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Regular CFs

Each x € R has an (essentially) unique regular continued fraction
(RCF) expansion

1

X:[ao;al’a27"']:ao+ 1 )

at+——

a+
where a, € Z with a, > 0 for n > 0.
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Regular cFs

Regular CFs

Each x € R has an (essentially) unique regular continued fraction
(RCF) expansion

X:[ao;al,ag,...]:ao+—1,
a+—
a+

where a, € Z with a, > 0 for n > 0. Denote RCF-convergents by

&:[ao;al,...,a,,]e(@.

n
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| Regular cFs
The Gauss map

The Gauss map G : [0,1] — [0,1] defined by
G(0) =0 and for x # 0,

6() = | —alx)

== ,
with a(x) = |1/x] generates RCF-digits:
»=a(G" (X)), 0.
a a( (x)), n> Ly .
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The Gauss map

1
The Gauss map G : [0,1] — [0,1] defined by
G(0) =0 and for x # 0,

6() = 1 — alx),

with a(x) = |1/x] generates RCF-digits:

L= anl , 0.
ap, = a( (x)), n> YRR 1

The dynamical system ([0, 1], B, v, G) is ergodic, where the Gauss
measure v¢ is the a.c., G-invariant probability measure with density

1/(log2(1 + x)).
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The natural extension of the Gauss map

In the 1970s and 80s, Nakada, Ito and Tanaka introduced an explicit
natural extension (Q, 3,7, G) of ([0,1], B,v¢, G), i.e., the ‘smallest’
invertible dynamical system of which ([0, 1], B,v¢, G) is a factor, or
‘subsystem.’
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Regular cFs

The natural extension of the Gauss map
In the 1970s and 80s, Nakada, Ito and Tanaka introduced an explicit
natural extension (Q, 3,7, G) of ([0,1], B,v¢, G), i.e., the ‘smallest’
invertible dynamical system of which ([0, 1], B,v¢, G) is a factor, or
‘subsystem.” Here Q = [0, 1]? and

60) = (3~ o) 5091 )

a(x) +y
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Regular crs

The natural extension of the Gauss map
In the 1970s and 80s, Nakada, Ito and Tanaka introduced an explicit
natural extension (2, B,7¢,G) of ([0,1], B,vg, G), i.e., the ‘smallest’
invertible dynamical system of which ([0, 1], B, v¢, G) is a factor, or
‘subsystem.” Here Q = [0, 1]? and

G(x,y) = <i a0, ak;ﬂ) .

With 7 : Q — [0, 1] the projection to the first coordinate,
v6(A) = vg(m71A), where g has density 1/(log2(1 + xy)?).

Vs V2 Vi Vs Va2 Vi
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Generalised CFs

Other cr-algorithms

There are several other algorithms producing generalised CF (GCF)

expansions
a;
x = [Bo;o1/P1,a2/B2,...] = fo + T
B+ —2
B2+ -
with 89 € Q and for n > 0, ay, By € Z, vy # 0.
o> & =) «=» E[z 9Q0C
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Other cF-algorithms

There are several other algorithms producing generalised CF (GCF)

expansions
o
x = [Bo;a/P1, 2/ P2,...] = Po + -
2
Bt —2
Bo+ -
with 89 € Q and for n > 0, ay, By € Z, vy # 0.
[ ) [ ] . [ ] [ ]
Backward Nearest Integer  Singular Regular
e Optimal Diagonale
=} = = == DA
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Other cF-algorithms

There are several other algorithms producing generalised CF (GCF)

expansions
(€51
x = [Bo; a1/ B1, a2/ B2, ... ] = Po + -
2
Bt —2
B2 +
with 89 € Q and for n > 0, ay, By € Z, vy # 0.
" Backward Nearest Integer' Sing'ular Regular'
e Optimal Diagonale
=} = = == DA
| Descendants of the mother of all continued fractions




Some CF-algorithms

Contraction
000

The mother of all crs

Contracted Farey expansions Superoptimal CFs
[e]e] 000 000 0000
©000 oo 000
: :
Generalised CFs
:

Other cF-algorithms

There are several other algorithms producing generalised CF (GCF)
expansions

x = [Bo;a1/B1,02/B2,...] = Bo + -

Qs
Bt —2
B2+
with 89 € Q and for n > 0, ay, By € Z, vy # 0.
(o & - & 9
Backward Nearest Integer  Singular Regular
S-expansions
e Optimal Diagonale
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Generalised CFs

Nakada's a-CFs
For each « € [0, 1], define G, : [o — 1, ) = [ — 1, @) by G,(0) = 0 and

Gulx) = — — {i-l-l—aJ, x # 0.

Xl LI

Each G, has a unique, a.c. invariant measure p,,, and
([ — 1, ), B, pa, Gy is ergodic.
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Generalised CFs

Kraaikamp's S-expansions

In 1991, Kraaikamp defined a large collection of GCF-algorithms by
coupling

1. singularisation, which is an arithmetic acceleration procedure for
GCFs, and
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Generalised CFs

Kraaikamp's S-expansions

In 1991, Kraaikamp defined a large collection of GCF-algorithms by
coupling

1. singularisation, which is an arithmetic acceleration procedure for
GCFs, and

2. induced transformations of (2, B, 7, G), which is a dynamical
acceleration procedure based on first-return maps.
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Generalised CFs

Kraaikamp's S-expansions

In 1991, Kraaikamp defined a large collection of GCF-algorithms by
coupling

1. singularisation, which is an arithmetic acceleration procedure for
GCFs, and

2. induced transformations of (2, B, 7, G), which is a dynamical
acceleration procedure based on first-return maps.

S-expansions use induced transformations to i . .
govern singularisations: remove p,/q, iff .,
2
G"(x,0) € S. s
- V3 Vo Vi
[} = = = ==
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Unifying family?
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:

Unifying family

e Optimal
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Singularisation vs. contraction

Singularisation is well-known and dates back to Lagrange (1798), but it is
limited:

(i) can only remove p,/q, if apt1 =1, and

(ii) cannot remove p,/q, and pyi1/qni1-

[} = = =
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Contraction

Singularisation vs. contraction

Singularisation is well-known and dates back to Lagrange (1798), but it is
limited:

(i) can only remove p,/q, if apt1 =1, and

(i) cannot remove p,/q, and poi1/qni1-
But there's a more general acceleration technique called contraction:

Theorem (Seidel 1855)

Let [Bo; 1/ P1, 2/ B2, . . .| be a GCF with convergents

Pn/Qn = [Boic1/B1, ..., an/Bas], and let (ny)i>o be any strictly
increasing sequence of non-negative integers. Under mild assumptions,
there is an explicit GCF [By; oy /B4, ab/B%, ... ] whose convergents are
precisely Py, /Qn,-
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All a-CFs realised as ‘S-expansions with contraction’?
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Contraction

All a-CFs realised as ‘S-expansions with contraction’?

IOP PUBLISHING NONLINEARITY

Nonlinearity 21 (2008) 1207-1225 doi:10.1088/0951-7715/21/6/003

The non-monotonicity of the entropy of a-continued
fraction transformations

Hitoshi Nakada' and Rie Natsui*

between the extensions of any o and o1 fora € [«/5 -1, %] as a generalization of [1]. Here we
note that the natural extension of 7;, cannot be obtained by a simple induced transformation,
in the sense of [1], of the natural extension of 7;. This is related to the fact that a convergent of
the continued fraction expansion of x by 7, may not be a convergent of the simple continued
fraction expansion of x.
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The Farey tent map and Farey expansions
:

Farey tent map
The Farey tent map F : [0,1] — [0,1] is

Fo =115 TS
= x )

The dynamical system ([0, 1], B, i, F) is ergodic, where

is the infinite,
o-finite, a.c. invariant measure with density 1/x.

1

:
0 1/2 1

S| =
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‘THE MOTHER OF ALL CONTINUED FRACTIONS’
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KARMA DAJANI (UTRECHT) axo COR KRAAIKAMP (DELFT)
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The Farey tent map and Farey expansions
:

Farey expansions and convergents

Let x = [0; a1, a2,...] and n > 0. One finds that F"(x) = A[Bln] Y

[} = =
;
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The Farey tent map and Farey expansions

:

Farey expansions and convergents

Let x =[0; a1, a2,...] and n > 0. One finds that F"(x) = [?)1,1] .
where

Ao = (9 ) .= AnPin + Pia—1 Py
[0.r] Sno ) \ @+ G—1 G

and j,, A, € Z satisfy

x

n=ar+---+aj, + A, 0 < Ap < 3jp41e

S| =
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The Farey tent map and Farey expansions
Farey expansions and convergents
Let x = [0; a1, a2,...] and n > 0. One finds that F"(x) = A[Bln] © X,

where
A= (U ) = AnPin + Pia—1 Py
0= s 1 AnGjo + Gjp—1 Gy
and j,, \, € Z satisfy

n=ar+---+aj, + A, 0 < Ap < 3jp41e

The map F generates GCF-expansions called Farey expansions whose
Farey convergents are

Pn,1 _ ﬂ _ )\npjn + Pjn—1

Q-1 Sn MG, + i1’

i.e., all RCF-convergents and mediant convergents of x.
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lto’ I '
to's natural extension
In 1989, S. Ito introduced an explicit natural extension (Q, B, i, F) of
([0,1], B, 11, F)

=} = QA
:
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Ito’s natural extension
:

Contracted Farey expansions
000
000

lto’s natural extension

In 1989, S. Ito introduced an explicit natural extension (Q, B, i, F) of
(10,1], B, 1, F). Here

Superoptimal CFs
0000

X)) x<1)2
1—x7 1+ ’ = ’
F@=10 4

x 21+y )

fi(A) = // dxdy
x>1/2, (x +
Ergodicity of F implies that of F

y —xy)?

S| = = E = DaA¢
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Ito’s natural extension
:

The mother of all cFs
°0

Contracted Farey expansions
000
000

lto’s natural extension

(0, 1], B, 1, F)

In 1989, S. lto introduced an explicit natural extension (, B, i, F) of
. Here

Superoptimal ¢
0000

F(z) =

x Yy
1—x’ 14y

y X S 1/27 _(A // dXdy
1%
Lx ), x>1)2, a(x+y—xy)?
Ergodicity of F implies that of F.
Hi Hy
Ha Ha
Hs Hs
V3V W V3V W .
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lto’s natural extension

In 1989, S. lto introduced an explicit natural extension (, B, i, F) of
(10.1], B, 1, F). Here

1—x°1 ? — ’ — xay
Fla)={ T = [ 5%

2, 1=), x> 1/2 (x+y—xy)*

Ergodicity of F implies that of F.

Hi Hy
Ha Hy
Hs Hs
IRZR% Vi - V3V Vi
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Ito’s natural extension
: :
JF-orbits and Farey convergents

Letting z = (x,1) and z, := F"(z), we have a 1-1 correspondence

zp € Vo i—a, N HA 11

Un _ AnPj, + Pjp-1 .
Sn AnGj, T Qi1
Hy
Ha
Hs
SV V) Vi
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Ito’s natural extension
: :
JF-orbits and Farey convergents
Letting z = (x, 1) and z, := F"(z), we have a 1-1 correspondence
up AnPj, + Pj—1
20 €V oa NHy 1 2= 2P TPt
Sn AnGj, T Qi1
Example
Let x = [0;4,2,3]. We have
Z0 = ([Ov 47 27 3a 4]7 [01 1])7
Hy
(Un) _ (P-1 Pot+pP-1 290+pP-1 3p0+p-1
Sn/ n>0 -1 po+9-1" 290+ g-1" 3q0+ g1’
Ha
Po P1+ po
77 > H3
do g1+ qo
PL p2+p1 2p2+p1
q17q2+q172q2+q1$"' V3V Vi
[} = = = ==
:
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Ito’s natural extension
: :
JF-orbits and Farey convergents
Letting z = (x, 1) and z, := F"(z), we have a 1-1 correspondence
up AnPj, + Pj—1
2y € Vo or, NHy 11— — = e
Sn AnGj, + qj,—1
Example
Let x = [0;4,2,3]. We have
zo = ([0; 4,2, 3,4],[0;1]),
Hy
(Un) _ (P PotpP-1 290+pP-1 3po+p
Sn /) n>o0 91 po+q-1" 290+ g-1" 3q0+ g1’
Ha
Po p1+ po
Ty T T H3
do g1+ qo
PL p2+p1 2p2+p1
q17q2+q172q2+q1$"' V3V Vi
[} = = = ==
:
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Ito’s natural extension
: :
JF-orbits and Farey convergents
Letting z = (x,1) and z, := F"(z), we have a 1-1 correspondence
up AnPj, + Pj—1
zn € Vaj,,+1—>\n NHyt1 +— —= 0% Tl
S AnGj, t qj,-1
Example
Let x = [0;4,2,3]. We have
z1 = ([0; 3,2, 3,4],[0;2]),
Hy
(Un) _(P-1 Potp-1 20+ p-1 3po+p-1
Sn /) n>o0 -1 po+ g1 2q04g-1" 3q0+q-1’
Ha
Po p1+ Po
77 ) H3
do g1+ qo
p1 p2+p1 2p2+p1
— —_— ... Vg V. V;
@ @ta 2 +aq’ 372 !
ST = =, 2= 9ac
: :
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Ito’s natural extension
: :
JF-orbits and Farey convergents
Letting z = (x,1) and z, := F"(z), we have a 1-1 correspondence
up AnPj, + Pj—1
20 €V oa NHy 1 2= 2P TPt
Sn o AnQj, T qj,—1
Example
Let x = [0;4,2,3]. We have
z = ([0;2,2,3,4],[0; 3]),
Hy
(Un) _(P=1 PotpP-1 Za0 tp 1 3potpa
Sn/ n>0 g—1 po+q-1" 2q0+q 1 3q0+qg—1’
Ha
Po P1+ po
77 > H3
do g1+ qo
PL p2+p1 2p2+p1
q17q2+q172q2+q17 V3V Vi
oy <3 =» «=» Z[z DaC
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Ito’s natural extension
: :
JF-orbits and Farey convergents
Letting z = (x,1) and z, := F"(z), we have a 1-1 correspondence
Un _ Anpj, + Pjp—1
Zn€ Vo o NHy > 2= 2P TPt
Sn AnGj, T Qi1
Example
Let x = [0;4,2,3]. We have
z3 = ([0; 1,2, 3,4],[0; 4]),
Hy
(Un) _(P-1 Pot+p-1 2q0+p-1 Spo Pt
Sn/ n>0 g-1 po+q-1"2q0+ g1 300 + g1’
Hy
Po P1+ po
77 > H3
do g1+ qo
P p2tp1 2p2+p1
q17q2+q172q2+q17 V3V Vi
oy <3 =» «=» Z[z DaC
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Ito’s natural extension
: :
JF-orbits and Farey convergents
Letting z = (x,1) and z, := F"(z), we have a 1-1 correspondence
up AnPj, + Pj—1
2y € Vo or, NHy 11— — = e
Sn AnGj, T Qi1
Example
Let x = [0;4,2,3]. We have
z = ([0;2,3,4,2],[0;1,4]),
Hy °
(Un) _ (P-1 Pot+pP-1 290+pP-1 3p0+p-1
Sn/ n>0 -1 po+9-1" 290+ g-1" 3q0+ g1’
Ha
Po - p1+ po
77 > H3
g0 q1+ qo
PL p2+p1 2p2+p1
q17q2+q172q2+q1$"' V3V Vi
[} = = = ==
:
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Ito’s natural extension
:

JF-orbits and Farey convergents

Letting z = (x,1) and z, := F"(z), we have a 1-1 correspondence
Un  AnPj, + Pj—1
zpeV, ,_a,NH — ==
n Ajpr1—An An+1 s, >\nqj,, n Q1

Example
Let x = [0;4,2,3]. We have

z5 = ([0;1,3,4,2],[0; 2,4]),
Hy
(ﬂ) _ (P-1 Pot+pP-1 290+pP-1 3p0+p-1
sn /) n>0 -1 po+9-1" 290+ g-1" 3q0+ g1’ _
Hy
Po P10
777’ H3
qo 91+ do

p1 p2+p1 2p2+p1 >
= _ V3 Wy Vi

@ @ta2p+aq’
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Ito’s natural extension
:

JF-orbits and Farey convergents

Letting z = (x,1) and z, := F"(z), we have a 1-1 correspondence
Un  AnPj, + Pj—1
zpeV, ,_a,NH — ==
n Ajpr1—An An+1 s, >\nqj,, n Q1
Example
Let x = [0;4,2,3]. We have

z5 = ([0;3,4,2,3],[0;1,2,4]),
Hy
(Un) _ (P-1 Pot+pP-1 290+pP-1 3p0+p-1 °
Sn/ n>0 -1 po+9-1" 290+ g-1" 3q0+ g1’

Ha

po p1+ po

7?7’ H3

do g1+ qo

p1 p2+p1 2p2+p1

7 a——N c- V3 Vs Vi

7 @+aq 2+aq’ 32 !

= z = =
:
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Ito’s natural extension
: :
JF-orbits and Farey convergents
Letting z = (x,1) and z, := F"(z), we have a 1-1 correspondence
up AnPj, + Pj—1
2y € Vo or, NHy 11— — = e
Sn AnGj, + qj,—1
Example
Let x = [0;4,2,3]. We have
z5 = ([0;2,4,2,3],[0;2,2,4]),
Hy
(ﬂ) _ (P-1 Pot+pP-1 290+pP-1 3p0+p-1
Sn/ n>0 -1 po+9-1" 290+ g-1" 3q0+ g1’
H, .
Po P1+ po
77 > H3
do g1+ qo
P P2t P 2p2+pr
q’ ot q 2+ q1 v “
[} = = = ==
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: :
Ito’s natural extension
: :
JF-orbits and Farey convergents
Letting z = (x, 1) and z, := F"(z), we have a 1-1 correspondence
Un  Anpj, + Pj,—1
zy € Vaj,,+1_)\n NHy+1 ++— —=_—"T—=—
S AnGj, t qj,-1
Example
Let x = [0;4,2,3]. We have
z = ([0;1,4,2,3],[0:3,2,4]),
Hy
(Un) _ (P-1 Pot+pP-1 290+pP-1 3p0+p-1
Sn/ n>0 -1 po+9-1" 290+ g-1" 3q0+ g1’
Ha
Po p1+ Po
77 ) H3 L
do g1+ qo
p1 p2tp1 2potopr
a’@taq 20 gl s “
[} = = = ==
:
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:

Contracted Farey expansions

Inducing Ito’s natural extension

For R C Q with 0 < ji(R) < oo, define Fg := FN& : Q — R, where

Ng(z) :=inf{n>1]| F"(z) € R}
is the hitting time to R.

S| =
:
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:

:
Contracted Farey expansions

Inducing Ito’s natural extension

For R C Q with 0 < fi(R) < oo, define Fg := FNr: Q — R, where
Ng(z) :=inf{n>1]| F"(z) € R}

is the hitting time to R. Ergodicity of (Q, B, ii, F) implies that of the

induced system (R, B, fir, Fr), where ig(S) := fi(S)/ia(R) for any
measurable S C R.

[} = =

; ;
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Contracted Farey expansions

Inducing Ito’s natural extension

For R C Q with 0 < fi(R) < oo, define Fg := FNr: Q — R, where
Ng(z) :=inf{n>1]| F"(z) € R}

is the hitting time to R. Ergodicity of (Q, B, ii, F) implies that of the

induced system (R, B, fir, Fr), where ig(S) := fi(S)/ia(R) for any

measurable S C R.

Let z = (x,1). When f(intR) > 0, F"(z) € R i.o. for a.e. x.

S| =

: :
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Contracted Farey expansions

Inducing Ito’s natural extension

For R C Q with 0 < fi(R) < oo, define Fg := FNr: Q — R, where
Ng(z) :=inf{n>1]| F"(z) € R}

is the hitting time to R. Ergodicity of (Q, B, ii, F) implies that of the
induced system (R, B, fir, Fr), where ig(S) := fi(S)/ia(R) for any
measurable S C R.

Let z = (x,1). When fi(intR) > 0, F"(z) € R i.o. for a.e. x. The map
Fr determines a subsequence (zf)k>0 = (znr) k=0 of (zn)n>0 and, via

2y < Up/Sp, a subsequence (uf/sf)k>0 = (ung/snp)k=0 Of (Un/Sn)n>0.
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: :

Contracted Farey expansions

Inducing contractions of the mother

Definition
The contracted Farey expansion (CFE) of x w/r/t R C §, denoted

[BF; ok /BR, af /8K, .. .], is the contraction of the Farey expansion of x
w/r/t (Ng; = Dizo-

S| = = E El= DaAe
:
Descendants of the mother of all continued fractions
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Contracted Farey expansions

Inducing contractions of the mother

Definition
The contracted Farey expansion (CFE) of x w/r/t R C Q, denoted

[BF; ok /BR, af /8K, .. .], is the contraction of the Farey expansion of x
w/r/t (N1 = Dizo.

Proposition

The contracted Farey expansion of x w/r/t R has convergents
(uR/sR)u>0. Moreover, the digits o, 3R may be described explicitly in
terms of the dynamics of (R, B, [ir, FRr)-

0
o}
I
i
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Contracted Farey expansions

Two-sided shift space

Let Ajo np(2)] = (Ls':((j)) :8) , and suppose R is bounded away from

y=0and that sg =1 (= wug=0,1).

o = E El= DaAe
: :
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Contracted Farey expansions

Two-sided shift space
Let Ajo np(2)] = (“R(z) tR(Z)) , and suppose R is bounded away from

sr(z) rr(2)
y=0and that sg =1 (= wg =0,1). Let (Qr, B, Dg, Tr) be obtained
from (R, B, fir, Fr) through the isomorphism ¢g : R — Qg C R2, where

R, R

= {5) w0 "
©r(2) : {(X—l,l—)/)a ur(z) = 1. g}Rl}éR
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Contracted Farey expansions

Two-sided shift space
Let Ajo np(2)] = (Z:((j)) 28) , and suppose R is bounded away from
y=0and that sg =1 (= wg =0,1). Let (Qr, B, Dg, Tr) be obtained
from (R, B, fir, Fr) through the isomorphism ¢g : R — Qg C R2, where

vr(z) = {(X7 1_;1) ’ ur(z) =0, LpRII - ’ISOR
' 1.

x—1,1—-y), ugr(z)= -
( y) R() QR R QR

Theorem (Dajani, Kraaikamp, S. 2025)

If z = (x,1) with x = [BF; aR /B8R, af /8K, ... ] and (X, Y) = ¢r(2),
then

R Y) = (10 01/ BRr, affia/ By 1 10:1/BF o /5, 0 /811)

Moreover, g = fig o pg" has density 1/(fi(R)(1 —};XYQ;). L

: :
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:
Some cF-algorithms, revisited
:

Regular CFs

Let R = H;. Brown=Yin ('96) showed (H1, B, fir,, Fry) = (2, B, 76, G).

]:Hle'h

Ha
Hs

V3V Vi
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:
Some cF-algorithms, revisited
:

Regular CFs

1

Let R = H;. Brown-Yin ('96) showed (Hi, B, firs,, FH,)

(Q,B,76,0).
We find (QHI,B, DHI,THI) = (Q,B, Dg,g).

]:Hle'h

Ha
Hs

V3V Vi
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Some cr-algorithms, revisited

Regular CFs

Let R = H;. Brown=Yin ('96) showed (H1, B, fir,, Fry) = (2, B, 76, G).
We find (Qp,, B, U1y, ) = (R, B, U6, G). Moreover,

uth /st = p. 1/q, 1, and the CFE of x w/r/t H; recovers the
RCF-expansion of x:

x =B aql /B gt /B, = (0B By

]:Hle'h

Ha
Hs

39=7’H1

V3V Vi

Descendants of the mother of all continued fractions




Contracted Farey expansions
0®0

Some Cr-algorithms, revisited

Kraaikamp's S-expansions

Let S be a singularisation area, A = Q\S, and R := gp;ll o G(A).
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Some Cr-algorithms, revisited
Kraaikamp's S-expansions

Let S be a singularisation area, A = Q\S, and R := gp;ll o G(A). Then
the CFE of x w/r/t R is the S-expansion of x, and (Qg, B, Ur, 7r)
coincides with the two-sided shift space for S-expansions introduced by
Kraaikamp.
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Some cr-algorithms, revisited

Nakada's a-CFs .
Fix 0 < < 1. Let k(z) :=inf{j > 0 | F,,/(2) € [0,) x [1/2,1]}

[} = =
; ;
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Some cF-algorithms, revisited

Nakada's a-CFs

Fix 0 < a < 1. Let k(z) := inf{j > 0 | ;,/(2) € [0,0) x [1/2,1]},
A={z € H; | k(z) is odd}
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: :
Some cF-algorithms, revisited

:

Nakada's a-CFs

Fix 0 < a < 1. Let k(z) := inf{j > 0 | ;,/(2) € [0,0) x [1/2,1]},
A={z € H; | k(z) is odd}, and

oo a—1

R=AUJ U FANV.n[e,1] x [1/2,1]).

u
¥l
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: :

Some cF-algorithms, revisited

Nakada's a-CFs

Fix 0 < a < 1. Let k(z) := inf{j > 0 | ;,/(2) € [0,0) x [1/2,1]},
A={z € H; | k(z) is odd}, and
co a—1

R:=AUJUFANV.n[e1] x [1/2,1]).

Theorem (Dajani, Kraaikamp, S. 2025)
(R, B, ir, Fr) is the natural extension of the a-CF map.
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Some Cr-algorithms, revisited

Nakada's a-CFs .
Fix 0 < a < 1. Let k(z) :==inf{j > 0| F,/(z) € [0,) x [1/2,1]},
A= {z € H; | k(z) is odd}, and
R:=AU D Uf*(Am Vo e, 1] x [1/2,1]).

a=2 =1

Theorem (Dajani, Kraaikamp, S. 2025)

(R, B, ir, Fr) is the natural extension of the a-CF map.

1
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:
Superoptimal CFs

Semi-regular CFs

DA

Descendants of the mother of all continued fractions




Some cr-algorithms Contraction The mother of all crs Contracted Farey expansions Superoptimal CFs
000 0o 000 000 0e@00
0000 oo 000
:
Superoptimal CFs
:

Bosma's optimal CFs

For x irrational and p, g relatively prime, set O(x, p/q) := ¢%|x — p/q.

[} = =
;
Descendants of the mother of all continued fractions

00




Some cr-algorithms Contraction The mother of all crs
000 0o 000
0000 [e]e]

:

Contracted Farey expansions Superoptimal CFs
000

0e@00
000

Superoptimal CFrs

Bosma's optimal CFs

For x irrational and p, g relatively prime, set O(x, p/q) := ¢%|x — p/q.
For a.e. x and any SRCF-expansion with (reduced) convergents Px/Qx,

(i) sup© (x ﬂ) > 1

k>1 " Qi

S| =
:
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Superoptimal CFrs

Bosma's optimal CFs

For x irrational and p, q relatively prime, set ©(x, p/q) := q*|x — p/ql.
For a.e. x and any SRCF-expansion with (reduced) convergents Px/Qx,

: Py 1 N n(k) _ log?2
) > = < —— 1.
0] i;ﬁ@ (x, Qk) 25 & (i) ll/?qjolip K STogG 1.4404. ..,

where k) < Qk < Gn(k)+1 and G 1= (V5 +1)/2.
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Superoptimal CFrs

Bosma's optimal CFs

For x irrational and p, g relatively prime, set ©(x, p/q) := ¢°|x — p/ql.
For a.e. x and any SRCF-expansion with (reduced) convergents Px/Qx,

, Pk) 1 L n(k) _ log?2
i) sup®(x,— | >= & (ii limsu < —— =~ 1.4404...,
® kzli ( Qxk 2 (i) /Hoop k log G

where k) < Qk < Gn(k)+1 and G 1= (V5 +1)/2.

In 1987, Bosma introduced an algorithm producing optimal CFs
(introduced by Selenius, 1960) which satisfy

(i) ©(x, P/</Q/<)<%Vk & (i) klim M: |og2.
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Superoptimal CFs

Superoptimal CFs

Let &, C > 0. A GCF-exp'n with (reduced) convergents Py /Qy is
(e, C)-superoptimal if both

(i) ©(x,P/Qx) <eVk & (ii) Iimsup#ZC.

k—o0

[} = = =
; ;
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Superoptimal CFrs

Superoptimal CFs

Let ¢, C > 0. A GCF-exp'n with (reduced) convergents Py/Qy is
(e, C)-superoptimal if both

() ©(xP/Q)<cvk & (il |;msup$2c.

k—o0

Proposition
O(x, un/sn) < € iff z, € S¢, where

S = {z =(x,y)

1—
—y<g}.
X+ty—xy A |

&
>
1=
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Superoptimal CFrs

Superoptimal CFs

Let ¢, C > 0. A GCF-exp'n with (reduced) convergents Py/Qy is
(e, C)-superoptimal if both

() ©(xP/Q)<cvk & (il |;msup$2c.

k—o0

e=0

Proposition
O(x, un/sn) < € iff z, € S¢, where "

1—
SE = {Z:(X,y) ﬁ<€} F:Hl Iy

Theorem (S. 2025+) o=
IfR C S. with Ji(R) < €2, then the CFE '
of x w/r/t R is (g, C)-superoptimal. R Vi

: :
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Superoptimal CFs

:

Legendre—Hurwitz CFs

O(x,p/q) <1/2 = p/q = pn/qn for some n (Legendre, 1798)

[} = =
;
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Superoptimal CFs
:

Legendre—Hurwitz CFs

O(x,p/q) <1/2 = p/q = pn/qn for some n (Legendre, 1798)

O(x,p/q) < 1/V5 for infinitely many p, g (Hurwitz, 1891)

S| =
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Superoptimal CFrs

Legendre—Hurwitz CFs

O(x,p/q) <1/2 = p/q = pn/qn for some n (Legendre, 1798)

O(x,p/q) < 1/V5 for infinitely many p, g (Hurwitz, 1891)

Corollary

The CFE of any irrational x w/r/t R=5,, &
exists, is (e, C)-superoptimal for
e=1/v5~0.4472..., C=+/5log2~1.5499. ..,
and the Farey convergents uf /s of x are
precisely the rationals p/q from Hurwitz's
theorem.
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