and cosmological correlations (right) are positive geometries (middle). These novel geometries are defined purely
in terms of the initial and final states of the particles, and make no reference to their evolution in spacetime.

Methodology

In order to achieve our three objectives, we have organized the project into three corresponding work
packages (WPs), which provide a concrete path from mathematical data, via Positive Geometry,
towards our ultimate goal of finding the new geometrical language describing our universe.

I. Mathematical Data from Particle Physics and Cosmology

First, we will create new tools to compute and classify scattering amplitudes and cosmological correla-
tors. This part of the project will build on the pioneering work we have done in these areas. Scattering
amplitudes and cosmological correlators are defined in terms of the energies (and momenta) of the par-
ticles involved in a scattering process. At specific values of these energies, amplitudes and correlators
becomes singular, and the form of these singularities is determined by causality and unitarity. This
has lead to powerful new ways of computing observables in the context of scattering amplitudes [4, 15]
and conformal field theories [16].

We will systematically understand the singular limits of amplitudes and correlators and exploit this
to fully determine these observables, using new mathematical tools ranging from tropical geometry to
novel perspectives on di↵erential equations. Although our understanding of cosmological correlators
is not yet as mature as that of scattering amplitudes, the past few years have seen promising new
developments in the program called the Cosmological Bootstrap [6–10]. So far, this has only been
applied to the simplest tree-level processes of toy scalar theories. We will extend the cosmological
bootstrap to more general theories and beyond the tree-level approximation.
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Figure 1: Outline of the di↵erent kinematic spaces discussed in this paper. The natural arena in cosmology

is Fourier space, but conformal symmetry is hard to implement there. In conformal field theory, we therefore

prefer to work in embedding space, but current conservation is then a nontrivial constraint. In this paper,

we study conformal correlators of conserved currents in twistor space, in which all kinematic constraints can

be made manifest.

By defining a suitable embedding of Rd into R1,d+1 (see Fig. 1), the d-dimensional conformal

transformations (which are nonlinear and complicated) can be uplifted to (d + 2)-dimensional

Lorentz transformations (which are linear and simple). However, while conformal symmetry

becomes much simpler to enforce in embedding space, current conservation is now harder to

implement [6]. In practice, one first has to define the space of conformally-invariant structures

and then impose a di↵erential constraint to select the sub-space of conserved correlators. This

two-step procedure is conceptually unsatisfying. It would be much nicer if we could write down

an expression for the correlator that from the start makes both conformal symmetry and current

conservation manifest. In this paper, we will show that this can be achieved in twistor space1

(see [30, 31] for important prior work).

First, we will introduce embedding-space spinors ⇤A
a [32, 33] and then define twistor coor-

dinates as a specific linear combination of these spinors ZA ⌘ ⇡a⇤A
a . This allows us to write

an integral representation for correlators that automatically ensures both conformal symmetry

and current conservation. Conserved correlators in twistor space are holomorphic functions of

the coordinates ZA
i (for each field i) whose precise form is easily bootstrapped. For the case of

three-point functions, we verify explicitly that this reproduces known results in embedding space.

Unlike in embedding space, however, current conservation is part of the ansatz and doesn’t have

to be imposed by hand as an additional constraint.

1We would like to thank Mariana Carrillo González for first suggesting to us the connection between conformal

correlators and (mini) twistor space [27–29].
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▶ The project started from discussions with cosmologists.

▶ We studied symmetric matrices with diagonal zero blocks.

▶ We understand their rank strata in terms of
commutative algebra and algebraic geometry.

▶ We introduced algebraic varieties for conformal field theory.

▶ These govern the relations among the two-point functions.

Henn Part B1 UNIVERSE+

Objective III: Discover the positive geometries that underlie our universe.

Our final objective is to uncover the positive geometries that describe the real world, from particle
physics to the expanding universe. This must include a new formulation of scattering processes
involving all fundamental interactions, including gravity, where spacetime and quantum mechanics
are not taken as fundamental inputs, but are seen as emergent concepts. Moreover, nowhere is the
question of the emergence of spacetime more urgent than in cosmology, where the birth of spacetime
and the universe itself are intimately connected at the Big Bang singularity. A deeper formulation
of cosmology therefore should not involve time as an input, but must have it arise as a derivable
output. We aim to develop such a new timeless perspective of cosmology, inspired by geometric ideas
similar to those seen for scattering amplitudes. Finally, dislodging spacetime and quantum mechanics
from their primary roles in describing known physical laws will provide a better jumping-o↵ point to
transcending these concepts, in the settings of quantum gravity and cosmology where this is ultimately
necessary. Our work will provide the needed mathematical framework in which such extensions of the
known physical laws can be studied rigorously. Achieving these goals would radically transform our
understanding of fundamental physics and cosmology.
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Figure 2: Three diagrams that illustrate the project UNIVERSE+. Associated to all scattering processes (left)
and cosmological correlations (right) are positive geometries (middle). These novel geometries are defined purely
in terms of the initial and final states of the particles, and make no reference to their evolution in spacetime.

Methodology

In order to achieve our three objectives, we have organized the project into three corresponding work
packages (WPs), which provide a concrete path from mathematical data, via Positive Geometry,
towards our ultimate goal of finding the new geometrical language describing our universe.

I. Mathematical Data from Particle Physics and Cosmology

First, we will create new tools to compute and classify scattering amplitudes and cosmological correla-
tors. This part of the project will build on the pioneering work we have done in these areas. Scattering
amplitudes and cosmological correlators are defined in terms of the energies (and momenta) of the par-
ticles involved in a scattering process. At specific values of these energies, amplitudes and correlators
becomes singular, and the form of these singularities is determined by causality and unitarity. This
has lead to powerful new ways of computing observables in the context of scattering amplitudes [4, 15]
and conformal field theories [16].

We will systematically understand the singular limits of amplitudes and correlators and exploit this
to fully determine these observables, using new mathematical tools ranging from tropical geometry to
novel perspectives on di↵erential equations. Although our understanding of cosmological correlators
is not yet as mature as that of scattering amplitudes, the past few years have seen promising new
developments in the program called the Cosmological Bootstrap [6–10]. So far, this has only been
applied to the simplest tree-level processes of toy scalar theories. We will extend the cosmological
bootstrap to more general theories and beyond the tree-level approximation.
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Figure 1: Outline of the di↵erent kinematic spaces discussed in this paper. The natural arena in cosmology

is Fourier space, but conformal symmetry is hard to implement there. In conformal field theory, we therefore

prefer to work in embedding space, but current conservation is then a nontrivial constraint. In this paper,

we study conformal correlators of conserved currents in twistor space, in which all kinematic constraints can

be made manifest.

By defining a suitable embedding of Rd into R1,d+1 (see Fig. 1), the d-dimensional conformal

transformations (which are nonlinear and complicated) can be uplifted to (d + 2)-dimensional

Lorentz transformations (which are linear and simple). However, while conformal symmetry

becomes much simpler to enforce in embedding space, current conservation is now harder to

implement [6]. In practice, one first has to define the space of conformally-invariant structures

and then impose a di↵erential constraint to select the sub-space of conserved correlators. This

two-step procedure is conceptually unsatisfying. It would be much nicer if we could write down

an expression for the correlator that from the start makes both conformal symmetry and current

conservation manifest. In this paper, we will show that this can be achieved in twistor space1

(see [30, 31] for important prior work).

First, we will introduce embedding-space spinors ⇤A
a [32, 33] and then define twistor coor-

dinates as a specific linear combination of these spinors ZA ⌘ ⇡a⇤A
a . This allows us to write

an integral representation for correlators that automatically ensures both conformal symmetry

and current conservation. Conserved correlators in twistor space are holomorphic functions of

the coordinates ZA
i (for each field i) whose precise form is easily bootstrapped. For the case of

three-point functions, we verify explicitly that this reproduces known results in embedding space.

Unlike in embedding space, however, current conservation is part of the ansatz and doesn’t have

to be imposed by hand as an additional constraint.

1We would like to thank Mariana Carrillo González for first suggesting to us the connection between conformal

correlators and (mini) twistor space [27–29].
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▶ The project started from discussions with cosmologists.

▶ We studied symmetric matrices with diagonal zero blocks.

▶ We understand their rank strata in terms of
commutative algebra and algebraic geometry.

▶ We introduced algebraic varieties for conformal field theory.

▶ These govern the relations among the two-point functions.

Henn Part B1 UNIVERSE+

Objective III: Discover the positive geometries that underlie our universe.

Our final objective is to uncover the positive geometries that describe the real world, from particle
physics to the expanding universe. This must include a new formulation of scattering processes
involving all fundamental interactions, including gravity, where spacetime and quantum mechanics
are not taken as fundamental inputs, but are seen as emergent concepts. Moreover, nowhere is the
question of the emergence of spacetime more urgent than in cosmology, where the birth of spacetime
and the universe itself are intimately connected at the Big Bang singularity. A deeper formulation
of cosmology therefore should not involve time as an input, but must have it arise as a derivable
output. We aim to develop such a new timeless perspective of cosmology, inspired by geometric ideas
similar to those seen for scattering amplitudes. Finally, dislodging spacetime and quantum mechanics
from their primary roles in describing known physical laws will provide a better jumping-o↵ point to
transcending these concepts, in the settings of quantum gravity and cosmology where this is ultimately
necessary. Our work will provide the needed mathematical framework in which such extensions of the
known physical laws can be studied rigorously. Achieving these goals would radically transform our
understanding of fundamental physics and cosmology.
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Figure 2: Three diagrams that illustrate the project UNIVERSE+. Associated to all scattering processes (left)
and cosmological correlations (right) are positive geometries (middle). These novel geometries are defined purely
in terms of the initial and final states of the particles, and make no reference to their evolution in spacetime.

Methodology

In order to achieve our three objectives, we have organized the project into three corresponding work
packages (WPs), which provide a concrete path from mathematical data, via Positive Geometry,
towards our ultimate goal of finding the new geometrical language describing our universe.

I. Mathematical Data from Particle Physics and Cosmology

First, we will create new tools to compute and classify scattering amplitudes and cosmological correla-
tors. This part of the project will build on the pioneering work we have done in these areas. Scattering
amplitudes and cosmological correlators are defined in terms of the energies (and momenta) of the par-
ticles involved in a scattering process. At specific values of these energies, amplitudes and correlators
becomes singular, and the form of these singularities is determined by causality and unitarity. This
has lead to powerful new ways of computing observables in the context of scattering amplitudes [4, 15]
and conformal field theories [16].

We will systematically understand the singular limits of amplitudes and correlators and exploit this
to fully determine these observables, using new mathematical tools ranging from tropical geometry to
novel perspectives on di↵erential equations. Although our understanding of cosmological correlators
is not yet as mature as that of scattering amplitudes, the past few years have seen promising new
developments in the program called the Cosmological Bootstrap [6–10]. So far, this has only been
applied to the simplest tree-level processes of toy scalar theories. We will extend the cosmological
bootstrap to more general theories and beyond the tree-level approximation.
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Homework

Consider the ideal generated by the 5× 5 minors of the matrix

X =


0 0 x13 x14 x15 x16
0 0 x23 x24 x25 x26
x13 x23 0 0 x35 x36
x14 x24 0 0 x45 x46
x15 x25 x35 x45 0 0
x16 x26 x36 x46 0 0

 .

Determine all associated primes of this ideal.
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