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Introduction 

Let L be an ample (not necessarily very ample) line bundle On a pro­
jective variety M with dim M = n having only rational normal Gorensteib. 
singularities. Let m be the dualizing sheaf and let K be the line bundle 
such that (!}M(K)=m. We will study the line bundles K+tL, where t is a 
positive integer. By the base point free theorem (cf. [K2; Theorem 2.6]), 
we have Bslm(K+tL)I=0 for m~O if K+tL is numerically semipositive 
(=nej, for short), which means (K+tL)C~O for any curve C in M. We 
do not know, however, how large m should be. Here we just pose the 
following: 

Conjecture. Bslm(K+ tL) 1= 0 ifm>n+l-t and if K+tL is nef 

In this paper we will study the case in which K + tL is not nef. Our 
result is similar to those in [MI] and is based on the theory in [K2], [KMM]. 
We use also techniques in [MI] and [M2]. 

Basically we use the customary notation in algebraic geometry. Line 
bundles and the invertible sheaves of their sections are used interchange­
ably. Tensor products of them are denoted additively while we use multi­
plicative notation for intersection products in Chow rings. The pull-back 
of a line bundle B on V by a morphism h: T~V is denoted by B r , or 
often just by B when confusion is impossible or harmless. 

Acknowledgment 

After the first version of this note was completed, I received an inter­
esting preprint [10] of P. lonescu. There he independently obtained our 
results Theorems I, 2 and 3' together with Corollaries I and 2 although he 
assumed that M is non-singular. His method is different from ours and is 

Received November 7, 1985. 
The author is partly supported by the Grants-in-Aid for Scientific as well as 

Co-operative Research, The Ministry of Education, Science and Culture, Japan. 

Christian Haase Shrinking Polytopes and Varieties 2 / 27



168 T. Fujita 

based on a theorem which we use in (2.13) to prove Theorem 4. Without 
this technique, I would not have been able to complete the proof of 
Theorem 4 by ruling out the possibility of bad contractions. I thank him 
very much for sending this preprint. I should mention also that he gives 
various results on a threefold which contains a surface of non-general type 
as an ample divisor. 

§ 1. Statement of main results 

Definition. The L1-genus of the polarized variety (M, L) is defined by 
L1(M, L)=n+Ln-hO(M, L). 

A precise definition of the sectional genus geM, L) can be found in 
[Fl], [F2; (1.2)]. Here we recall the formula (K+(n-l)L)Ln-!=2g(M, L) 
-2, which may be used to define geM, L). 

The polarized variety (M, L) is said to be a scroll over a variety W if 
there exists a surjective morphismf: M~Wsuch that (F, LF)~(pr, (!J(1» 
with r=n-dim Wfor every fiber F of f. This condition is equivalent to 
saying that (M, L)~(Pw($), (!J(1» for some ample vector bundle $ on W. 

Theorem 1. K+nL is nef unless (M, L)~(pn, (!J(l». In particular, 
K+(n+l)L is always nef. 

Theorem 2. Suppose that K+nL is nef. Then K+(n-l)L is nef 
except in the following cases.' 

(a) M is a hyperquadric in pn+! and L=(!JM(l). 
(b) (M, L)~(P2, (!J(2». 
(c) (M, L) is a scroll over a smooth curve. 

Corollary 1. geM, L) = 0 if and only if L1(M, L)=O. Moreover, 
geM, L) >0 always. 

Corollary 2. geM, L)= 1 if and only if one of the following conditions 
is satisfied: 

(a) (M, L) is a del Pezzo variety, which means, K+(n-l)L is linearly 
equivalent to zero (more precisely, see [F2; (5.6)]). 

(b) (M, L) is a scroll over a smooth elliptic curve. 

Theorem 3. Suppose that K+(n-l)L is nef. Then K+(n-2)L is 
nef except in the following cases: 

(a) There exist a birational morphism f: M~ Wand an effective Wei! 
divisor Eon M such that feE) is a point and that K+(n-l)L is trivial in 
Pic (E). 

(b) There exists a surjective morphism f onto a normal projective 
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Di Rocco, Haase, Nill, Paffenholz: Polyhedral adjunction theory, ANT7(10), 2014.

Polyhedral adjunction theory 2443

(a) There is a smooth n-dimensional polytope P ′ and a unimodular simplex
S 6⊆ P such that

P ′ = P ∪ S

and P ∩ S is a common facet of P and S.
(b) P (1/(n−1)) is a point.
(c) P = 213, 313, 214.
(d) There is a projection π : P �11×11

(e) There is a projection π : P � 212 and the polytopes π−1(mi ) have the
same normal fan, where mi are the vertices of 212.

(f) P ∼= P0 ∗ P1 ∗ · · · ∗ Pn−2, where the Pi are smooth polygons with the same
normal fan.

Note that in (3)(a) P is given by a vertex truncation of P ′ (compare with Figure 2),
corresponding to a blow-up at a smooth point. The following result is a simple
corollary of the previous classification. It was also obtained in a slightly weaker
form by Ogata [2007, Proposition 1], using combinatorial methods.

Corollary 4.2. Let P be a smooth 3-dimensional polytope with no interior lattice
points. Then P is of one of the following types.

(1) P =13, 213, 313.

(2) There is a projection P�12, where any preimage of each vertex is an interval.
Equivalently, there are a, b, c ∈ Z such that

P = conv
[

0 0 0 a b c
0 1 0 1 0 0
0 0 1 0 0 1

]
.

(3) There is a projection P � 212, where any preimage of each vertex is an
interval. Equivalently, there are a, b, c ∈ Z such that

P = conv
[

0 0 0 a b c
0 2 0 2 0 0
0 0 2 0 0 2

]
.

(4) There is a projection P �11×11. Equivalently, there are a, b, c ∈ Z such
that

P = conv
[

0 0 1 1 0 1 1 0
0 1 0 1 1 1 0 0
0 0 0 0 a b c a+b−c

]
.

(5) P = P0 ∗ P1, where P0 and P1 are smooth polygons with the same normal fan.

(6) There is a smooth 3-dimensional polytope P ′ with no interior lattice points
and a unimodular simplex S 6⊆ P such that

P ′ = P ∪ S

and P ∩ S is a common facet of P and S.
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(Fine) Polyhedral Adjoints
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Polyhedral Adjoints

P(0) = P

η = η(P) = sup{s > 0 : P(s) ̸= ∅}

Christian Haase Shrinking Polytopes and Varieties 7 / 27



Polyhedral Adjoints

P(s) for s = 3/2

η = η(P) = sup{s > 0 : P(s) ̸= ∅}
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Polyhedral Adjoints

P(s) for s = 2

η = η(P) = sup{s > 0 : P(s) ̸= ∅}
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Polyhedral Adjoints

P(s) for s = 5/2

η = η(P) = sup{s > 0 : P(s) ̸= ∅}
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Polyhedral Adjoints

P(s) for s = 3

η = η(P) = sup{s > 0 : P(s) ̸= ∅}
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Polyhedral Adjoints

P(s) for s = 3

η = η(P) = sup{s > 0 : P(s) ̸= ∅}
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Polyhedral Adjoints

P(s) =
{
x ∈ Rd : ⟨a, x⟩ ≤ b − s whenever a ∈ Zd , b ∈ R s.t.

⟨a, •⟩ ≤ b defines a facet of P
}

η = η(P) = sup{s > 0 : P(s) ̸= ∅}
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Fine Polyhedral Adjoints

PF (s) =
{
x ∈ Rd : ⟨a, x⟩ ≤ b − s whenever a ∈ Zd \ {0}, b ∈ R s.t.

⟨a, •⟩ ≤ b is valid for P
}

Original Adjoints Fine Adjoints

ηF = ηF (P) = sup{s > 0 : PF (s) ̸= ∅}
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(non) monotonicity

P ⊆ Q ≠⇒ P(s) ⊆ Q(s)

P ⊆ Q =⇒ PF (s) ⊆ QF (s) =⇒ ηF (P) ≤ ηF (Q)
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Finiteness

Conjecture (Fujita 1992)

The set {η(X ) : X a smooth polarized d-fold } is discrete.
The set {η(P) : P a smooth lattice d-polytope } is discrete.

Theorem (Garzón Mora, 2023)

The set {ηF (P) : P a lattice d-polytope } is discrete.

Christian Haase Shrinking Polytopes and Varieties 11 / 27



Finiteness

Theorem (Paffenholz 2015)

The set {η(P) : P a smooth lattice d-polytope } is discrete.

Theorem (Di Cerbo 2018)

The set {η(X ) : X a smooth polarized d-fold } is discrete.

Theorem (Garzón Mora, 2023)

The set {ηF (P) : P a lattice d-polytope } is discrete.
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(Fine) Core & Projections
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(Fine) Core

Original Adjoints

core(P) = P(η)

Fine Adjoints

coreF (P) = PF (ηF )
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Core vs. Fine core

coreF

core
coreF

core
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Natural Projection

Theorem (Di Rocco, , Nill, Paffenholz 2014)

The image Q := πP(P) of the natural projection of P satisfies

η(Q) ≤ η(P).
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Natural Projection (Fine)

Theorem (Garzón Mora, 2023)

The image Q := πP(P) of the natural projection of P satisfies

ηF (Q) = ηF (P).

Moreover, coreF (Q) is the point πP(core
F (P)).
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Fine Core Normals
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Fine Core Normals

Call a ∈ Zd \ {0} a Fine core normal of P if

⟨a, x⟩ = b − ηF

along x ∈ coreF (P) for some ⟨a, •⟩ ≤ b is valid for P.
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Finiteness

Proposition (Batyrev 2023, Garzón Mora, 2023)

All Fine core normals belong to the convex hull of the facet
normals.
The convex hull of the Fine core normals has no relative interior
lattice point but 0.

Corollary

The set {ηF (P) : P a lattice d-polytope } is discrete.
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Exploring
the Fine Spectrum
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Segments

Lemma (Garzón Mora, )

Let P be a dimension 1 lattice polytope. Then

ηF (P) =
k

2
for some k ∈ Z>0.
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Baletti’s Data Base
“Q-codegree = 1/η”

Classical Q-codegree ; Fine Q-codegree ; Vertices of Polytope

3/8;1/2;[[0,0],[1,0],[1,4],[3,7],[2,7],[-1,-5]]

1;1;[[0,0],[1,0],[1,7],[2,7],[0,-1],[2,2]]

8/17;2/3;[[0,0],[6,0],[1,2],[2,-1],[0,-1]]

1/2;1/2;[[0,0],[1,0],[0,1],[3,3],[2,5],[1,4],[4,5]]

7/15;2/3;[[0,0],[1,0],[1,5],[2,1],[3,5],[3,3]]

4/17;2/3;[[0,0],[1,0],[4,7],[-7,-13]] 2;2;[[0,0],[6,0],[0,1],[-14,1]]

1;1;[[0,0],[3,0],[0,1],[6,1],[2,2],[7,2]]

1/2;1/2;[[0,0],[1,0],[1,3],[3,3],[3,6],[4,6],[0,-1],[2,5]]

5/8;1;[[0,0],[1,0],[1,8],[2,10],[2,6]]

3/5;3/5;[[0,0],[1,0],[0,2],[3,2],[4,4],[1,4]]

10/21;2/3;[[0,0],[1,0],[6,7],[3,5],[1,3]]

4/9;2/3;[[0,0],[6,0],[0,1],[13,-2],[14,-2]]

9/20;1/2;[[0,0],[1,0],[5,8],[5,6],[3,2]]

11/34;1/2;[[0,0],[4,0],[0,1],[3,-4]]

1/2;2/3;[[0,0],[1,0],[0,2],[-5,1],[-3,3]]

9/14;1;[[0,0],[1,0],[1,7],[2,4],[2,10]]

2/3;2/3;[[0,0],[1,0],[2,4],[3,3],[4,7],[6,9]]

7/18;1/2;[[0,0],[4,0],[0,1],[2,-4]] 13/38;1/2;[[0,0],[4,0],[0,1],[1,-4]]
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Baletti’s Data Base

“Q-codegree = 1/η”

Dimension Max. Volume Fine Q-codegree spectrum

1 ∞ 2, 1, 2
3 ,

1
2 ,

2
5 ,

1
3 ,

2
7 ,

1
4 , ...

2 50 3, 2, 3
2 , 1,

3
4 ,

2
3 ,

3
5 ,

1
2 ,

3
7 ,

2
5 ,

3
8 ,

1
3 ,

3
10 ,

2
7

3 23 4, 3, 5
2 , 2,

3
2 ,

4
3 ,

5
4 ,

7
6 , 1,

5
6 ,

4
5 ,

3
4

4 14 5, 4, 7
2 , 3,

5
2 ,

7
3 ,

9
4 , 2,

7
4 ,

5
3 ,

3
2 ,

4
3 , 1

5 14 6, 5, 9
2 , 4,

7
2 ,

10
3 ,

13
4 , 3,

11
4 ,

8
3 ,

5
2 ,

7
3 ,

9
4 , 2,

7
4 ,

5
3 ,

3
2 , 1
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d −→ d + 1

Theorem (Garzón Mora, 2025)

If the Fine core normals contain a postitive circuit, then the
corresponding projection preserves ηF .

Theorem (Garzón Mora, 2025)

Let P be a d-dimensional rational polytope and Pyr(P) a lattice
pyramid over P. Then

ηF (Pyr(P)) = min

[
1

2
,

ηF (P)

ηF (P) + 1

]
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First Classification Results

Theorem (Garzón Mora, 2025)

Let P be a 2-dimensional lattice polytope. Then

ηF (P) =
k

2
or

k

3
for some k ∈ Z>0.

Theorem (Garzón Mora, 2025)

Let P be a 3-dimensional lattice polytope. Then

ηF (P) =
k

q

for some k ∈ Z>0 and q ∈ {3, 4, 5, 7, 11, 13, 17, 19}.
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Theorem (Garzón Mora, 2025)

Let P be a d-dimensional lattice polytope. Then

ηF (P) ∈
{
d + 1, d , d − 1

2
, d − 1, ...

}
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Question

SF :=
⋃
d≥1

(
SF(d)− d − 1

)
⊂ Q≤0

starts off with a discrete part 0,−1,−3/2,−2, . . ..

discrete beyond −2?

Where is the first accumulation point?

At what point does it become dense?
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