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Geometric model underlying field and gauge theories

e space-time manifold M
e vector/spinor bundle E — M with fibres V
o (matter) field ¢ : M — E section of E

e dynamics via action S[v]
need covariant derivative Dx1 i.e. linear connection on E

e symmetries by Lie group G < GL(V) acting on fibres of E
e principal G-bundle P — M with associated bundle E = Px gV

o gauge bosons (force carriers) Ae QL (M, g)
local form of principal connection on P

e gauge group G = Autpy(P) = T(M, G) =~ Autpy(E)
= acts on ¢ and A

e dynamics via G-inv. action S[v¥, A] (minimal coupling)
= new covariant derivative D)‘éw

1) Lie algebra g Lie algebroids (Weinstein, Cattaneo, Strobl,...)
Idea: replace 2) gauge group G b gauge group0|.d of P (Forger recently)
3) connection on P direct connection (new)

4) need jet bundles jet groupoids



1) Infinitesimal gauge transformations with values in Lie algebroids

e Lie algebroid: vector bundle with Lie bracket [ , |4 and
anchor map sit. [X,fY]a = f[X,Y]a+ a(X)(F)Y

Ex. Lie algebra bundle: A = Mxg 2™

Generalized gauge theories and sigma models: Lie algebroids used for infinitesimal
actions or as target of gauge transformations giving new degrees of freedom
e.g. Algebroid Gauge theory, Curved Yang-Mills Gauge theory [Kotov, Strobl et al.] etc

e Atiyah Lie algebroid of a principal G-bundle 7 : P — M:
A(P)=TP/G — M | with fibres Ax(P) = T, P,
anchor A(P) — TM induced by d7: TP - TM
via quotient map fj: TP — TP/G

and Lie bracket of G-invariant vector fields on P.

Ex. Trivial G-bundle: A(MxG) = TM ® (Mxg) 90 ™
Ex. Frame bundle of a vector bundle E — M of rank r: F(E) = U Iso(R", Ex) > M

xeM
bundle of derivative endomorphisms

s.t. ['(Der(E)) = derivations of ['(E).

A(F(E)) = Der(E) — TM




2) Gauge transformations by Lie groupoid actions

Ex.

Lie groupoid : bi-fibred manifold G = | | G

(y,x)EM XM

source s(ayx) = x
target t(ayx) =y
some arrows can be composed: b.ya, € G¥ (composition is associative),

contains arrows ay € g; with {

there are units u(x) = 1, € Gf and M = u(M) c G,
each arrow ayx € g; has an inverse a;xl e gl

Induced anchor map (t,s) : G — M x M.

Each Gf is a Lie group, called the vertex group or isotropy.

Trivial Lie groupoid with vertex group G: | MxGxM 3 M

Infinitesimal structure of Lie groupoid = Lie algebroid: ‘ A(G)=Usem T1, G = TM

Lie groupoids naturally act on vector bundles with action




Gauge groupoids: single vertex group!

e Gauge groupoid of principal G-bundle P — M:

‘g(P):PxGP:;IVI

contains equivalence classes [p, g] under (p,q) ~ (pg,qg) for g € G.

o [AG(P) = AP) > TM‘

Ex. Pair groupoid: ‘Pair(M) = MxM =3 M‘

Ex. Frame groupoid of E — M:

If structure gp GL,(R) reduces to G and P — F(E) then

Iso(E) = | JIso(Ex, Ey)
X,y

for P = Mx{1} - M
A(Pair(M)) = TM % TMm

for P = F(E) —» M
A(Iso(E)) =Der(E) - TM

G(P) — Iso(E)

e |G(P)actson P| G(P);xPx— Py, [py,qx] rx=py

ifgeGst r=gq
(principal action)

’g(P) acts on E=P><GV‘ G(P)yxEx — Ey, [py,ax] - [rx;v] = [py, gV]

e Gauge groupoids contain gauge transformations:

’ G = Auty (P) € G(P) = Aut(P) ‘given by | ® — [®(p), p] | for any p € P.

Generalized gauge theories: gauge transformations replaced by Lie groupoids action.
M. Forger et al. proved Noether’'s theorem (arXiv:1508.04632), Minimal Coupling and
Utiyama’s theorem (arXiv:1806.01329).




3) Principal connections, gauge fields and covariant derivative

e Principal connection on P: five equivalent presentations

1) G-equivariant horizontal subbundle | HP ¢ TP — P |s.t. TP=HP®VP, where the

vertical bundle VP (spaces tangent to the fibres) is canonical.

2) G-equivariant connection 1-form |w : TP — Pxg |s.t. w|yp is an isomorphism onto g.
3) Infinitesimal connection | §: TM — A(P) | section of the anchor, then HP = h~1§(TM).

Ty (y,x) : Px = Py

4) Parallel transport horizontal lift of a curve v of M from x to y.

5) (Local) gauge fields ‘ {A: TyM — Uxg}

pull back of w along local sections of P.

o Covariant derivative on sections of £: bundle map‘ DA : TM — Der(E) ‘

equivalent to C®(M)-derivation Dy : [(E) — '(E) given locally by

DY)y = D) (XHouu' + XA 4 )e;

o]

if X = X#0, in coordinates x* on U c M
1 = v'e; on a local basis (&) of Ey
and AJ’. = A’W.dx” are the components of the gauge field A in terms of generators of g.



Direct connections on Lie groupoids

e Direct connection on G 3 M: local right inverse of the anchor which preserves units,
ie. ‘ [ Pair(M) +— G ‘ defined on an open n. Ua of the diagonal A — Pair(M) s.t.

M(y,x) e Gy |forall (y,x) eUn and [(x,x) = 1x € G |for all x € M.

[Teleman 2004 in the linear case, Kock 2007 similar, ABFP general]

e A Lie groupoid with a direct connection is a gauge groupoid.

e | If GxyE — E is a linear action, then a direct connection I on G induces
a transport on fibres Ex — E, which is not necessarily a parallel displacement!

Ex. By the Inverse Function Theorem, a smooth parallelism on E [Dahlqvist-Diehl-Driver 2019]
is a direct connection on Iso(E).

e Groupoid invariants:

- T natural if‘ F(x,y)F(y,x) = 1«

for all x € M and nearby y.

- Curvature of I' at x: ‘ Kl (z,y) = T(z,x)7T (z,y) T (y,x) € G | for nearby y,

- Tis flat if KT (_,_) = 1, for any x, i.e. T is a groupoid morphism.



Relationship to usual connections

Assume affine connection VM and local geodesics on M.

L]
Parallel displacement 7 on P along small geodesic x(t) from x to y
defines a (natural) direct connection I on G(P) by
My,x) = ['r(y7 x)(p),p] for any choice of p € Py
Same for Iso(E) and a parallel transport on E — M [Teleman 2004].
L]

Direct connection I' on G(P) induces an infinitesimal connection § on A(P) by

5(5(0)) = DI (%(0)) = < T(x(8), )] o

If G(P) acts on E, T induces a linear connection V on E by

Vit = ST (0,0 (0], o

Derivative of M-curvature K" give usual curvature tensors RS.

e There are many more direct connections on G(P) then parallel displacements on P!

Ex. Vgxl/)(x) =/ (x) + F(x)1b(x) then |7(y,x)=efO=F) | with F = —{fdx
Instead, the following direct connections are not parallel transports:

non natural  (T'(x,y)l(y,x) = 20— 14),

’ My,x) = ey Xt (y—0? ‘ natural, non-flat.




4) Jet groupoids

Consider (local) sections ¢ : M — E with partial derivatives 0% (x) in local coordinates.

Jets are coordinate-free equiv. classes of 0%t (x)'s w.r.t. “contact of given order at x".
= They form a tower of affine bundles J"E — J"~1E, ultimatly “projective” over M.
Taylor polynomials are the coordinate-dependent “difference” steps from J"~1E to J'E

= They form a graded vector bundle T<,E = @®]_, SX(T*M) ® VE over M.

They contain the same informations but only jets build up a functor and are prolonged.

E.g. need J'E = TE — E — M to fix a full E=T(M,JE)
but TE >~ T*M ® VE only w.r.t. connections on M and E.

[Kola¥-Michor-Slovak 1993] The jet prolongation of P is not just J”P (not principal!) but
| WP = F"M x P | ’ F"M = invJg(R9, M)
with structure group

W7G = GL' x T7G
| |

GLN = invJ§(R9,RY)
TG = J2(RY, G)

Jet groupoid : jet set of local bisections o: U — G s.t. o(x) € Q;U(X)

where ‘ X +— @5 (x) is a diffeomorphism on U ‘

[Kola¥ 2008] ’J"Q(P))zg(W”P)‘ but

JMso(E)) < Iso(J"E) ‘




Jet prolongations of direct connections

e An affine connection V™ on M can be given as
- infinitesimal connection 8y : TM — Der(TM) = A(Iso(TM))
- parallel transport 7™ (y,x) : TxM — Ty M along unique small geodesic.

Apply jets: ‘ Der(TM) = J1TM ‘ and ‘ Iso(TM) = J'Pair(M) ‘
For (o0, x0) nearby points joint by a unique geodesic v(t), we have

™ (y0, x0) = jty % = d(£%) ‘

P00 = exp, (T 0x,0) (05! (0) |

N

o [Mikulski 2007, Kola¥ 2009] If VM is torsion-free, &y can be prolonged 6%;,7) :TM — J"TM.

e [ABFP 2020] 1) The map

x> o (x) = (¢X(x), x) | is a local bisection of Pair(M).

2) Its jet N )(yo,xo) = j 0% | gives a direct connection Ag\;) :Pair(M) s J"Pair(M)
which integrates 6,(\,',7).

3) Any direct connection I : Pair(M) - G can be prolonged to I'(" : Pair(M) s J"G
by setting

T (yo,x0) = ji (T o 0) = J"T o Al (yg, x0)




Direct connections on jet groupoids which are not jet prolongations

e [ABFP 2021] Geometric polynomial structure on E — M: ‘ ([[07 nl], J”E,J"Q(P)) ‘

with P < F(E) and J"G(P) < J"Iso(E) < Iso(J"E) acting on J"E.

Model from any given I : Pair(M) %> G(P): | (N", F”) with

ne .Jte—-7oD ,E normal open n. of xg, ~y(t) geodesic xp ~» x
X0 * Ixo

()00 = Fixoe) 31 5 22700950 100

’F":Pair(M)*—»J"g(P)‘ given by | " (yo,x0) jif = ji (XH( A )( ))

o " is not a jet prolongation, the action is not prounipotent and Hairer's equality
ny, rn (Y0, X0) = MY, does not hold if VM and T have curvature.

Ex. d =1, n=1, call g(x) = ( ijof)(x) and h = yp — xo, then

(g(y0)> B ( T (y0,x0) (1 + a(x0)h) (yo,x0)h ) <f(X0)>
g'(vo) b(y0) (1 + a(x0)h) + (0, x0)a(x0)  b(yo)h + T(y0,x0) f'(x0)

hence g(yo) is not the value f(xp) transported above yp!



Conclusion:

There is a surjective functor

Gauge groupoids Principal bundles
with direct connections with connections

which admits an inverse, but it is not an equivalence of categories.
Direct connections allow generalized local symmetries (gauge fields).

Direct connections allow displacement along fibres which is not the solution of a 1st
order PDE.

Next:
Find equations solved by

Adapt to a-Hélder sections of bundles i.e. define distributional direct connections and
compare to usual propagators.

Study the whole geometry of groupoids with direct connections and compare with
usual gauge theory.

Integrate Algebroid/Curved YM theories to groupoid symmetries (with Simon-Raphael
Fischer).

Thank you for the attention!



