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Polyptych Varieties

- more general than toric varieties

- admit combinatorial description

- admit many toric degenerations





T

N = Hom((*,T)

M = Hom (T
,
(*)

N + M-> 2 pairing

[E Nir fans
whore do limits

go
?

A : Mir polytopes
which functions extend ?
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X2 proper
[ complete

smooth "Smooth"

projective inner normal fan

of a polytope

- class group , Picard group

N
,
M are the same kind of object

2

Duality





Beyond Toric Varieties
combinatorial varieties

Grassmannians
, Spherical Varieties

T Varieties
,
dimT(dimX

Toric Vector Bandles

Mori Dream Spaces



Beyond Toric Varieties

(M-side)
- Combinatorial model of

the coordinate ring

(N-side)
- Combinatorial collection

of boundary divisors

&divisorial valuations)



M-side

Toric Degeneration

X -

a projective variety

E n + (1) = X

↓
*

n
" 10) = XA

D
atoric variety
with polytope A



M-side

Toric Degeneration

X = Xa

A = MQ combinatorial Model

of the coordinates

on X



M-side

Mutation

Theorem (Escobar · Harada)

Suppose X = XD., XDL
are "close" foriz degenerations,

Then Here is a piece-wise line

bijection M : Mia -> Ma
, Q

with u /S . ) = D2
.



N-side

Tropical Skeleton

Suppose It is birational

to
many tri Ti itI

then Here are piecewise linear

bijections

iseI Mij : Ni ->Ni





Polyptych Varieties

& affine variety with a
combinatorial coordinate wing,

and a large collection

o divisorial valuations

X = 2 Divisorial compactification

XXX = D
,
0 --Da

pairing
5. D -> ordp(5)

Both functions and Divisors

are parametrized by the same

sort of object.





Polyptych Lattices

= [Mi ,Mij1ii =13

M := It rank(1) = ~

M:> M;
piecewise linear bijaction

MijoMir = MiR



Miz(a,b) = (a, b- min[a , 03)

M(x , y) = (x , y + min(x , 03)

> 2

L

M
. Ma



Elements

I = UMi/Mis (u ~mi

&MR real elements (MiDIR)

Chart maps

4 : m -> M :

Chart Addition

m
. +, mc

= & (tim , + m2)



Polyptych Polyhedra
C :MIR is convex

If di C is convex itI

M
. Ma



Canonical Semialgebra

San : <[m]/mem >/
⑦ m ~ An if cour(s)
meS neT

= cour(T)

Swi]* [mc]= [m+im

·D"- additive ; dentity

[] = 3sus/maz3 = San



If I has one chart:
W

- See isDe semialgebra

of integral polytapes
in IR" w//t
Minkowski sum/carrex hall

of unian

* T

⑦ =



Semialgebra of Convex functions

Pan = [5 :m - 2)

God:
"
is convex,

placewise linear

for each

%:: m +M : 3

Tram = Par
= Sp :m - 2
pod:
"
is linear

for some chart 3



Duality
M ; N are a dual pair if

San Par [i]= To

Pa = Sar Tm=[*]

Inducing a pairing

N-2 -> D



Miz(a,b) = (a, b- min[a , 03)

M(x , y) = (x , y + min(x , 03)

> 2

L

M
. Ma

El is Self-dual



Example (Escobar, Frins-Medina, Harada , Magee, M)

Let A be a skew - Symmetric,

non-degenerate cluster algebra
with U = Spec(A)

Trop (U) is a self-dual polyptych lattice

- Grm(n)
- Del Pezzo Surfaces
- Modali of Local systems



Mod r
,
d 2

Mrd(i) = Model = &(a, ,
. .

-

, ar
,

b, . . . 5
: - - bd)3

(a ,
b ..

· 5: -- bl)

↓ Misc
&, b .

- bir
,
min (a) - [b,bix - - Ei

.
. . . ba)

Mid and Mar are dual.



M is finite type if 11K*
~

For I finite type let 52

denote the common refinementof

The subdivisions defined by Mij
into domains of linearity.

Theorem I f Ir is finite type
then 92 has a deal N iff

& EachMij is convex .

② Each YESI is convex.

E TTcar/R0" a polyhedral sphare .

& is finite and unique
up to isomorphism .





Geometry

N
.
M T= No *

W
,
M 3



A/k a domain

A valuation

0: A+ So

satisfies

v (fy) = v(f)a v(y)

~If + y) > v(f) Gily)

v((f) = v(f)( = 4
+

v(0) = 0



5 : A -> Sa

is a Detropicalization
of M if

① Grell (A) = rank (14)

② v is outo

Like choosing coefficients
for San



If I has one chart:
W

- Any detropicalization is a

Lorrent Polynomial wing in
~ variables

.

- See isDe semialgebra

of integral polytapes
in IR" w//t
Minkowski sum/carrex hall

of unian

- v/f) is the Newton
polytope of 5.

&

x + y + -> & &

&



G[X
, y ,
t

=]/xy - t - 1

Miz(a,b) = (a, min(a , 03 - b)

M(x , y) = (x , y + min(x , 03)

> 2

L

M
. Ma



Mod r
,
d 2

Mrd(i) = Model = &(a, ,
. .

-

, ar
,

b, . . . 5
: - - bd)3

(a ,
b ..

· 5: -- bl)

↓ Misc
&, b .

- bir
,
min (a) - [b,bix - - Ei

.
. . . ba)

((x .. -
-

,xrjy * --- yd
=

]/
( X - xr - y , - ..

- ]d]



M
,
I dual

In general There are
Moduli Wan of

Detropicalizations of M



M
,
I dual

A/k a dotropicalization ofD

2 = Spec(A)

9 is a normal variety

each noN defines a n

integral ,
divisorial valuation

v : (11) -> X



Polyptych Varieties
M

,
N dual pair

& = Spec(A) for a

detropicalization : :A-> Spe

Definition (Polyptych Variety)
X29

open

XVI = D, ...De dirisorial
boundary

where ordd= On;

for some n . --- net &



Let X29

For
every chart

Mi of M

there is a degeneration

2 = TM
:

= Hom (Mi
,

(*
el el

X = X : normal toric variety

For
every chart Nj of&

There is an open tows

Nic*=Twi = X



Bigon
A = c[f , ,52 ,

Ei
.
54,]/

Su+53 T
Ez

If

+54

55s

f
,

X(9) : D
.

o Dr



&

&





Classification

There is a notion of fan

[ = ENe3



Classification

A/k a dotropicalization ofD

2 = Spec(A)

A has a distinguished
*

generating sat B

Let 0 : Enc-- , neb =
be a collection of primitive elements

= D Ex
,p
=a

4)

B : B affine variety

Tap



Theorem

Let N
,

M be a finite

deal pair,

LetI be
a factorial

detropicalization of Al

① Let[ be a fan

there is a polyptych variety

2 =X



Theorem (continued)

② If X :& ) satisfies

Xva) = D
,

0 -.. De

with ordd:: On .
Den

There is a unique for [
on rays P = En --

,ne3

with X= XC

③ X is a
Mori Dream Space



Bigon
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C = ROZ

Pic = [(7
,
8) + T(8,

-7)

Cox Ring !
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Polytopes
M

,
N dual pair I factorial

* Mir a Polyptych Polytope

there is an inner normal fan [A

XC is projective
iff

[ : [A

for a polytope &



Polytopes
M

,
N dual pair I factorial

For
any

divisor D on XI

There is a polytope Do : MIR
such Bot ho(X

,D)=ora/



Polytopes
M

,
N dual pair I factorial

* "Gorenstein-Fano" makes sense

In this case
, XSy is a Famo

variety.

If I has detepicalization &

Dere is a dual Fano YEg ? &

What can be said aboutHe

hypersurfaces inRese varieties ?



Polytopes fromCombinatories

Theorem (Higashitani , Fujita
arXiv 2603 . 21588 C

For a fixed marked
, granded

poset, T,* X) ,
the marked

chain order polytopes
A

,
o (TT,T*, X)

for various partitions MV
*

= CUO

form a Polyptych Polytope
in a certain dualizable polyptych
Cuttica Mit* X


