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Part Ill: The Unruh state for fermions and its
Hadamard property
(with C. Gérard and M. Wrochna)
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Choice of states

Oy is generator of null geodesics on the past horizon.

G, 850 x 435 pixcls) - Redimensi

U black hole

The acceleration of the integral lines of vy on the past horizon is
a = kq!

Lsurt 2500512023 14:46.
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I11.1 Propagators

Characteristic manifold
The principal symbol of D is the section op € C°(T*M \o; End(S*,S))
given by

op(,€) =T (g~ (x)¢), (2,€) € T"M \o.

The Weyl operator D is pre-normally hyperbolic, i.e., there exists a
differential operator D' such that (op o op)(x,&) = (€ - g~ (2)€)1.

The characteristic manifold of D is defined as
Char(M) = {(z,§) € T*"M \o : op(z,&) is not invertible}.
By the Lemma,
Char(M) = {(x,&) € T*M \o : £-g *(2)6 =0} = N.
Its two connected components are
NE=Nn{(z,§) €eT*M\o : +v-£ >0,
Vv € T, M future directed time-like}. (1)
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An adaptation of an argument due to Dimock to the case of
general pre-normally hyperbolic operators gives the existence and
uniqueness of retarded and advanced propagators, G,et and G,qy.
Recall that Gye(/aqy is by definition a two-sided inverse of D (on
test sections) such that

SUpP Greg/advt C Jx(suppv), v € CF(M;S), where Jo(K)
stands for the causal future/past of K C M. The Pauli-Jordan or
causal propagator is the difference G = Gyet — Gagy-

We have

(1)1|GU2)M = —(lelvg)M, v; € CSO(M,S), (2)
i.e. G* = —G for the pairing (-|-)as defined in (?7?).

Theorem (Duistermaat-Hérmander)

WE(G) CC={(X1,X2) e N xN; X1 ~ Xao}.
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Cauchy problem

If S is a space-like Cauchy surface, the Cauchy problem

D¢ =0,
rs¢ = ¢ € C°(5;5%),
where S is the restriction of S* to S and rg¢ = ¢g, has a unique

solution ¢ =: Ugp € Sols.(M).
For all ¢ € Sols.(M) one has:

¢<x>:=-—§/;«s<x,y>r<g1Lo<y>¢<y>i7<dvou»<y>,

(S =Kerv, v-l =1). Choosing | = n,v = —gn, where n the
future directed vector field normal to S, this can be rewritten as

wmz—AGmmwmmwwmmwx

where h is the induced Riemannian metric on S.
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Equivalent Hilbert spaces

We now recall other Hilbert spaces unitarily equivalent to
Soli2(M). Let X be a smooth space-like Cauchy surface.

Proposition

The following maps are unitary

(peetiidhs 1G) —=— (Sol(M), (-|)p) — = (C2°(3:S%),vy)

where B -vsps =1 [5 §1-T'(n)pa dvoly, ¢; € CP(X;SY).

As a consequence of the Proposition we have the identities
(¢1|¢2)]D) = (’U]_|IG’U2)M = (1Gv1]v2)M, for (;5z = Gu;, v; € CSO(M, S),
which extends to

(v@)ar = (Gu[@)p, v e CF(M;S), ¢ € Sol2(M).  (3)
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[11.2 Algebraic quantization of the Weyl equation
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CAR algebras

Let (), v) be a pre-Hilbert space. We denote by CAR(Y,v) the
unital complex *-algebra generated by elements 1 (y), ¥*(y),
y € )V, with the relations

Y(y1 + Ay2) = V(Y1) + M (y2),

V' (Y1 + Ay2) = P(y1) + M (y2), y1,y2 € Y, A € C,

[ (Y1), ¥(y2)]+ W*(yl) V*(y2)]+ =0,

[W(y1), ¥ (y2)l+ = U1 - vyel, y1,42 €V,

V() =v*(y), y € y

where [A, B]1 = AB + BA is the anti-commutator.
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Definition (States)

A linear functional w over the C*— algebra Uf is defined to be
positive if

w(A*A) >0, VA € U.

A positive linear functional over a C*— algebra U with ||w| =1 is
called a state.

Definition (Quasi-free states)

A state w on CAR(Y,v) is a (gauge invariant) quasi-free state if

w (T (W) () =0, ifn # m,
w (T () () = > sgn(o) Iy (* (4 (h))-

U’ESn
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Quasi-free states

A quasi-free state w on CAR(), v) is determined by its
covariances A\ € Ly (Y, Y*) (hermitian form on )), defined by

wW(y)Y* (y2)) = TA Y2, W@ (y2)(y1)) = TNy, Y1, y2 €Y.

A pair of Hermitian sesquilinear forms A* on ) are the covariances
of a quasi-free state on CAR(Y, v) iff

ME>0, AT+ =

It follows that A* uniquely extend to the completion VP! of ) for
v.

Definition

The quasi-free state w on CAR(Y,v) is a pure state iff there exist
projections 7 on VP! such that

At =vort.

Note that 7= are selfadjoint for v and 71 + 7= =-1.
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[11.3 Hadamard states for the Weyl equation
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Spacetime covariances

A quasi-free state w is specified a pair of spacetime covariances (or
two-point functions if one speaks of the associated Schwartz
kernels), i.e. a pair of operators AT satisfying:

i) AE: CX(M;S) — D'(M;S*) is linear continuous,
ii) AT >0,
iii) AT+ AT=)1G,

iv) DAT=A*D =0.
Alternatively, one can define the state w by its solution space
covariances, i.e. operators C* € B(Sol;2(M)) such that
C*>0, Ct4+C =1

C* is pure if (C*)%2 = C*. By Proposition 1, the two types of
covariances are related as follows:

7- AT v = (Gu|CEG)p, v e CX(M;S).
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Hadamard states

Definition (Radzikowski)

A quasi-free state w on CAR(M) is a Hadamard state if it satisfies
(the Hadamard condition):

WF(AT) € NE x NE,

where N and N/~ are the two components of the characteristic
set defined in (1).

Here (z,£,y,n) € WF(A) < (2,€,y,—n) € WF(A). Recall that
WF(A* u) € yyWF(AT) UWF(A%) (WF(u)), where
ul = {(.1‘1,51) e1T*M \ 0; dxosuch that (ml,&,xg,O) € F}.

Proposition

Suppose that WF((CF)z¢) C NE Vg € Soly2(M). Then the
state w is a Hadamard state.
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Oscillatory test functions 1

Let 2 C R™ be an open set. For z € Q, ¢ = (z,£) € T*Q \o and
X € C(£2) we denote

vé‘(a:) = x(z)e ™ N> 1.

We then extend the definition to manifolds by chart
diffeomorphism pullback. We will say that a function v;‘ of this
form is an oscillatory test function at qo = (z0,&o) if v} (wo) # 0.

Definition

We say that w;‘ is a generalized oscillatory test function at

qo = (z0,&) € T*M \o if it is of the form wé = A*vé‘, where

A € WO(M) is properly supported and elliptic at g, and vé\ is an
oscillatory test function at ¢p.
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Oscillatory test functions 2

Lemma

Let X C D'(M) and letT' C T*M \o be closed. Then WF(u) C T
for all w € X iff for all non-zero qy € T*M \ T there exists a
generalized oscillatory test function w(}\ at qo such that for all

u€e X and N € N,

[(wylu)a| < CunA™, A >1,

uniformly for q in a neighborhood of qy in T*M \o.
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Oscillatory test functions 3

Suppose that for any qy € N'T there exists a generalized oscillatory
test function vé\ at qo such that if qb;‘ = Gvé‘ one has

1(C*)2)lp < OnA~™N, VN €N

uniformly for q in a neighborhood of qy in T*M \o. Then w is a
Hadamard state. |

Proof. It suffices to prove that WF(AT) N A c N+ x N'F,
where A C T*M x T*M is the diagonal. If gg € NT and U;\ are
as in the lemma, we have

AR = ()00 = I(CH) 7)1 € OAN), N eN,

so (qo,qo) ¢ WF(AT)’, which by the remark above implies that w
is a Hadamard state. E]
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Proof of the proposition

Let go € N T and N € N. By the hypothesis we have
WF((C¥)2¢) € N* for all ¢ € Sol2(M). We then use Lemma 8 to see
that there exists a generalized oscillatory test function v;‘ at qo such that

SUpy>q )\N|(U$‘|((Ci)%qﬁ)M| < 0o V¢ € Solpz(M).
Applying the uniform boundedness principle to the family of linear forms

Ty : Soliz(M) 3 ¢ = AN (02 [((CF)2¢)ar € C
we obtain that

sup  AV|(03[((CF)7d)u| < 0.
A21[1gllp=1

Denoting ¢y = Gu, and using also (3) this gives

I(CE)2 )1l = sup [((C*)7¢(d)nl

ll$llp=1
1 1 -
= sup [(¢p(CF)2¢)n| = sup |(v3](CF)2d)u| € ONY)
ll¢llp=1 l¢llp=1
which by Lemma 9 implies that w is a Hadamard state. O
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Motivation and examples of Hadamard states

Hadamard states look microlocally like vacuum states on
Minkowski, they also permit to renormalize the quantum energy
momentum tensor.

Examples if (M, g) has time-like Killing vector field Oy:

(1) C* = 1p=(Dy) is the vacuum w.r.t. 9; (it is pure)
(2) C* = (14 eTAPt)~1 is the thermal state at temperature
T =71 wr.t. 8; (it is mixed)

One can take more general functions x+ € L>°(R) such that
X+ > 07 X+t X-= 17 X:I:(A) € O(AiN) inR¥7

sing supp x+ compact. The associated states are mircolocally
passive. Non existence theorems by Kay, Wald and Pinamonti,
Sanders, Verch for a Hadamard state associated to a Killing field
that is not everywhere timelike.
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Existence of the Unruh state, first version

Consider D¢ = 0. We define a pure state on My by taking:

on H we take 1g, (—Dy) (“Kay-Wald vacuum™)
on #~ we take 1g, (Dy+) (asymptotic vacuum)

Theorem (Gérard-H-Wrochna '20)

For |ajm~! << 1, the so-obtained Unruh state is pure and
Hadamard in Myy1. Its restriction to My is asymptotically thermal
with respect to vy at the past horizon H~ with temperature equal

. _ Ry
to the Hawking temperature Ty = 5-.

Remark: Oy is not Killing! Yet Hadamard condition and symmetries of the
problem impose this choice. Recall Hadamard condition:

WF(C*¢) € NE  for all solutions of /¢ = 0

Interpretation: :¢%: doesn't blow up at %™, “smooth” extendability across ™.
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Emergence of the Hawking temperature

For 8> 0, let Xg[(s) = (1 +eFP)~L Let D, =17'9, acting in
L?(R),

Xfo(Dm) =1 " o 1lg+(D,) 01

the restriction of 1+ (D) to L2(RT) (2: L>(RT) — L*(R)
canonical embedding),

A= é(IL‘Dx + Dyz) =1 Yz0, + %)

the generator of dilations.

On L*(R*) we have xX (D) = xa.(A).
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Proof of the lemma

Schwartz kernel of x% (D)
Xoo(D2) () = 1(2m) 72 (2 =y £10) 7 4)

The Mellin transform M diagonalizes the generator of dilations,
meaning that
VE(A) = Mo xE(0) o M, (5)

where X:ﬂt(O') denotes the operator of multiplication by X%E. A brief
computation using the Mellin transform shows that the Schwartz
kernel of (5) equals

Gy = M), (6)
On the other hand,
(MNE ) (2) = 21(2m) "2 (z — 1 £10)7"

in the sense of distributions. Plugging this into (6) and comparing
with (4) yields the result. El
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Construction of the Unruh state

@ We restrict our discussion to block I.
@ In M; we construct the Unruh state on Ker;2 ID by

CT =Py x2n (i L3y) + Py 1ps (i L),
<y

where P4, and P ,— project to solutions that go to H~ and
Z~. Ly and L s are Lie derivatives of spinors along the
vector fields vy and v .

@ Idea : estimate WF of C"¢ in terms of wavefront set on
H~, £~ using reconstruction formulae :

o) = — /S Gz, y)T(g~"0) (1) (w)if (dvoly) (4).

Here G is the causal propagator, T'S = Ker v, [ transverse to

S, v-l = 1. By scattering theory this kind of formulae can be
extended to L? solutions.
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A key proposition

Proposition

Let (M, g) be an oriented and time oriented Lorentzian manifold of
dimension n, and let S C M be a null hypersurface equipped with
a smooth density dm. Foru € E'(S) we define §s @ u € E'(M) by:

/ (0s ® u)pdvoly := / updm, ¢ € CF(M).
M S

Let also X be a vector field on M, tangent to S, null, future
directed on S and suppose G € D'(M x M) satisfies

WF(G) C {(q,¢) e N xN : q~¢'}. Then for any u € '(S)
one has the implication:

WF(u) C {(y,n) € T"S\o : £n-X(y) > 0}
= WF(G(0s @u)) Na Y M\ S) c NE.
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Application to our setting

@ IfWF(G)' has no points of the form (1,0, x2,&2), then

WF(G(v)) ¢ WF(G) (WF(v)).
© Recall that we have

WF(G)' C{(¢,¢) e N xN : g~ ¢'}.

© Refinement of a strategy initiated by Moretti.
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Proof of the key proposition 1

We have
WF(G(6s ® u)) € WF(G) (WF(§s ® u)). (7)
Denoting by i : S — M the canonical injection, we have:
WF(6s ® u) C (i*) 1 (WF(u)) U N*S, (8)

where N*S = {(z,§) € T*"M \o : © € S, §1,,5 = 0} is the
conormal bundle to S.

Let now (z1,&1) € WF(G(ds ® u)) with 21 € S. By (7) there
exists (x0,&p) € WF(dg ® u) such that (x1,&1) ~ (z9,&o). Since
91,5 is positive semi-definite with kernel RX (x), we can find
L C Ty, S space-like with T;,,S = L & RX (x0). The orthogonal
L+ is time-like and 2-dimensional, hence contains two null lines,
RX (x0) and Ro for v € Ty, M transverse to S. We can assume
that X (z¢)-g(xo)v = 1 and v is future directed.
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Proof of the key proposition 2

We fix a basis (w1, ...,w,—_2) of L and denote by = = (y1,42,v’),
y' € R"~2 the coordinates in the basis (v, X (x¢), w1, ...,w,_2) of
Ty M.

We have then

x-g(z0)x = 2y192 — y'-hy’, where h > 0,

and consequently, for & = (11,72, 7’) expressed in dual coordinates, we
have

o-9(xo) &0 =2mn2 — -1 (9)

Since (9,&) € N, we have & -9~ (x¢)& = 0. On the other hand, from
(8) either (zg,m2,7’) € WF(u) or o =10’ =0, i.e. (z0,&) € N*S.
Since h is positive definite and the |.h.s. of (9) vanishes, 7o = 0 implies
17’ = 0. Therefore we have &, = (11,72, 7’) with either

2mne —n'-hy' =0, (zo,m2,n") € WF(u), mn2 #0, (10)

or (zp,&) € N*S.
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Proof of the key proposition 3

Let us first consider the second case. The fact that S is null is
equivalent to N*S C N, which using the fact that N*S is a
Lagrangian submanifold of T*M implies that N*S is invariant
under the bicharacteristic flow. Therefore the null bicharacteristic
from (xo,&p) stays in N*S, hence above S, and thus cannot reach
the point (z1,&1) which is above M \ S.

Let us now consider the first case. Since by assumption

WF(u) C {(y,n) € T*S\o : £n-X(y) > 0} we deduce from (10)
that +172 > 0 and +m; = %ngln’-hn’ > 0. Therefore

(xo,fo) € N'* hence (x1,§1) e N=* since (xl,gl) ~ (:L‘(),f()). This
completes the proof of the proposition. O
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Choices of surfaces

Null geodesics that do not reach ™~ nor .~ are still problematic.
B However, we can use special form x 2= (i " *L3) and 1z+ (i ' L) to
o
control wavefront set in region where vy and vy are time-like.

» If ajm™! < 1, then all bad null geodesics reach a region where v3 and
v.s are both time-like, so we can use propagation of singularities.
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Summary

Definition

The Unruh state wy; is the quasi-free state on CAR(M) with solution
space covariances: Cii = Sy (1g= (—17'0y) ® 1g+ (1719p)) Su.

Theorem (Gérad-H-Wrochna '20)

@ The Unruh state wyy is a pure state.

@ The restriction wni, of wy to My has covariances
Cﬁl = 1\7111 (X;}, (=17 'k (Udy + %)) ® Xtﬂ}_(flaﬁ)) S,

for Xi—()‘) = 1g=+(N), Xjff =1+ e:FTEIA)_l, where
Tu = (2m) "'k, is the Hawking temperature.

Theorem

There exists 0 < ag < 1 such that if |ajm™! < ag then the restriction
WMy Of the Unruh state wy to Myur is a Hadamard state.
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