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A coarse n - cochain (with values

in!! ": tundra :n:n
.

?
• skew-symmetric

• supported on a co - controlled subset
.



Let C
" (n ; V) be the space of coarse

n - cochains .

Ch( n ; VA) & Cn Cn ; V) are naturally

dual :

< A 'd) =@¥! §
. .

.pnAPo . - - Pnldlpo, -PND

or a chair) → c'
'

(niv ) is

the adjoint of D :

( GA ,p> = LA
, ED

DIE
.

The cohomology ot ( c. (n ;D , 8 )
is called the coarse cohomology of N .

lt N is ieniformly filling ,
then

Hncniv) -- H! Cpd ;D = {
V. it n - d

O
, it ntd
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.
WZW forms for dz I and

coarse geometry .

or"7t7= I { F'S} CHA- HPD =

= LF
"

,
2)

Llp, g) = flq) - ftp.
Technical problem :

Fb) is not a coarse I - chain .

Generalization (B . Yang) ?

Det
.
A -

- A
""
→ V is a

co - controlled - summable n - chain if

• A is skew-symmetric

• t co -controlled Dc Ant
'

* §
" A 11 cos

( it is assumed that

V is a Banach space)

D is still well - defined .



Dual objects are coarse co - chains

which are founded functions on N
""

.

Luckily
, for A = 21 CIR the l - cocycle

Xp , g) is bounded ⇒ Cfb? D is

a well - defined 3 - form on M .

More generally
,
I believe for a

uniformly filling NCIRD the map
n

'

"founded (n ; IR) → H (n ; IR)

is an isomorphism tf n
.

And the map

Hn Cair) → Hans Finale (a ;D is

also an isomorphism .



Now we can construct a closed

(dt2) - form Rcd" ) on the parameter

space M as follows .

Recall the
" descent equations

' '

:

defy = ftp.dfg?=EpFp?r , . . .

In our new notation
,

Fpl! !?pn is a co -controlled - summable

n - chain with values

in Chez) -forms on M
.

Bi - grading ? • form degree
• chain degree

Two differentials : d & @

The descent equations are

dfCnt27s@flht37.n =D , l , . . .

( Kitaeo , unpublished)



Let L E Cd (A ; IR) be a ( bounded)

coarse d - cocycle .

Let

path (a) = L f 'd
"? a) .

Then :

dr
'd"' (a) = Ldf

'd"?2) =L f
'd"? 8D
= O

.

Also :

Dd-12 (atop) - nd"(2) = Cf
'd-12? qD

= f
'd"

, p) = d Cf
'd"? p)

( where PE Cd
- '

(n
,
R))

Thus [ Ddt2677 is independent
Ot L

.

See books les John Roe
.

Ritaer , talk at Dan
Freed's

birthday conference .



Example d=2 .

µ , ¥14)-
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Cd -12)

• Are periods of R quantized ?

Not in general ,

but for SRE

phases expect quantization .

• If so
,

is there a d- gerbe
associated to a family of
d - dimensional SRE systems ?

( O - gerbe = line bundle )
I - gerbe = geo be

2. geabe = ?
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.
Examples of topologically non- trivial

families of yapped systems .

① free fermions on a Cd lattice

H = Eat hi . ai
,
hi - O if Ii -ji > N

j
,

EEZ

Specialize ¥0 hi. = h (i -j)
( translationally - invariant case)

.

Fourier transform :

HCN = fdzdtatcplacplhcp.cl) .

Can choose TCP, d) so that there is
a gap in the spectrum t p ES

'

,
them

.

Say , O E gap .

Then projector to negative eigenvalues

defines a bundle E- over S
' XM

Proposition (Spodyneiko t A. k . )

#" I - Schlein !tr⇐aE.)
S"

f= curvature of the Berry -Bl%hnnecfion



② Continuum model of free fermions
in Itld .

Two complex fermions 4= ( 44! )
L = - tidy - iucmotiy

" NT -874

(mo,NT)E S3 CIR
"

.

( Aba nor - Wiegmann model)

Sett = I 4* w t . . .

1122

I? dal" . If Eab
'd MadMbdM'dmd .

+ O ⇒ gainless point
N
-
B . for" at

'into
s
'

is robust w- n - to

arbitrary interactions .
" Diabolical point

"

in H1 d .

See 2004.10758 ( Hsiu + Thorngren '- AM


