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Neeb’s theorem on
integrability of Lie algebra extensions



Lie algebra cohomology

The continuous Lie algebra cohomology H(g) of a Fréchet Lie algebra g is
the cohomology of the complex (C™(g), d) of continuous alternating n-linear
maps ¢ : g — R with differential dcg: C(g) — C"T1(g)

dCE/Qb(%O,...,xn) = Z (_1)Z+Jw([wZ7:Cj]7xO77/x\277§:\]77$n)
0<1<y<n

H¢g(g) classifies continuous characters of g
H%E(g) classifies continuous central extensions of g by R

H3c(g) classifies crossed modules over g.



Lie algebra 2-cocycles

A Lie algebra 2—cocycle ¢ : g x g — 3 satisfies the cyclic identity

Y([x1,z2], 23) + Y (22, 23], 21) + ¥ ([z3,21],22) = O.

It defines a Lie bracket on 3 x g:

[(c,2), (¢, )] := (v(x,2"), [z, 2]).

The coboundary v = dcga of linear a : g — 3,

w(xa xl) — —oz([a:, 33‘/]),

defines a central extension g that is isomorphic to the trivial extension 3 x g.

Theorem The continuous Lie algebra cohomology H%E(g,g) parameterizes
isomorphism classes of continuous central extensions of g by 3.



Central extensions

A continuous central extension of g by 3 is a (topologically split) exact se-
guence with 3 is central in g:

O —>3—g—g—0

A continuous linear splitting o : g — g gives a Lie algebra 2-cocycle

P(z,2") = [o(x),0(2")] —o([z,2]) €3

which defines a Lie algebra isomorphic to g.

A smooth central extension of G by Z is exact sequence with Z central in G

1 - Z7—G—G =1

that admits smooth local sections s (principal bundle). Group 2-cocycle

c(g,9") = s(9)s(g)s(g9g) ' € Z
defines a Lie group isomorphic to G.



Lie group 2-cocycles

A normalized Lie group 2—cocycle c : G X G — Z is smooth in a neighborhood
of (e, e), satisfies c¢(g,e) = c(e, g) = 1, and the cocycle condition holds:

c(91, 92)c(g192, 93) = (92, 93)c(91, 9293)-
It defines a Lie group structure on Z x G by

(2,9)(,¢") = (22'c(9,9'), 99",

thus obtaining a central Lie group extension G of G by Z.
The coboundary of A : G — Z

c(g,9") = Mg)A(g)N(gg) 1,

defines a central extension G that is isomorphic to the trivial extension Z x G.

Theorem The Lie group cohomology H2(G, Z) parameterizes isomorphism
classes of smooth central extensions of G by Z (i.e. extensions that admit
smooth local sections).



Virasoro-Bott group

The Bott cocycle on G = Diff L (S1)

1
(o) =5 [, 10a(pow)dlog ),

with ¢’ € C°°(S1) defined by p*(dz) = ¢/dx.
The corresponding Lie algebra cocycle on g = X(S1) is the Virasoro cocycle

H(X,Y) = /S (XY - X"Y")da

Short exact sequence for Z = 3/ with I C 3 discrete subgroup:
H2(G, 2) B HZg(s,3) - Hom(ma(G), Z) x Hom(r1(G), Lin(g, 5))
with D[c] = [v] for 1) the corresponding Lie algebra cocycle to c:

V(X,Y) = d%eﬁ)c(X, Y) — d%eje)c(Y, X).



Integrability of Lie algebra extensions

There are two obstructions for the integration of a continuous Lie algebra 2-
cocycle v on g to a smooth Lie group extension of G.

Let ¥ be the closed left invariant 2-form on G determined by the cocycle .
The period group I, is the image of the period homomorphism

pery 1 m2(G) =5, pery(lo]) = [ vt

The flux homomorphism Fy, : 71(G) — Lin(g,3) assigns to each piecewise
smooth loop ~ in GG the linear map

X€g|—>—/z'me€€5.
Y

Theorem [Neeb’04] The Lie algebra cocycle « with discrete period group I1,,
and vanishing flux homomorphism £, integrates to the Lie group extension

1—-2Z=3/Ny—>G—G—1.



Integration via path groups
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Van Est method

Let ¢ Lie algebra 2-cocycle with discrete period group I, C 3
and {ag}4cq family of smooth paths in G from e to g.

By integrating the closed left invariant 2-form ¢, we define

C:GxG—s C(fg)i= [ o
> f.g

with >, - any piecewise smooth 2-simplex in G with boundary fag—ar,+ay.

Since ©¢yp = fXgn—2Xrgn+ Zrgn— 2f4Iis aspherical 2-cycle in G,
C(9.h) = C(fg,h) + Cfgh) —C(fg) = [ wlem,.

f.9:h
We get a group 2-cocycle c : G x G — Z = 3/I1,, that integrates .
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Central extensions of G/H

The 1-cochain A : H — Z resolves the 2-cocycle ¢ : G x G — Z over the
subgroup H C G if the restriction of c to H is the coboundary of A:

c(h1,h2) = A(h1)A(h2)A(h1h2) ™Y, hi,ho € H.

This is equivalent to graph(A—1) is a Lie subgroup of Z x. G.
Assuming that H is a normal subgroup of GG, the additional condition

c(g,h)c(ghg ™, 9) "t = A(W)A(ghg™1)™Y, geG,heH

ensures that the graph(A~1) is a normal subgroup of Z x. G.
The rows and columns below are exact sequences of groups

7 — (Z x:G)/graph(A™1) — G/H

J —> Z Xe @ — G

J —> Z Xe H — H
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The path group

Let G be a connected Lie group with Lie algebra g, and G its universal covering
group. The path group

PG = {g € C™°([0,1],G)[g(0) = e}
is a smoothly contractible Lie group with path Lie algebra
Pg = {X € C*([0,1],9)[X(0) = O}.

Two Lie subgroups of PG integrating the loop Lie subalgebra Q2g C Pg are
the groups Q2G of loops and 2pG of null-homotopic loops (both based at e).
Exact sequences of Lie groups

QG — PG — G

1]

QOG — PG — G
with the same exact sequence of Lie algebras 2g — Pg — g.
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Path group cocycle

Each 3;-valued Lie algebra 2-cocycle i) on g defines a 2-cocycle on Pg that
vanishes on the loop Lie algebra 2g:

Py (X,Y) = (X (1),Y(1)).
On PG there are natural system of paths aq4(s)(t) = g(st) together with
2-simplexes > ¢ ,(s,t) = as(s)ag(st) with boundary fag —ar, + ay.

The Van Est method yields the following 3-valued group 2-cocycle on PG in-
tegrating P:

1 /s
C(f.9)= [ L= | | (A1 8 (), 8g(8))dt ds,

where the 2-simplex o ,(s,t) = f(s)g(st) in G'is = , evaluated at 1, and
5tg = g~ 14’ € Pgis the left logarithmic derivative of g € PG.
A similar cocycle involving right log derivatives: (f,g) — —C (g~ 1, f=1).
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Central extension of G

Assume the 2-cocycle ¢ has discrete period group I, C 3. The 2-cocycle
c(f,g) = C(f,g) modTI, on PG is resolved over 257G by the 1-cochain

A QG — Z, Ag) = /_Mmod My,
g

with g any homotopy from e to g € €20G. Thus
7 — (Z xc PG)/graph(A~1) — @&

Z — Z x¢ PG — PG

Z — Z Xe20G — QoG

Theorem [Vizman’08] The cocycle v with discrete period group is integrated
by the first line central Lie group extension.
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[Mickelsson]

Let H be a compact simple Lie group with Lie algebra . We consider the
Kiling form « on h and the Cartan 3-form n = Zx(6',[0%,0']) € Q3(H),
where 6! € Q1(H,p) is the left Maurer-Cartan 1-form on H.

If H simply connected, then the loop group G = C°°(S!, H) is simply con-
nected. The cocycle on its loop algebra g = C>°(S1, ),

H(X,Y) = /Sl K(X,dY) € R,

has discrete period group. The circle-valued cocycle on PG integrating P,

e(fr9)=[ o' Awé"gmodZ,

when restricted to 2pG, is the coboundary of
Ag) = / g n mod Z.

(9) P
This follows also via the Polyakov-Wiegmann formula

m*n = prin+ pr5n — d(x(pri Hl, pr56”)).
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[Losev-Moore-Nekrasov-Shatashvili]

Let G = C°°(M, H)q be the identity component of the current group, with
current Lie algebra g = C°°(M, b), for M a compact manifold.
Continuous Lie algebra 2-cocycle with values in 3 = Q1 (M) /dC>®(M):

Y(X,Y) = [«(X,dY) — s(Y,dX)] = 2[c(X,dY)].
The period group I, = Q%(M)/dCOO(M) (de Rham cohomology with inte-

gral periods) of the continuous Lie algebra 2-cocycle v is discrete.

The Z-valued group cocycle c on PG,
C(fag) — [/Iélf Nk 5Tg] mod I—I@ba
that integrates the Lie algebra cocycle P+ is resolved over 200G by

A QoG = Z, A :[/ _*]modl‘l.
0 (9) 9T "
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On the compact manifold M we consider a volume form p normalized by
Jyyp = 1. Let G = Diff(M, u)g. Given n a closed 2-form on M, the
Lichnerowicz cocycle

(X, V) = [ n(X,¥)n

is a 2-cocycle on the Lie algebra g = X (M, ) of divergence free vector fields.

The period group of ¢, is contained in the period group of n, thus My, € Z if
n is a closed integral 2-form. The path group construction gives a construction
of the central extension of GG integrating the Lichnerowicz cocycle.

To write the cocycle ¢ on PG one uses a connection on a principal circle
bundle over M with curvature 7. It is resolved over Q2oG by

A =/ *n A g pumodZ,
(9) i PINTH

with projectionp : I x I x M — M and a path g from id,,; to g in 29G viewed
as (s,t,z) e I xIx M~ g(s,t)(x) € M.
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Integration via prequantization extension

19



Prequantization extension

(M, ©2) prequantizable symplectic manifold, i.e. there exists P — M princi-
pal circle bundle with principal connection © € Q1 (P) with curvature <.

The Lie algebra extension

0—>R—>CYM) = Xgm(M) — 0,

with Poisson bracket { f, g} = 2(Xg4, X¢) on C*°(M), integrates to the pre-
quantization central extension [Kostant’70, Souriau’70]

1 — St — Quant(P) - Ham(M) — 1,

with Quant(P) = {¢ € Aut(P) : v*© = ©} the quantomorphism group.
The Lie algebra extension splits for compact M (the Kostant-Souriau 2-cocycle
IS a coboundary).

Theorem [Neeb-V.03] The pull-back of the prequantization central extension
for infinite dimensional M yields smooth Lie group extensions integrating the
Lie algebra cocycle (X,Y) — Q2({x, y)(mg).
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Universal central extension

Theorem [Conjectured by Roger'95, Janssens-Ryvkin-V.24]
Let (M™, 1) be compact with m > 2 and volume form .

Then the Lie algebra cohomology is H%E(%ex(M)) = H(?R(M) and the
universal central extension is

0 — HI2(M) — QM2(M)/dQQm3(M) — Xex(M, 1) — 0

with Lie bracket {[a1], [a2]} = [z‘Xalz‘XaQu].
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Integrability of Lichnerowicz cocycles

The Lichnerowicz cocycle

Yo(X,Y) = [ n(X,V)p

for integral [n] € H2x(M) Poincaré dual to [N] € H,,_>(M,R) with codi-
mension 2 submanifold N C M, is cohomologous to

UN(XY) = [ ivixn

Theorem [Ismagilov’'96, Haller-V.04] The above cocycle integrates to a central
Lie group extension of Diffex(M, ).

One considers the Marsden-Weinstein symplectic form €2 = [ on connected
component M C Gr,,,_>(M) of N, and the pullback of the prequantization
extension by Hamiltonian action

Diffex(M) — Ham(M).
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MW symplectic form is prequantizable

Lemma Let o € QF1T2(M) be a closed differential form with integral coho-
mology class. Then the non-linear Grassmannian Gr, (M ) endowed with the
closed 2-form & is prequantizable.

In [Haller-V.04] a principal circle bundle (P, 8) over Gr (M) with curvature &
has been constructed through its Cech 1-cocycle.

In [Diez-Janssens-Neeb-V.24] we get such a prequantum bundle using the
transgression h to Gr. (M) of a differential character h with curvature a. The
degree one differential character h represents the holonomy of a principal

bundle with curvature &.

The diff. characters hp »y and h may differ by an elementin H1(Gr, (M), T).
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Universal central extension

Theorem [Conjectured by Roger'95] [Janssens-V.16]
Let (M, w) be compact symplectic. The Lie algebra cohomology is
H%E(aeham(M)) = H&R(M) and the universal central extension is

HI2 (M) — Q21 (M) /dQ2" 2 (M) — Xham (M, w),
with Lie bracket

[[v1], [v2ll = [f1dfa Aw™ 1/ (n — 1)1], where fw™/n! = dy.

Each closed a € Q1 (M) determines Roger cocycle on Xpam (M):

oa(Xp, Xg) = /M fa(Xg)w™/n!.

If [o] € H (M) is Poincaré dual to [C] € Hp,_1(M,R), itis cohomologous
to

oo (X g, Xy) = /C fdg AW/ (n— 1)1,
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Integrability of Roger cocycles

Let 7 : (P27 T1 9) — (M?2" w) be a prequantum bundle over the symplectic
manifold. The volume form u = 0 A (df)™/(n + 1)! on the contact manifold
(P, 0) has total volume V' = +1 voly,(M).

The identity component Quant(P)g is a subgroup of Diffex(P, ).

The pullback of the integrable Lichnerowicz cocycle -1y on Xex(P, p) to the
Lie algebra C°°(M) is cohomologous 10 o, v
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Integrability of Roger cocycles

Theorem [Janssens-V./16] The classes [o] € H%E(COO(M )) correspond-
ing to the lattice

give rise to integrable cocycles of the Poisson Lie algebra C°°(M).

The same holds for Roger cocycles [o«] with [a] in the lattice
EmHGR(P)7 C Hir(M),

where the map m, is given by fibre integration and HgR(P)Z denotes the
space of integral conomology classes.
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Hamiltonian group

By Lie’s Second Theorem for regular Lie groups [Kriegl-Michor’97], the Lie
algebra homomorphism that splits the prequantization extension,

volw(M) / fwt/nt,

integrates to a group homomorphism on the universal covering group of the
group of Hamiltonian diffeomorphisms:

kot Xpam(M) — CF(M), rw(Xy) = [ —

K :Ham(M) — Quant(P)g.

The above extensions of the quantomorphism group can be pulled back by K
to obtain extensions of the universal covering group Ham(M).

27



