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Introduction

In the standard approach to noncommutative U(1) gauge theories

- (M, A), Mm=ce4, isa l-dim module over the NC algebra (A, *)

- V:DerAxM— M covariant derivative
- ([Vx, Vy] = Vixy))m = F(X, Y)m curvature
- AX) =Vx(D) gauge potential

- U(M) Unitary automorphisms of M gauge transformations.
Via gauge transformations

V& M —M Vi:g_lovxog
F(X,Y)s :M—M F(X,Y), =g loF(X,Y)og
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The Moyal plane (A,*) = R3

Constant noncommutativity

F;w = F(@H,ay) = 8[LAI/ - auAu - i[A;uAy]* Au = ’aﬂ(]l)
Alr = grx A, *g;-r — i0u8f *g;
and  FE =grxFu *g;r

where
o ()"
gr :=exp,(if) = wa*-u*f
n

SA, = 0. f+ilf A, 22 0,f

0Fu = ilf,Ful.

— Infinitesimally{
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Constant noncommutativity is an exceptional case
In general

» x-Derivations do not reduce to standard derivations when © — 0

» standard derivatives are not derivations of the Kontsevich x-product

fxg

fg+ éeab(x)aafabg T
O(fxg) = (0f)-g+7f-(0:8)+ é@cﬁab(x)aafé?bg +...
Can we suitably modify the definition of gauge fields and gauge
QUESTION: transformations in order to make them compatible with spacetime

noncommutativity and reproduce the correct commutative limit?

PROPOSAL: In the semiclassical approximation— Poisson Electrodynamics
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A first look at Poisson Electrodynamics

M space-time manifold
© Poisson bivector field (noncommutative parameter)

(m.0) {

Standard U(1) gauge theory has 62A = df and [62,49] =0
The presence of a non-trivial © should modify the algebra as follows

[(5{, (5;,]/\ = (S{f7h}eA

A solution was obtained

- using a bootstrap procedure, based on completing an L, algebra [Blumenhagen
et al '18, Kupriyanov '19, Hohm-Zwiebach, '17]

- introducing a deformation of gauge transformations, with a field dependent
parameter [Kupriyanov-Vitale '20]

5As = vE(x, A)Okf + {As o
with v4(x, A) = 30, %4 (x, A) = 5k — 1(9,0%°) A, + O(82) which can be
related with a symplectic embedding of (M, ©) in (T*M,A) [ Kupriyanov-Szabo '22]

0fA, == {f,pa—Aa}P:A : N=0O+7vy
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Standard Electrodynamics

For standard U(1) gauge theory on (R* © = 0) Faraday's law can be obtained as
follows:
A symplectic embedding is (T*R*, wp),

wo = dp, A dx* canonical 2-form
Faraday tensor:

- A:R* - T*R*is a 1-form (a section of T*R*)
- A*(\) =: A, ) tautological 1-form

- A"(wo) =: F = dA*(\) = dA Faraday tensor
= dF =0

gauge transformations: Take f € C>°(R*); the vector field
Xr = No(df) = Bﬂf% generates a 1-parameter group of

M
symplectomorphisms

Ho = xM .
T/Jf:{ i/rtt = pu+to.f — ()" (N) = A+ df
I
f * .
{ E://j'lr Z 2;*%2)) _ ?Jr o — U(1) gauge transformations
1 0 -
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Generalization for © # 0

The previous point of view can be generalized

(Mve) - (T*M7A)
(M,0)
A a non-degenerate Poisson tensor s.t. {7*f, n*h}p = n*({f, h}o)

- gauge fields are sections A: M — T*M
- the Faraday tensor is F = A*(w) with w =A"1!

_ N Y, = O(df,)) €X(M) _
Given f € C*(M) Xy = Adnf,) €X(T*M) m-related vector fields
wt’
T"M —— T*M, ) .
transformAatlon on sections _
[ (AD) = 01 = vf o Ao i
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The infinitesimal generator of the one-parameter group ¢ (A) is

() = (Ao = Xfo — A(Y)

= (10uf - ©70,f0,A, ) % e XV(T*M)

same gauge transformation as in the L..-algebra approach
- F{ = (A (w) = (9f)"(F) = 0¢F = (Ly, F)uv gy
REMARK 1:  Also §fA can be interpreted as a Lie derivative

0
0fA = (£XrA)u£ — the gauge algebra closes w.r.t. PB's
i

REMARK 2 For © = const 7% — § (back to known Moyal case)
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Symplectic Realizations

A symplectic realization of (M, ©) is a pair (S,w) s.t.
- S 5 M a surjective submersion
- w a symplectic 2-form s.t. {7*f,7*h}px = 7*{f, h}e
Consider:
> UC T"M, wo = d\ canonical symplectic structure
> VO c X(T*M) a Poisson spray
VEe T*M, m (VE) = O(¢, ")
(M)« (V®) = vV® (homogeneous of degree 1)
Theorem:
us M

The pair (U,w) { W= f1(¢9)*wodt
= o (¢

is a symplectic realization of (M, ©).
Here ¢® is the flow of V© and A = w1 satisfies m,A = ©
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In a local chart, in Darboux coordinates w = dy* A dp,, y"(x,p) = fol xt o ¢pOdt

the Jacobian € = (g)x’f) is formally invertible

1
w = e (x,p)dxt Adp, + Eefj@””effdpa A dps

0,9 .9 9
axi " oxe T axi " Bp,

A= e

y=et
the gauge potentials are identified with (local) sections of the symplectic
realization A: M — S

the Faraday tensor F is the pullback A*(w); in local coordinates

1
F=> (eg(x, A, A, — e (x, A)D, Ay + EZ@O‘BEE@)A#&,AV) dx? A dx°
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Action of Lie algebroids

The infinitesimal gauge transformations are related to Lie algebroid actions

T*M besides hosting a symplectic realization of M can be given the structure of a
Lie algebroid A = (T*M, m,a, M, [—, —]) with

-a: T*M — TM, a(a) := ©(a, —) the anchor map
- [, —le:T(T*M) x [(T*M) — [(T*M) given by
[Oé, 5] = La(a)ﬁ - Ea(ﬁ)a - d(e(aa 6))

The Lie algebroid acts on the sections of the symplectic realization

A
An action of A over ¢ is a map
J” T T(A) = X(S)
Ss—2m
- X+ =Xt vt - ()T = ¢ (F)XT
- [X YT =X, YT - (X)T is ¢-related to a(X)
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Back to Poisson Electrodynamics

We can now reinterpret the previous results

S — M symplectic realization (full and complete, namely (M'©) is
integrable)

mathcalA is a Lie algebroid

(M, ©) is integrable if it exists (M) (smooth symplectic groupoid and
A= AL

S 5 M carries an action of AX given by
1 (df) = Xprr € X(S)

This action can be integrated. The exponential map of the algebroid
associates with closed sections a 1—parameter group exp tdf of bisections of
the symplectic groupoid. These are Lagrangian bi-sections
[Kupriyanov-Sharapov-Szabo '23, Di Cosmo-Ibort-Marmo-Vitale '23]

> F = A*(w) is interpreted as a curvature. It measures the deviation from
A: M — S being a Lagrangian submanifold.
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Conclusions and Perspectives

» Poisson Electrodynamics is an attempt of conciling noncommutative
spacetime and gauge theories

» The gauge potentials have been interpreted as sections of a symplectic
realization S of semiclassical spacetime M

» Lie groupoids and Lie algebroids provide the geometric framework where to
understand gauge transformations of the model, previous derived via L,
algebras. The gauge transformations are associated with an action of the Lie
algebroid T*M which integrated to an action of the corresponding symplectic
groupoid X (M)

» The pullback of w on S via a section A, defines a 2-form F on M which
measures the deviation of A from being a Lagrangian submainifold.

To do

> Understand the relation of the groupoids approach with L., algebras (e.g. F)

» Introduce matter fields and construct dynamical gauge theories

> Generalize to non-Abelian gauge theories

» Go to the full NC regime
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Happy Birthday Harald!

“ 'Wortkshop on “Exactly Solvable Mo

Patrizia Vitale (Dipartimento di Fisica UniveiNoncommutative U(1) gauge theory in the s¢



References

- F. Di Cosmo, A. Ibort, G. Marmo and P. Vitale, “Symplectic realizations and Lie groupoids in
Poisson Electrodynamics,” [arXiv:2312.16308 [hep-th]].

- V. G. Kupriyanov, A. A. Sharapov and R. J. Szabo, “Symplectic groupoids and Poisson
electrodynamics,” JHEP 03 (2024), 039 [arXiv:2308.07406 [hep-th]].

- V. G. Kupriyanov, M. A. Kurkov and P. Vitale, “Poisson gauge models and Seiberg-Witten map,”
JHEP 11 (2022), 062 [arXiv:2209.13044 [hep-th]].

- V. G. Kupriyanov and R. J. Szabo, “Symplectic embeddings, homotopy algebras and almost Poisson
gauge symmetry,” J. Phys. A 55 (2022) no.3, 035201 [arXiv:2101.12618 [hep-th]].

- V. G. Kupriyanov, M. Kurkov and P. Vitale, “x-Minkowski-deformation of U(1) gauge theory,”
JHEP 01 (2021), 102 [arXiv:2010.09863 [hep-th]].

- V. G. Kupriyanov, “Poisson gauge theory,” JHEP 09 (2021), 016 [arXiv:2105.14965 [hep-th]].

- V. G. Kupriyanov and P. Vitale, “A novel approach to non-commutative gauge theory,” JHEP 08
(2020), 041 [arXiv:2004.14901 [hep-th]].

- R. Blumenhagen, I. Brunner, V. Kupriyanov and D. Liist, “Bootstrapping non-commutative gauge
theories from Lo, algebras,” JHEP 05 (2018), 097 [arXiv:1803.00732 [hep-th]].

- M, Crainic and |. Marcut, “On the existence of symplectic realizations” J. Sympl. Geom. 9 (2011)
435

- M. crainic and R. Loja-Fernandez “Integrability of Poisson brackets” J. Diff. Geom. 66 (2004), 71
- A. Weinstein, “The local structure of Poisson manifolds” J. Diff. Geom. 18 (1983) 523

Workshop on “Exactly Solvable Mo

Patrizia Vitale (Dipartimento di Fisica UnivelNoncommutative U(1) gauge theory in the sé -y




