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On Polarized Manifolds Whose Adjoint Bundles
Are Not Semipositive

Takao Fujita

Introduction

Let L be an ample (not necessarily very ample) line bundle on a pro-
jective variety M with dim M=n having only rational normal Gorenstein
singularities. Let w be the dualizing sheaf and let K be the line bundle
such that ¢,(K)=w. We will study the line bundles K4-¢L, where ¢ is a
positive integer. By the base point free theorem (cf. [K2; Theorem 2.6]),
we have Bs|m(K+1tL)|=@ for m>0 if K+tL is numerically semipositive
(=nef, for short), which means (K+¢L)C=0 for any curve C in M. We
do not know, however, how large m should be. Here we just pose the
following:



Theorem 1. K+nL is nef unless (M, L)~(P", 0(1)). In particular,
K4 (m+1)L is always nef.

Theorem 2. Suppose that K+nL is nef. Then K+n—1)L is nef
except in the following cases:

(@) M is a hyperquadric in P™*' and L= 0,(1).

(®) (M, L)=(P*, 6(2)).

() (M, L) is a scroll over a smooth curve.



Di Rocco, Haase, Nill, Paffenholz: Polyhedral adjunction theory, ANT7(10), 2014.

Corollary 4.2. Let P be a smooth 3-dimensional polytope with no interior lattice
points. Then P is of one of the following types.

(1) P=A3,2A3,3A5.
(2) There is a projection P — Aj, where any preimage of each vertex is an interval.
Equivalently, there are a, b, ¢ € Z such that
000abc
P=conv|010100].
001001
(3) There is a projection P — 2A,, where any preimage of each vertex is an
interval. Equivalently, there are a, b, ¢ € Z such that
000abc
P=conv|020200].
002002

(4) There is a projection P — Ay x A|. Equivalently, there are a, b, ¢ € Z such

that
10
0 0 .
¢ atb—c

(5) P = Py* Py, where Py and Py are smooth polygons with the same normal fan.

001
P=conv|010
000

(6) There is a smooth 3-dimensional polytope P’ with no interior lattice points
and a unimodular simplex S € P such that

P'=PUS

and P N S is a common facet of P and S.
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POLYHEDRAL ADJOINTS

P(s) for s = 3/2



POLYHEDRAL ADJOINTS

P(s) for s =2



POLYHEDRAL ADJOINTS

P(s) for s = 5/2



POLYHEDRAL ADJOINTS

PG) for s = 3



POLYHEDRAL ADJOINTS

PG) for s = 3

n=n(P)=sup{s >0 : P £}



POLYHEDRAL ADJOINTS

Ps) = {xe RY : (a,x) < b— s whenever a € Z9 b e R s.t.
(a,®) < b defines a facet of P}

n=n(P)=sup{s >0 : P& £}



FINE POLYHEDRAL ADJOINTS

pF) — {xe RY : (a,x) < b— s whenever a € Z7\ {0}, b € R st.
(a,®) < bis valid for P}

Original Adjoints Fine Adjoints
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FINE POLYHEDRAL ADJOINTS

pF) — {xe RY : (a,x) < b— s whenever a € Z7\ {0}, b € R st.
(a,®) < bis valid for P}

Original Adjoints Fine Adjoints

nF =nF(P)=sup{s >0 : PF(s) 0}



(NON) MONOTONICITY

PCQ =  POCQW
PCQ =  PEICQ = (P <" (Q)



FINITENESS

CONJECTURE (FuJita 1992)

The set {n(X) : X a smooth polarized d-fold } is discrete.
The set {n(P) : P a smooth lattice d-polytope } is discrete.



FINITENESS

THEOREM (PAFFENHOLZ 2015)

The set {n(P) : P a smooth lattice d-polytope } is discrete.

THEOREM (D1 CERBO 2018)
The set {n(X) : X a smooth polarized d-fold } is discrete.




FINITENESS

THEOREM (PAFFENHOLZ 2015)

The set {n(P) : P a smooth lattice d-polytope } is discrete.

THEOREM (D1 CERBO 2018)
The set {n(X) : X a smooth polarized d-fold } is discrete.

THEOREM ( JARZON MORA, ;ﬁ, 2023)

The set {n"(P) : P a lattice d-polytope } is discrete.



e CORE & PROJECTIONS



(FINE) CORE

Original Adjoints Fine Adjoints

core(P) = p(n) coreF(P) — pF(")



CORE VS. FINE CORE




NATURAL PROJECTION

SR .

020
P = conv {004
000

THEOREM (DI Rocco, ¥, NILL, PAFFENHOLZ 2014)

The image Q := mp(P) of the natural projection of P satisfies
n(Q) < n(P).



NATURAL PROJECTION (FINE)

A

I
P = conv [

con
ono
SIS
—

THEOREM (GARZON MORA, ¥ 2023)

The image Q := wp(P) of the natural projection of P satisfies
n7(Q) = n"(P).
Moreover, coref (Q) is the point mp(core (P)).



FINE CORE NORMALS



FINE CORE NORMALS

Call a € Z9\ {0} a Fine core normal of P if
<a,x) =b- 77F
along x € coref (P) for some (a, ) < b is valid for P.




FINITENESS

PROPOSITION (BATYREV 2023, GARZON MORrA, ¥ 2023)

All Fine core normals belong to the convex hull of the facet
normals.

The convex hull of the Fine core normals has no relative interior
lattice point but Q.

A AN PN AN
NS AN
PN A

The set {n(P) : P a lattice d-polytope } is discrete.



EXPLORING
THE FINE SPECTRUM



SEGMENTS

LEMMA (GARZON MORA, %)

Let P be a dimension 1 lattice polytope. Then

for some k € Z~y.



BALETTI’S DATA BASE

“Q-codegree = 1/n"

Classical Q-codegree ; Fine Q-codegree ; Vertices of Polytope
3/8;1/2;[[0,01,[1,0],[1,41,(3,7],[2,71,[-1,-5]]
1;1;C00,01,(1,01,[1,7], (2,71, [0,-1]1, [2,2]]
8/17;2/3;[[0,01,[6,0],[1,2],[2,-1],[0,-1]1]
1/2;1/2;[lo,0],[1,0]1,[0,1],(3,3],[2,5],[1,4],[4,5]]
7/15;2/3;[[0,0], (1,01, 1,51, [2,1],[3,5],[3,3]]
4/17;2/3;[[0,01,[1,0]1, (4,71, [-7,-13]1] 2;2;[[0,0],[6,0]1,[0,1],[-14,1]]
1;1; (0,01, 3,01, [0,1]1,[6,1]1,[2,2],[7,2]1]
1/2;1/2;[lo,0],[1,01,[1,3],[3,3]1,[3,6],[4,6],[0,-1],[2,5]]
5/8;1;[[0,01,[1,01,[1,8],[2,10],[2,6]]
3/5;3/5;[[0,01,[1,01,[0,2],[3,2],[4,4],[1,4]]
10/21;2/3;[[0,0]1,[1,01,[6,7],[3,51,[1,3]]
4/9;2/3;[[0,01,[6,0],[0,1],[13,-2],[14,-2]]
9/20;1/2;[[0,0],[1,0],[5,8]1,[5,6],[3,2]]

11/34;1/2;[[0,0], [4,0],[0,1],[3,-4]]
1/2;2/3;[l0,0],[1,01,[0,2],[-5,1],[-3,3]]
9/14;1;[[0,0],[1,01,[1,7],[2,4], [2,10]]
2/3;2/3;[[0,01,[1,0],[2,4],[3,3],[4,71,[6,9]]

7/18;1/2;[[0,0], [4,0],[0,1],[2,-4]] 13/38;1/2;[[0,0], [4,0],[0,1],[1,-4]]



BALETTI’S DATA BASE

“Q-codegree = 1/7n"

Dimension | Max. Volume Fine Q-codegree spectrum
1 00 215,555 51
2 50 3231358750107
3 23 433235560853
4 14 543,33 55203351
5 14 652455 4345355203731




d — d+1

THEOREM (GARZON MORA, £ 2025)

If the Fine core normals contain a postitive circuit, then the
corresponding projection preserves n' .

THEOREM (GARZON MORA, ¥ 2025)

Let P be a d-dimensional rational polytope and Pyr(P) a lattice
pyramid over P. Then

1 57 (P) ]

WF(PYV(P)) = min [2, m



FIRST CLASSIFICATION RESULTS

THEOREM (GARZON MORA, ¥ 2025)

Let P be a 2-dimensional lattice polytope. Then

k k
n"(P) = 2 93
for some k € Z~y.

THEOREM (GARZON MORA, ¥ 2025)

Let P be a 3-dimensional lattice polytope. Then

for some k € Z~q and q € {3,4,5,7,11,13,17,19}.




THEOREM (GARZON MORA, ¥ 2025)

Let P be a d-dimensional lattice polytope. Then

1
nF(P) e {d+1,d,d— 2,d—1,...}



sF=J (SF(d) —d- 1) C Q<o
d>1
starts off with a discrete part 0,—1,—-3/2,—2,....
e discrete beyond —27
o Where is the first accumulation point?

e At what point does it become dense?
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