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A consequence of Main Theorem

[': a countable group
Y: a CAT(0) space loc. cpt or of finite telescopic dim. (introduced
by Caprace-Lytchak '10)

Theorem (I. '23)

p: I — Isom(Y): a homomorphism
- irreducible symmetric probability measure on ' with finite 2nd
moment w.r.t. p.
If p(I') does not fix a point in Y, then either
e JF C Y a flat subspace with p(I')(F) = F, or

@ Jdy: Opl — OY: a canonical p-equivariant map.

Opl: Poisson boundary of (I', i), dY: boundary at oo of Y.
w: Opl = OY: p-equiv. < p(7)p(§) = (7€) for v €T, € € 0pT.
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A consequence of Main Theorem

[': a countable group
Y: a CAT(0) space loc. cpt or of finite telescopic dim. (introduced
by Caprace-Lytchak '10)

Theorem (I. '23)

p: I — Isom(Y): a homomorphism
- irreducible symmetric probability measure on ' with finite 2nd
moment w.r.t. p.
If p(I') does not fix a point in Y, then either
e JF C Y a flat subspace with p(I')(F) = F, or

@ Jdy: Opl — OY: a canonical p-equivariant map.

Opl: Poisson boundary of (I', i), dY: boundary at oo of Y.

w: Opl = OY: p-equiv. < p(7)p(§) = (7€) for v €T, € € 0pT.
A canonical equivariant boundary map ¢ is often very useful.
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A consequence of Main Theorem

[': a countable group
Y: a CAT(0) space loc. cpt or of finite telescopic dim. (introduced
by Caprace-Lytchak '10)

Theorem (. '23)

p: T — Isom(Y): a homomorphism
: irreducible symmetric probability measure on ' with finite 2nd
moment w.r.t. p.
If p(I") does not fix a point in Y, then either
e JF C Y a flat subspace with p(I')(F) = F, or

@ dyp: dpl — OY': a canonical p-equivariant map.

A canonical equivariant boundary map ¢ is often very useful.
This refines a theorem due to Bader-Duchesne-Lécureux ('16).
Our ¢ is canonical: ¢ is obtained as an extension of an orbit map
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CAT(0) spaces

Y = (Y, d): a complete metric space
e c: [0, T] — Y is a geodesic if Vt, t' € [0, T],
d(c(t),c(t)) = |t —1t|.
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CAT(0) spaces
Y = (Y, d): a complete metric space
e c: [0, T] — Y is a geodesic if Vt, t' € [0, T],

d(c(t),c(t)) = |t —t/].
e Y is a geodesic space if Vp,q € Y, J a geodesic ¢ joining p and gq.
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CAT(0) spaces

Y = (Y, d): a complete metric space

e c: [0, T] — Y is a geodesic if Vt, t' € [0, T],

d(c(t), c(t')) = |t — t'].

e Y is a geodesic space if Vp,q € Y, J a geodesic ¢ joining p and gq.
e Y is a CAT(0) space if every geodesic triangle is thinner than
Euclidean one.
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CAT(0) spaces

Y = (Y, d): a complete metric space

e c: [0, T] — Y is a geodesic if Vt, t' € [0, T],

d(c(t), c(t')) = |t — t'].

e Y is a geodesic space if Vp,q € Y, J a geodesic ¢ joining p and gq.
e Y is a CAT(0) space if every geodesic triangle is thinner than
Euclidean one.

Pps IZ]
Y R?
Q@ G a 72
P1 I
D2 P2
dy (pi, ;) = drz(Pi, bj), dy (q1,¢2) < dp2(T1, R2)
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CAT(0) spaces

Y = (Y, d): a complete metric space
e Y is a CAT(0) space if every geodesic triangle is thinner than
Euclidean one.

P3 D3
Y R2
Q Q2 a 72
p1 T
b2 P2
dy (pi,pj) = dr= (D3, Dj), dy (q1,¢2) < dp2(T1, R2)

Ex 1. A simply connected Riemannian manifold with nonpositive
sectional curvature is a CAT(0) space.
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CAT(0) spaces

Y = (Y, d): a complete metric space
e Y is a CAT(0) space if every geodesic triangle is thinner than
Euclidean one.

P3 D3
Y R2?
Q1 q2 a 72
p1 T
p2 P2
dy (pi, pj) = dr2(Pi, b5), dy(q1,¢2) < dp(T1, @)

Ex 1. A simply connected Riemannian manifold with nonpositive
sectional curvature is a CAT(0) space.

Ex 2. Trees, Euclidean buildings are CAT(0) spaces.
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CAT(0) spaces

Y = (Y, d): a complete metric space
e Y is a CAT(0) space if every geodesic triangle is thinner than
Euclidean one.

P3 D3
Y R2
Q Q2 a 72
p1 T
b2 P2
dy (pi,pj) = dr= (D3, Dj), dy (q1,¢2) < dp2(T1, R2)

An important feature of CAT(0) spaces is the convexity of distance
function: For geodesics ¢, c’: [0,/] — Y,
u: t— d(c(t),c'(t)) is a convex function.
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CAT(0) spaces

Y = (Y, d): a complete metric space
e Y is a CAT(0) space if every geodesic triangle is thinner than
Euclidean one.

P3 D3
Y R2?
Q1 q2 a 72
p1 T
p2 P2
dy (pi, pj) = dr2(Pi, b5), dy(q1,¢2) < dp(T1, @)

An important feature of CAT(0) spaces is the convexity of distance
function: For geodesics ¢, c’: [0,/] — Y,
u: t— d(c(at), c’(bt)), a,b > 0 is a convex function.
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CAT(0) spaces

Y = (Y, d): a complete metric space
e Y is a CAT(0) space if every geodesic triangle is thinner than
Euclidean one.

P3 D3
Y R2?
Q1 q2 a 72
p1 T
p2 P2
dy (pi, pj) = dr2(Pi, b5), dy(q1,¢2) < dp(T1, @)

An important feature of CAT(0) spaces is the convexity of distance
function: For geodesics ¢, c’: [0,/] — Y,

u: t— d(c(at), c’(bt)), a,b > 0 is a convex function.

e u has the “weakest convexity” “=" Y is flat.
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Boundary of CAT(0) spaces

e c: [0,00) — Y is a geodesic ray if Vt, t' € [0, 00),

d(c(t),c(t) =t —1t|.
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Boundary of CAT(0) spaces
e c: [0,00) — Y is a geodesic ray if Vt, t' € [0, 00),
d(c(t),c(t) =t —1t|.

e Geodesic rays ¢, ¢’ are asymptotic (¢ ~ ¢’) if IM > 0 s.t.
d(c(t),c'(t)) < M for Vt € [0, 00).
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Boundary of CAT(0) spaces

e c: [0,00) — Y is a geodesic ray if Vt, t' € [0, 00),
d(c(t),c(t)) = |t —t].

e Geodesic rays ¢, ¢’ are asymptotic (¢ ~ ¢’) if IM > 0 s.t.
d(c(t),c'(t)) < M for Vt € [0, 00).

e The boundary of Y is defined by 0Y = {geodesic rays}/ ~.
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Boundary of CAT(0) spaces

e Geodesic rays ¢, ¢’ are asymptotic (¢ ~ ¢’) if IM > 0 s.t.
d(c(t),c'(t)) < M for Vt € [0, 00).
e The boundary of Y is defined by 0Y = {geodesic rays}/ ~.

Ex 1. InR", ¢ ~ ¢ iff c and ¢’ are parallel; OR" = S"~1.
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Boundary of CAT(0) spaces

e Geodesic rays ¢, ¢’ are asymptotic (¢ ~ ¢’) if IM > 0 s.t.
d(c(t),c'(t)) < M for Vt € [0, 00).
e The boundary of Y is defined by 0Y = {geodesic rays}/ ~.

Ex 1. InR", ¢ ~ ¢ iff ¢ and ¢’ are parallel; OR" = S
Ex 2. For hyperbolic n-space H", 0H" = S" ! :

H" = {x € R" | |x| < 1}

4
n= e Y dx?
& (1—rx|2)2,2_; *
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Boundary of CAT(0) spaces

e Geodesic rays ¢, ¢’ are asymptotic (¢ ~ ¢’) if IM > 0 s.t.
d(c(t),c'(t)) < M for Vt € [0, 00).
e The boundary of Y is defined by 0Y = {geodesic rays}/ ~.

Ex 1. InR", ¢ ~ ¢ iff ¢ and ¢’ are parallel; OR" = S
Ex 2. For hyperbolic n-space H", 0H" = S" ! :

H" = {x € R" | |x| < 1}

4
n= e Y dx?
& (1—rx|2)2§ *

Ex 3. If Y is a tree, 3Y is a Cantor set.
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Boundary of CAT(0) spaces

e Geodesic rays ¢, ¢’ are asymptotic (¢ ~ ¢’) if IM > 0 s.t.
d(c(t),c'(t)) < M for Vt € [0, 00).
e The boundary of Y is defined by 0Y = {geodesic rays}/ ~.

Ex 1. InR", ¢ ~ ¢ iff ¢ and ¢’ are parallel; OR" = S
Ex 2. For hyperbolic n-space H", 0H" = S" ! :

H" = {x € R" | |x| < 1}

4
n= e Y dx?
& <1—rx|2)2§ *

Ex 3. If Y is a tree, 3Y is a Cantor set.
Note. Every isometry of Y extends to a homeo of 9Y'.
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Boundary of CAT(0) spaces

e Geodesic rays ¢, ¢’ are asymptotic (¢ ~ ¢’) if IM > 0 s.t.
d(c(t),c'(t)) < M for Vt € [0, 00).

e The boundary of Y is defined by 0Y = {geodesic rays}/ ~.
Ex 1. InR", ¢ ~ ¢ iff ¢ and ¢’ are parallel; OR" = S

Ex 2. For hyperbolic n-space H", 0H" = S" ! :

H"={xeR"||x| <1}
4 N
g = —————— dx;
(1—[x?) 2_;
Ex 3. If Y is a tree, 3Y is a Cantor set.

Note. Every isometry of Y extends to a homeo of 9Y'.
Note. If Y is locally compact, then Y U Y becomes compact.
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Random walk on a group and its Poisson boundary
[': a countable group with a probability measure .
We assume that p is

o symmetric pu(y ") = (),
e irreducible {y € T' | u(~) # 0} generates I'.
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Random walk on a group and its Poisson boundary

[': a countable group with a probability measure .
We assume that p is

o symmetric u(y7*) = p(7),

e irreducible {y € T' | u(~) # 0} generates I'.

We may regard p(7) as the transition probability of e — v, and p
generates a random walk on .
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Random walk on a group and its Poisson boundary

[': a countable group with a probability measure .

We may regard p(7) as the transition probability of e — ~, and
generates a random walk on T.

1t generates a random walk on I as follows:

(Q>]P)) = (r,u)N:(r,u) X (rnu) Xoeee X (r’:u) Ko
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Random walk on a group and its Poisson boundary

[': a countable group with a probability measure .

We may regard p(7) as the transition probability of e — ~, and
generates a random walk on T.

1t generates a random walk on I as follows:

(.P) := (T, )" = () x (T, ) X e x (T ) X oo
For w = (w1,...,wn,...) € £, the position of w at time n is

Yo Q=T wew .. .wp.
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Random walk on a group and its Poisson boundary

[': a countable group with a probability measure .
11 generates a random walk on I as follows:

(QP) = (I, )N = (F, ) x (T, ) x -+ x (T, ) x -+ .

Forw = (wy,...,w,,...) € £, the position of w at time n is
Yo =T, wwr...wp,.

Then p" := (7,)«P is the n-step transition probability of the random
walk generated by p:

P = ()P = D plwn) . palwn).

wiyn(w)=y
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Random walk on a group and its Poisson boundary

[': a countable group with a probability measure .

Vo Q=T w—w. .. w.

P = ()P = D plwn) . plwn).
wirn(w)=y
The Poisson boundary of I' w.r.t. w is the probability space

describing the distribution of the position of a random walk at “time
oo’

opl "= n||_>rrgo(|',u).

If the random walk “diverges”, then Opl can be viewed as a
boundary at oo of ', and I acts on Opl".
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Group action and random walk

[': a countable group with a probability measure 1,
Y: a CAT(0) space.
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Group action and random walk

[': a countable group with a probability measure 1,
Y: a CAT(0) space.
 has finite kth moment w.r.t. p: I — Isom(Y) if

/r d(p, p(7)p) dp(y) < o0, p€Y,
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Group action and random walk

[': a countable group with a probability measure 1,
Y: a CAT(0) space.
i has finite kth moment w.r.t. p: I — Isom(Y) if

/rd(p, p(1)p)du(y) < o0, pe Y.

If 1 has finite 1st moment, then by Kingman's subadditive ergodic
therem,

wis lim 9P p(Z"(”))p) —3C € [0,00) in LY(Q,P).

n—oo

C is called the rate of escape of p(I') and denoted by /,(I').
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Group action and random walk

[": a countable group with a probability measure p,

Y: a CAT(0) space.

If 1 has finite 1st moment, then by Kingman's subadditive ergodic
therem,

w i lim d(p. p(“;n(w))P) — 3C €]0,00) in LY(Q,P).

n—oo

C is called the rate of escape of p(I') and denoted by /,(I").

Theorem (Karlsson-Margulis '99)

If 1,(T') > 0, then, for almost every w € Q, {p(7,(w))p} converges to
a point in 9Y.

This convergence induces an equivariant map ¢: d,I — 0Y.
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Group action and random walk
[': a countable group with a probability measure p,

Y: a CAT(0) space.

Theorem (Karlsson-Margulis '99)

If 1,(I') > 0, then, for almost every w € Q, {p(7,(w))p} converges to
a point in Y.

This convergence induces an equivariant map ¢: d,I — 9Y.

Main Theorem (I. '23)

Suppose that /,(I') = 0, and that

* Y is either locally compact or of teledim< oo.

* 1 has finite 2nd moment w.r.t. p: I — Isom(Y’) and p(I') does not
fix a point in JY.

Then there exists a p(I')-invariant convex subset isometric to R¥.

v
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Group action and random walk

[': a countable group
Y: a CAT(0) space which is loc. cpt or of finite telescopic dimension

Theorem (. '23)

p: I — Isom(Y): a homo.
(: an irreducible symmetric probability measure with finite 2nd
moment w.r.t. p.
If p(I') does not fix a point in JY, then either
e JF C Y a flat subspace with p(I')(F) = F, or

@ Jy: Opl — OY: a canonical p-equivariant map.
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Proof of Main Theorem

The proof uses a p-equivariant harmonic map f: [ — Y.

e p-equivariance: p()f(v') = f(vy') for Vy,v €T,
@ harmonicity: f minimizes p-energy E,

E,fst / (1)2du()

- If p(T") does not fix a point in JY, there exists a p-equivariant
p-harmonic map.
- First variation formula shows that

f is harmonic < f(e) = barycenter of f,p.
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Proof of Main Theorem

The proof uses a p-equivariant harmonic map f: [ — Y.

e p-equivariance: p()f(v') = f(vy') for Vy,v €T,
@ harmonicity: f minimizes p-energy E,

Ecfo s [ d(f(e).f(7)Pdu(y)

2 el

- If p(T") does not fix a point in JY, there exists a p-equivariant
p-harmonic map.
- First variation formula shows that

f is harmonic < f(e) = barycenter of f,p.

If 1,(I') =0, then using the harmonicity of f: I — Y, we can show
that the convex hull of £(I') is flat.
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Proof of Main Theorem

If 1,(I') =0, then using the harmonicity of f: I — Y, we can show
that the convex hull of £(I') is flat.
Since f: I — Y is pu-harmonic,

u:Y = Rconvex = A, f*u <0,

where

Auh() = h(7) - /

h(vy)du(y').
y'er
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Proof of Main Theorem

Since f: [ — Y is p-harmonic,
u:Y — R convex = A,f*u <0,

where
Auh(y) = h(v) - / - h(vy")du(v').

If h(y) = f*d(f(e), ) = d(f(e), f(7)), we see that

/r Aph(y)du"(v)
-/ (d(f(e), o) - [ dree) f(w'))t’u(v’)) d"(7)
e
- / d(F(e), F(n(w))) dP(w) — / d(F(e), F(ms1(w))) dP(w).
r r
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Proof of Main Theorem
If h(y) = f*d(f(e),) = d(f(e),f(7)), we see that

[ Bunt)an )
- /r (d(f(e), F(7) - /r d(F(e). f(’w’))du(’v’)) A" ()
<0
-/ (d(f(e) o) - [ d(f(e),f(%(w)v/»dm)) dB()

If [,(IF) =0, fora.aweq,
Ah(yp(w)) 20, where h(y) = d(f(e), f(v))
and hence
Ahp(e) "0,  where hy(v) = d(f(a(w)™1), F(7)).
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Proof of Main Theorem
If [(I) =0, fora.aweq,
Ah(vn(w)) "0, where h(y) = d(f(e), f(v))
and hence

Ahp(e) "=°0,  where hy(v') = d(f(ya(w)™1), F(7)).

If [,(I) =0, 3 € Y UOIY such that Af*u =0, where

u(p) = d(&, p) or u(p) = be(p), which means that u has the weakest
possible convexity around f(I"), which leads us to see the convex hull
of f(I') is flat.
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Proof of Main Theorem

Ex. =7, (1) = p(-1) =1/2.
f:Z — Y is u-harmonic < £(0) is the midpoint of f(+1).
The same is true for any n € Z.

Geometry beyond Riemann: Curvature and
Hiroyasu lzeki izeki@math.keio.ac.jp Keio UiHarmonic maps and random walks on countasv#/Ac)




Proof of Main Theorem

Ex. =7, (1) = p(-1) =1/2.
f:Z — Y is u-harmonic < £(0) is the midpoint of f(+1).
f*u is subharmonic for a convex function u on Y.
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Proof of Main Theorem

Ex. =7, (1) = p(-1) =1/2.
If f*u is harmonic,
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Application

Theorem

I a countable group with property (T) with prob. meas. u
Y: CAT(0) space which is loc. cpt or of teledim< oo

p: I —lIsom(Y): a homo. with finite 2nd moment w.r.t. p.
= either p(I) fixes a point in Y U QY or Jp: 0pl — Y.
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Application

Theorem

I a countable group with property (T) with prob. meas. u
Y: CAT(0) space which is loc. cpt or of teledim< oo

p: I —lIsom(Y): a homo. with finite 2nd moment w.r.t. p.
= either p(I) fixes a point in Y UQY, or Jp: dp — IY.

Theorem

[': acting geometrically on an irreducible Riemannian symmmetric
space of noncampact type or an irreducible Euclidean building with
strongly transitive full isometry.

Y: CAT(0) space which is loc. cpt or of teledim< oo

p: I — Isom(Y): homo. p(I') does not fix a point in JY.

= Ju s.t. any v — p(7y)p induces a radially affine Lipschitz map
®: Cone(OrisX) — Cone(dris Y)
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