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OPEN

ESI Seminar òInfinite-dimensional Geometry: Theory and Applicationsówww.thalesgroup.com

Transverse Symplectic Foliation 
Structure for Thermodynamics -
Informed Neural Network and Lie -
Groups Machine Learning

Frédéric BARBARESCO
THALES - 13/02/2025

« Every mathematician knows 
that it is impossible to 
understand an elementary 
course in thermodynamics. »

Vladimir Arnold
Sadi Carnot

Infinite -dimensional Geometry: 

Theory and Applications
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ESI Seminar òInfinite-dimensional Geometry: Theory and Applicationsó

Talk dedicated to Yvonne Choquet -Bruhat who passed away at 101 
Years Old this week . Topical contributions to  Geometry in Physics

https://www.youtube.com/playlist?list=PLx5f8Iel

FRgHJ5KIRpxRKaqXiHnVzFzCQ

https://www.youtube.com/watch?v=_XCcsjjx5S8

https:// www.youtube.com/watch?v=HkMGOviXwmk

PhD supervised by Jean Leray and André Lichnérowicz

https://www.youtube.com/watch?v=HkMGOviXwmk
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OPEN

ESI Seminar òInfinite-dimensional Geometry: Theory and Applicationsó
OPEN

Celebration of 200 years since Sadi Carnot's
Réflexions sur la puissance motrice du Feu, 

1824ð2024 & les Carnots
Hosted by History of Physics and Applied

Science & Technologies Team (HOPAST) at 
IEMN, France - Patronage by French 

Académie des Sciences
Official Website URL: www.carnotlille2024.com

Talk: Symplectic Foliation Model of Sadi
Carnot's Thermodynamics: from 

Carathéodory's seminal idea to Souriau's Lie 
Groups Thermodynamics

Lille Carnot 2024: www.carnotlille2024.com

http://www.carnotlille2024.com/
http://www.carnotlille2024.com/
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ESI Seminar òInfinite-dimensional Geometry: Theory and Applicationsó

1824-2024 Bicentenary of Thermodynamics Invention by Sadi Carnot
by Raffaele Pisano (Book edited by Springer ): www.carnotlille2024.com

http://www.carnotlille2024.com/
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ESI Seminar òInfinite-dimensional Geometry: Theory and Applicationsó

Energy, Power, Environment. A Symposium on the Occasion of the Bicentenary 
of the Publication of Sadi Carnotõs 'Réflexions sur la puissance motrice du feu'

https:// mfo.web.ox.ac.uk/event/energy -
power -environment -symposium -occasion -
bicentenary -publication -sadi -carnots -reflexions

https://mfo.web.ox.ac.uk/event/energy-power-environment-symposium-occasion-bicentenary-publication-sadi-carnots-reflexions
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ESI Seminar òInfinite-dimensional Geometry: Theory and Applicationsó
OPEN

Ecole Polytechnique: Sadi CarnotõsLegacy : 
https ://carnot -legacy.sciencesconf.org /

https://carnot -legacy.sciencesconf.org /

SADI CARNOT'S LEGACY - "CELEBRATING THE 200TH ANNIVERSARY OF THE 2ND LAW OF THERMODYNAMICS"
When Sadi Carnot published his "Reflections on the motive power of fire" in 1824, there was no sign that one of the greatest 
scientific revolutions was about to take place, in a world then dominated by mechanics and optics. Yet, by bringing a 
conceptual analysis to the practical problem of the steam engine, Sadi Carnot wrote the birth certificate of thermodynamics, 
and, in particular, its second principle .
Today, thermodynamics has branched out into a multitude of fields and applications, from industrial processes to microscopic 
systems, and continues to renew our view of science .
Since its origins, thermodynamics has raised as many questions as it has answered .
To celebrate the bicentenary of the " Réflexions", this colloquium aims to bring together members of the thermodynamics 
community and to invite them to take a critical look at modern thermodynamics and the open questions it raises. The 
colloquium will be structured around pedagogical presentations introducing the various fields of the discipline. Poster sessi ons
will allow participants to share their work .

https://carnot-legacy.sciencesconf.org/
https://carnot-legacy.sciencesconf.org/
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ESI Seminar òInfinite-dimensional Geometry: Theory and Applicationsó

Sadi CarnotõsLegacy
by Christophe Goupil
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ESI Seminar òInfinite-dimensional Geometry: Theory and Applicationsó

CarnotõsFamilly Project to place Sadi Carnot in Panthéon between his father
Lazare Carnot and is nephew Sadi Carnot, the French Republic President

https://sadi -carnot -physicien.fr /

https://sadi-carnot-physicien.fr/
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ESI Seminar òInfinite-dimensional Geometry: Theory and Applicationsó

Sadi Carnot « La Légende »

"La Théorie du Feu" Hommage à Sadi Carnot
https:// www.youtube.com/watch?v=uNRGDYDygt4

(Couplet 1)
Il naquit à Paris, un jour de juin,

Sadi Carnot, au destin incertain.
Fils dõun r®volutionnaire, grand math®maticien,
Le feu dans le cïur, la science en chemin.

À vingt -sept ans, il écrit son grand livre,

Des machines à vapeur, il voulait le livre.
"Réflexions sur le feu, la chaleur, le moteur",
Ses idées jaillissent comme une lueur.

(Refrain)
Thermodynamique, il en est le pionnier,
Avant même que le terme soit inventé.
Un moteur thermique, voil¨ ce quõil a trac®,
Les bases d'une science pour lõavenir, grav®es.

Sadi Carnot by Michel Serres
« Brûler » in « La légende des Sciences »

La Légende des Sciences ðBrûler
https:// www.youtube.com/watch?v=J5J
SWebXms0

https://www.youtube.com/watch?v=uNRGDYDygt4
https://www.youtube.com/watch?v=J5JSWebXms0
https://www.youtube.com/watch?v=J5JSWebXms0
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ESI Seminar òInfinite-dimensional Geometry: Theory and Applicationsó

New 2024 edition of « Académie Française » Dictionnary
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OPEN

ESI Seminar òInfinite-dimensional Geometry: Theory and Applicationsó

Lord Kelvin 200 th Birthday in Glasgow
https://www.gla.ac.uk/explore/lordkelvin200 /

òNothing in the whole 

range of Natural 

Philosophy is more 

remarkable than the 

establishment of 

general laws by such a 

process of reasoning ó

Sir William Thomson, 

Lord Kelvin about Sadi

Carnot

https://www.gla.ac.uk/explore/lordkelvin200/
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ESI Seminar òInfinite-dimensional Geometry: Theory and Applicationsó

Statistical Thermodynamics by Erwin Schrödinger
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ESI Seminar òInfinite-dimensional Geometry: Theory and Applicationsó

Talk outline

1. Elementary Symplectic Structures of Thermodynamics

2. Constantin Carathéodory : From the Pfaffian forms to 
Thermodynamics Axiomatization, & Adiabatic Foliation by Frankel

3. Information Geometry & Natural Gradient for Learning

4. Jean -Marie Souriau : Symplectic Foliation via Moment Map and 
Koszul-Fisher Metric from Information Geometry
for Lie Groups Thermodynamics

5. ENTROPY as Casimir Function in Coadjoint Representation Constant 
on Symplectic Leaves & Density of Maximum Entropy on Lie Groups

6. Lars Onsager & Baptiste Coquinot: Symplectic Foliation Model of 
METRIPLECTIC FLOW

7. Transverse Symplectic Foliation Structure

8. Liouville Complete Integrability and Information Geometry

9. Thermodynamics -Informed Neural Network and Symplectic 
Foliation Structure

10. Conclusion

« There is nothing more in 

physical theories than 

symmetry groups except 

the mathematical 

construction which allows 

precisely to show that 
there is nothing more » -

Jean -Marie Souriau



www.thalesgroup.com OPEN

Elementary Symplectic
Structures of Thermodynamics

E. CARTAN S. LIE
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ESI Seminar òInfinite-dimensional Geometry: Theory and Applicationsó

Capture of Symmetries
Symmetry Group Equivariance in Physics

R̔eference:

https:// arxiv.org/abs/2203.06153

https://arxiv.org/abs/2203.06153
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Representation Theory & (Co -adjoint) Orbits Method: A. Kirillov
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A.A. Kirillov by Jacques Dixmier

òKirillov's thesis, published in 1962, 

immediately aroused a great deal of 

interest... Kirillov quickly convinced 

himself, and he convinced the 

mathematical community, that this 

"orbit method" should be applicable 

to groups much more general than 

nilpotent groups .ó ðJacques Dixmier
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Mathematical Foundations of AI

Foundation of

Mathematics

& AI

Sets

Theory

(Bourbaki)

Category & Functor

Theory

(A. Grothendieck)

Category Theory

& Information Geometry

(Nikolai N. Cencov )

Axiomatization

Method

(Bourbaki)

Lie Algebra Cohomology

& Information Geometry

(Jean -Louis Koszul)

Foliations & webs

Theory

(C. Ehresmann & G. Reeb )

Lie Groups Thermodynamics

& Information Geometry

(Jean -Marie Souriau)

Symplectic

Geometry

(Jean -Marie Souriau)

Metriplectic Flow

& Information Geometry

(THALES)

Lie Groups Machine Learning
& Thermodynamics -Informed NN

CATEGORY THEORY

SYMPLECTIC & FOLIATION

STRUCTURES
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Calculus of Variations
Geometrization of Noether Theorem, 
Poincaré -Cartan Integral Invariant, 

Euler-Poincaré Equation

Souriauõs Lie Groups 
Thermodynamics

Covariant Gibbs Density, Planck 
Temperature in Lie Algebra, Heat in 
dual Lie Algebra, Entropy as Casimir 

function, Souriau-Fisher Metric

Metriplectic Flow
GENERIC Flow, Poisson Bracket, Metric 

Flow Bracket, 1 st & 2nd Thermodynamics 
Principles, Onsager -Casimir Relations, 

Dissipation, Transverse Foliations of 
Entropy and Energy levels sets

Symplectic Geometry
& Poisson Geometry

Symplectic Manifold associated to Lie 
Group Co -adjoint Orbit by KKS 2 Form, 
Moment Map, Souriauõs Maxwell Principle

Integrable System 
complete integrability , Liouville

integrability , Action -Angles 
Coordinates, Symplectic Integrators

Foliation Theory
Coisotropic Polar, Bifibration , 
Bifoliation , Transverse Poisson 

Structure, Symplectic Foliation, 
Riemannian Foliation, webs

Information Geometry
Statistical Manifold, Koszul-Fisher Metric, 

Natural Gradient, Natural Langevin
Dynamics, Coordinate Free Neural 

Network, Hessian Structures, Flat 
connexion without torsion

Lie Groups & Lie Algebra 
Representation Theorry
Lie Algebra Cohomology , Co -

adjoint Orbits ,  Cocycle , 
Quivers

AI Mathematical Foundations: Symplectic Foliations
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SINN & MINN: Symplectic -Informed NN & Metriplectic -Informed NN

S̔ymplectic Integrator

Capture of symmetries (Geometry -Informed )

Capture Noether Invariants via SouriauõsMoment 
Map as Energy , Angular Momentum (Physics-Informed )

{ } ( ), ,= +
dF

F H F S
dt

{ },
dF

F H
dt
=

Metriplectic Integrator

ĊCapture 1st principle (Energy preservation , 

Moment map )

ĊCapture 2nd principle (Entropy Production)

(*) The time evolution of Hamilton's equations 

is a symplectomorphism , meaning that it conserves 
the symplectic 2-form                . A numerical 

scheme is a symplectic integrator if it also conserves 
this 2-form and equation are reduce to:

dp dqØ

  ,  
H H

p q
q p

µ µ
=- =
µ µ

( ) { }, , ( )z p q z z H z= Ý =

(*) 1 st principle: Preservation of Energy

2nd Principle Entropy production 

non -dissipative dissipative

0
dH

dt
=

0
dS

dt
²

F H S= +
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Metriplectic Flow on Symplectic Foliation & Transverse Metric Foliation

METRIC FOLIATION SYMPLECTICFOLIATION 

METRIPLECTIC FLOW

^À ^À

Foliation Leaves =
Level Sets of Energy

Foliation Leaves =
Level Sets of Entropy

{ } ( ), ,= +
dF

F H F S
dt

{ } {}

( ) ()

, 0  :  Entropy Casimir Function for .,.

, 0  :  Energy Casimir Function for .,.  

= "

= "

F S F S

F H F H
 Metric Leaf

Level Set of Energy

^À

 Symplectic Leaf

Level Set of Entropy

À

{ },=
dF

F H
dt

( ),=
dF

F S
dt

Non -dissipative

Entropy = Constant

Dissipative

Energy = Constant

2

2

GT net
data

n

dz dz

dt dt
L = -

2 2

deg

2 2

µ µ
L = +

µ µ
n

n n

S H
L M

z z
( )deg

0

1 batchN
data

n n

nbatchN
l

=

L= L +Lä

Thermodynamics -Informed Neural Networks

1st Principle of

Thermodynamics

Preservation of Energy

2nd Principle of

Thermodynamics

Entropy Production
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GEOMETRIC DEFINITION OF ENTROPY

ENTROPYDEFINITION: Entropy is Invariant

Casimir Function on Leaves of Symplectic

Foliation associated to Coadjoint Orbits

generated via Moment Map of Symmetry

Group acting on the System.

* 0S

Q

S
ad Q

Q
µ

µ

å õµ
+Q =æ ö

µç ÷

{ }(), 0S H Q
Q

=

, , , 0
S S

Ker Q Z Z
Q Q

bb
è ø å õµ µ

Í Q Ý +Q =æ öé ù
µ µê ú ç ÷
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Sadi Carnot Cycle
on SouriauõsSymplectic Leaves

ENTROPYDEFINITION:

Entropy is Invariant Casimir
Function on Leaves of
Symplectic Foliation associated
to Coadjoint Orbits generated
via Moment Map of Symmetry
Group acting on the System.

[ ] ( ), , , 0Q Z Zb b+Q =
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OPEN

Thermodynamics Triptych : symplectic & transverse metric foliatons

Reebõs
Foliation 
Theory: 

Symplectic
Foliation, 

Transverse 
Metric

Foliation

SouriauõsLie 
Groups 

Thermodynamics
with Entropy as 

Casimir Function

Metriplectic
Flow & 

Onsager -
Casimir 

Relations

Symplectic

Foliation

Transverse

Riemanian

Foliation

Koszul

Information

GeometryBaptiste
COQUINOT

Jean -Louis KOSZUL Jean -Marie SOURIAU

Charles
EHRESMANN 

Georges Henri 
REEB

NON-DISSIPATIVE

DISSIPATIVE

FISHER METRIC

HESSIAN OF MASSIEU

KKS 2-FORM

DUAL FISHER METRIC

HESSIAN OF ENTROPY
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« Nord -Bassin Parisien » Seminar on « Geometric Structures of Dissipation »

ʽ« Nord -Bassin Parisien » Seminar 2020õs

Paris-Metz -Valenciennes -Lille-Louvain -

Liège -Bruxelles

ʽ« Sud-Rhodanien » Seminar 1980õs

Lyon, Marseille, Montpellier

«Lõoubli et la mémoire sont également inventifs » 
J. L. Borges, Le Rapport de Brodie
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Moment Map Geometry & Libermann Foliation: Condevaux , Dazord , Molino

Séminaire Sud -Rhodanien


