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We denote by NCPpnq the set of noncrossing partitions on rns.
They are represented by diagrams as these:

NCP1 � t u,

NCP2 � t , u,

NCP3 � t , , , , u,

NCP4 �

#
, , , , , , ,

, , , , , ,

+
.
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Let G a (proto)-algebraic monoid. The algebra CrGs of
polynomial functions on G inherits a coproduct

∆ : CrGs ÝÑ CrGs b CrGs � CrG �Gs

defined by

@f P CrGs,@x , y P G, ∆pf qpx , yq � f pxyq.

This makes CrGs a bialgebra. The monoid of characters of
CrGs is isomorphic to G.

Characters of a bialgebra B

A character of a bialgebra B is an algebra morphism
λ : B ÝÑ C. The set of characters charpBq is given an
associative convolution product:

λ � µ � mC � pλb µq �∆.
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If G is a (proto)-algebraic group, then the map g ÝÑ g�1

induces a map

S :

$&
%

CrGs ÝÑ CrGs

f ÞÝÑ Spf q :
"

G ÝÑ G
x ÞÝÑ f px�1q.

This map is called the antipode of CrGs. A bialgebra with an
antipode is called a Hopf algebra.
Dually, if B is a Hopf algebra, then the monoid charpBq is a
group.
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Question
What if G is a ring?

We now assume that G has two products � and �, such that
� and � are associative and unitary, with respective units
0G and 1G.
� is distributive on the right over �: for any x , y , z P G,

px � yq � z � px � zq � py � zq.

We do not assume that � and � are commutative, nor the left
distributivity.
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We consider the algebra B � CrGs. Under some conditions,
one can dualize the products � and � as two coproducts

∆ : B ÝÑ B b B, δ : B ÝÑ B b B,

with the following conditions:
∆ and δ are algebra morphisms.
∆ and δ are coassociative:

p∆b IdBq �∆ � pIdB b∆q �∆, pδ b IdBq � δ � pIdB b δq � δ.

∆ and δ have counits ε∆ and ϵδ, which are linear forms on
B.

pε∆ b IdBq �∆ � pIdB b ε∆q �∆ � IdB,

pϵδ b IdBq � δ � pIdB b ϵδq � δ � IdB.
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∆ and δ cointeract:

p∆b IdBq � δ � m1,3,24 � pδ b δq �∆,

pε∆ b IdBq � δpf q � ε∆pf q1.

We shall say that pB,m,∆, δq is a double bialgebra.
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A simple example

We consider G � pC,�,�q. Then CrGs � CrX s, with its usual
product and the coproducts given by

∆pX nq �
ņ

k�0

�
n
k



X k b X n�k , δpX nq � X n b X n.

The counits are given by

ε∆pPq � Pp0q, ϵδpPq � Pp1q.

Then pCrX s,m,∆, δq is a double bialgebra.
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A simple example

We consider G � pC,�,�q. Then CrGs � CrX s, with its usual
product and the multiplicative coproducts given by

∆pX q � X b 1� 1b X , δpX q � X b X .

The counits are given by

ε∆pPq � Pp0q, ϵδpPq � Pp1q.

Then pCrX s,m,∆, δq is a double bialgebra.
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Graphs

HG has for basis the set of all finite graphs. The product is the
disjoint union. The first coproduct separate the vertices of the
graph into two separate parts, whereas the second one
contracts some connected parts.

Examples

∆p q qq_ q � q qq_ b 1� 1b q qq
_ � 3 qq b q � 3 q b qq ,

∆p q qq_ q � q qq_ b 1� 1b q qq
_ � 2 qq b q � q q b q � 2 q b qq � q b q q ,

δp q qq_ q � q b q qq_ � 3 qq b q qq � q qq_ b q q q ,
δp q qq_ q � q b q qq_ � 2 qq b q qq � q qq_ b q q q .
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Rooted trees

HT has for basis the set of rooted forests. The product is the
disjoint union. The first coproduct separates the tree into a
lower and a upper part (Butcher–Connes–Kreimer coproduct),
the second one contracts subforests
(Calaque–Ebrahimi-Fard–Manchon coproduct).

These structures are used in quantum field theory
(renormalisation), in the theory of operads (pre-Lie algebras),
and numerical analysis (Butcher’s group of Runge-Kutta
methods), among others.
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Examples

∆p q � b 1� 1b � 2 b � b ,

∆p q � b 1� 1b � b � b ,

δp q � b � 2 b � b ,

δp q � b � 2 b � b .
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Second coproduct

The algebra HNCP is the free commutative algebra generated
by NCP. Its (commutative) product is denoted by �.
A basis of HNCP is given by commutative monomials of
elements of NCP. Note that

� � , � , � � , � � ,

� � � .
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First structure
Second coproduct

The first coproduct is given by separation of blocks into a lower
part and an upper part:

∆p q � b 1� 1b ,

∆p q � b 1� 1b � b � b ,

∆p q � b 1� 1b � b � b ,

∆p q � b 1� 1b � b ,

∆p q � b 1� 1b � b p � � 2 q � 3 b .

For any noncrossing partition P, ε∆pPq � 0.
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First structure
Second coproduct

The second coproduct is given by fusions of blocks:

δp q � b ,

δp q � b � � b ,

δp q � b � � b ,

δp q � b � � b ,

δp q � b � � � p � � q b � � b .

For any noncrossing partition P,

ϵδpPq �

#
1 if P has one block,
0 otherwise.

Theorem
With these two coproduct, HNCP is a double bialgebra.
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We consider a double bialgebra pB,m,∆, δq.

Proposition

Let pB1,m1,∆1q be a bialgebra and let EBÑB1 be the set of
bialgebra morphisms from pB,m,∆q to pB1,m1,∆1q.
The monoid of characters MB of pB,m, δq acts on EBÑB1 by

ϕø λ � pϕb λq � δ.
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When B1 � CrX s, under a condition of connectivity on the
coproduct ∆:

Theorem
1 There exists a unique ϕ1 : B ÝÑ CrX s, compatible with

both bialgebraic structures.
2 The following maps are bijections, inverse one from the

other:"
MB ÝÑ EBÑCrX s
λ ÞÝÑ ϕ1ø λ,

"
EBÑCrX s ÝÑ MB

ϕ ÞÝÑ ϕp�qp1q.

The bialgebra morphisms from pB,m,∆q to pCrX s,m,∆q will be
called polynomial invariants, and the morphism ϕ1 will be called
the fundamental polynomial invariant.
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Proposition

For any x P B, with ε∆pxq � 0,

ϕ1pxq �
8̧

n�1

ϵbn
δ � ∆̃pn�1qpxq

X pX � 1q . . . pX � n � 1q
n!

.

Here, ∆̃ is the reduced coproduct:

∆̃pxq � ∆pxq � x b 1� 1b x ,

and ∆̃pn�1q is defined by

∆̃pn�1q �

#
IdB if n � 1,
p∆̃pn�2q b IdBq � ∆̃ otherwise.

The connectivity condition means that the reduced coproduct is
locally nilpotent.
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Bialgebra morphisms
The antipode

Example: HG

For any graph G, for any n P N, ϕ1pGqpnq is the number of maps
c : V pGq ÝÑ rns such that if tx , yu is an edge of G, then
cpxq � cpyq.

In other terms, ϕ1pGq is the chromatic polynomial.

Example: HT

For any rooted treeT , for any n P N, ϕ1pT qpnq is the number of
maps c : V pT q ÝÑ rns such that if px , yq is an edge of T , then
cpxq   cpyq.

In other terms, ϕ1pT q is the strict Ehrhart polynomial.
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Bialgebra morphisms
The antipode

Usually, it is quite difficult to compute the antipode of a given
Hopf algebra. Under the connectivity condition, one can use
Takeuchi’s formula: if ε∆pxq � 0,

Spxq �
8̧

k�1

p�1qkmpk�1q � ∆̃pk�1qpxq.

Inconvenient: a lot of cancellations. For example, in CrX s,

SpX 3q � �X 3 � p3XX 2 � 3X 2X q � 6pXXX q � �X 3,

SpX 4q � �X 4 � p4XX 3 � 6X 2X 2 � 4X 3X q

� p12XXX 2 � 12XX 2X � 12X 2XX q � 24XXXX � X 4.
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Bialgebra morphisms
The antipode

Antipode

Let pB,m,∆, δq be a double bialgebra. We assume that the
counit εδ has an inverse α in the monoid of characters of
pB,m,∆q. Then pB,m,∆q is a Hopf algebra, of antipode

S � pαb Idq � δ.
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Bialgebra morphisms
The antipode

Link with morphisms to CrX s
Let ϕ1 : B ÝÑ CrX s be a double bialgebra morphism.
Then εδ has an inverse α in the monoid of characters of
pB,m,∆q, given by

αpaq � ϕ1paqp�1q.

Therefore, pB,m,∆q is a Hopf algebra, and its antipode is given
by

Spxq � pϕ1 b Idq � δpxqloooooooomoooooooon
PCrX sbB |X��1.
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If P is a noncrossing partition, we can write the iterated
coproducts of P under the form

∆pn�1qpPq �
¸

P|f�1p1q b . . .b P|f�1pnq,

where the sum is over all maps f : P ÝÑ rns such that if B1 is a
block of P nested in the block B of P, then

f pPq ¤ f pP 1q.
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If P is a noncrossing partition, we can write the iterated
reduced coproducts of P under the form

∆̃pn�1qpPq �
¸

P|f�1p1q b . . .b P|f�1pnq,

where the sum is over all surjective maps f : P ÝÑ rns such
that if B1 is a block of P nested in the block B of P, then

f pPq ¤ f pP 1q.

Moreover, ϵδpPf�1piqq � 1 if P|f�1piq is a monomial of noncrossing
partitions reduced to a single block, and 0 otherwise.
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If P is a noncrossing partition, we can write the iterated
reduced coproducts of P under the form

∆̃pn�1qpPq �
¸

P|f�1p1q b . . .b P|f�1pnq,

where the sum is over all surjective maps f : P ÝÑ rns such
that if B1 is a block of P nested in the block B of P, then

f pPq ¤ f pP 1q.

Moreover, ϵδpPf�1piqq � 1 if P|f�1piq is a monomial of noncrossing
partitions reduced to a single block, and 0 otherwise.
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This gives:

Theorem
For any noncrossing partition P, for any n P N, ϕ1pPqpnq is the
number of maps f : P ÝÑ rns such that:

If B’ is nested in B, then f pBq   f pB1q.
If f pBq � f pB1q and maxpBq   minpB1q, then there exists
B2 P π such that

smaxpBq,minpB1qrXB2 � H and f pB2q   f pBq � f pB1q.

Such a map f will be called a valid coloration of P.
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The combinatorics of noncrossing partition allows to inductively
compute ϕ1. We denote by BasepPq the set of blocks of P which
are minimal for the nesting.

Proposition
Let π be a noncrossing partition. Then

ϕ1pPqpX � 1q � ϕ1pPq �
¸

BPBasepPq

ϕ1pPB
1 qϕ1pPB

2 qϕ1pPB
3 q,

with

PB
1 � P|r1,minpBqr, PB

2 � P|rminpBq,maxpBqszB, PB
3 � P|smaxpBq,8r
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Idea of the proof

If f : P ÝÑ rns is a valid coloration of P, then, either f�1p1q is
empty or is obtained on a unique element of BasepPq.
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Examples

ϕNCPp q �
X pX � 1q

2
,

ϕNCPp q � X pX � 1q
�

X �
3
2



,

ϕNCPp q �
X pX � 1q2

2
,

ϕNCPp q �
X pX � 1qpX � 2q

3
,

ϕNCPp q � X pX � 1qpX � 2q
�

X �
4
3



.
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For any x P HNCP, we put µpxq � ϕ1pxqp�1q. This defines a
character of HNCP. The antipode of HNCP is given by

S � pµb Idq � δ.

Proposition

For any noncrossing partition P, such that Basepπq � π,

µpPq � µ
�
P|Basepπq

�
µ
�
P|�πzBasepπq

�
.
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It is needed now to compute for noncrossing partitions reduced

to their bases. We denote by Catn �
1

n � 1

�
2n
n



is the n-th

Catalan number.

n 0 1 2 3 4 5 6 7 8 9 10
Catn 1 1 2 5 14 42 132 429 1430 4862 16796

Note that the number of noncrossing partitions of rns is Catn.

Proposition
Let P be a noncrossing partition with k blocks such that
BasepPq � P. Then

µpPq � p�1qk Catk .
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Examples of antipode

δp q � b � � � p � � q b �

� b ,

Sp q � �5 � � � 5 � � .
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We are now interested in the fundamental polynomial invariant
of a noncrossing partition P such that P � BasepPq. In this
case, ϕ1pPq only depends on the number k of blocks of P. This
defines a sequence pψk qk¥0 of polynomials.
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Examples

ψ1 � X ,

ψ2 � X 2 � X ,

ψ3 � X 3 �
5X 2

2
�

3X
2
,

ψ4 � X 4 �
13X 3

3
� 6X 2 �

8X
3
,

ψ5 � X 5 �
77X 4

12
�

89X 3

6
�

175X 2

12
�

31X
6

,

ψ6 � X 6 �
87X 5

10
�

175X 4

6
�

281X 3

6
�

215X 2

6
�

157X
15

.
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Proposition

Let M � pMk ,lqk ,l¥1 be the infinite matrix defined by

Mk ,l �

$&
%
�

l
k � l



if k ¥ l ,

0 if k   l .

Then �
����

ψ0
ψ1
ψ2
...

�
���
� eX lnpMq

�
����

1
0
0
...

�
���
.
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A remark on M

M is the Riordan array of p1� t , tp1� tqq.

Definition
If P,Q P Crrtss, with P of order 0 and Q of order 1, the Riordan
array of P is Q is given by

Mk ,l � rtk spPQlq.

Riordan arrays form a group of infinite triangular matrices.
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We develop the polynomial ψk on the basis of Hilbert
polynomials:

ψk pX q �
8̧

i�0

ai,n
X pX � 1q . . . pX � i � 1q

i!
.
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izn 1 2 3 4 5 6 7 8 9 10
1 1 0 0 0 0 0 0 0 0 0
2 0 2 1 0 0 0 0 0 0 0
3 0 0 6 10 8 4 1 0 0 0
4 0 0 0 24 86 172 254 302 298 244
5 0 0 0 0 120 756 2734 7484 17164 34612
6 0 0 0 0 0 720 7092 40148 172168 621348
7 0 0 0 0 0 0 5040 71856 585108 3589360
8 0 0 0 0 0 0 0 40320 787824 8720136
9 0 0 0 0 0 0 0 0 362880 9329760

10 0 0 0 0 0 0 0 0 0 3628800

These coefficients are not so well known. For example, no
entry of the OEIS contains the term 172168 � a6,9.
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if n, k1, . . . , kp ¥ 1, we put

ζnpk1, . . . , kpq �
¸

1¤n1 ... np¤n

1

nk1
1 . . . nkp

p

.

Proposition
For any n ¥ 2,

@n ¥ 1, an,n � n!,

@n ¥ 2, an�1,n � n!
�

n � 1
2

� ζnp1q


,

@n ¥ 3, an�2,n � n!
�
ζnp1,1q �

n
2
ζnp1q �

p3n � 2qpn2 � n � 6q
24n



.
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Thank you for your attention!
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