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Positively graded manifolds

tf\z - M«'—«-ﬁu
An N-graded manifold M of degree n and dimension (p; 1y, ..., 1)

is a smooth p-dimensional manifold M endowed with a locally free
and finitely generated sheaf C*°(M) of N-graded commutative
associative unital R-algebras, which can locally be written as

CO(M)y=C2) [&,....&.,8, ... &2,....&,....&]

with i + ... + r, graded commutative generators f{ of degree i for
ie{l,....,n}andj e {1,...,r}. e,
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Lie algebroids

A Lie algebroid over a manifold M is a vector bundle A — M with a Lie
algebra bracket [-, -] on ['(A) and an anchor p: A —>Z/'M, such that
T N
[ar, faz] = flan, @2] + Loy (Flaz ]

forallay,a, € T(A) and f € C°(M).
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2: Lie 1-algebroid

Take an N-graded manifold of degree 1,i.e. C>°(M) = T(A°*E) for a
vector bundle E over M and take a trivialising chart U C M for E. Any
homological vector field Q on M can locally be written as

Oy = ; ) (x)eidy; - Z@ €k)€i€j0e,

iik

defining locally a Lie algebroid structure on E*|y. This structure is in
fact global, and Lie 1-algebroids are equivalent to Lie algebroids.
(This is due to Arkady Vaintrob.)
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How about Lie 2-algebroids

vs Courant algebroids?
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Courant algebroids

A Courant algebroid over a manifold M is a vector bundle E — M with
a fibrewise nondegenerate symmetric bilinear form (-, -), a bracket

[, -] on the smooth sections I'(E), and an anchor p: E — TM, which
satisfy the following conditions

1. [er, €] + [es, e1] = p*d{er, e5), -
2. [er, [ez, €3]] = [ler, €], €3] + [e2, [, €3]],
3. pler){es, €3) = ([er, €], €3) + (€2, [e1, €3])

foralley, ey, e3 € T'(E).
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Split Lie 2-algebroids

A split Lie 2-algebroid is a sequence HY LM e E.0)

B*5 Q5 ™
E'lr E]
of vector bundles over M with a skew-symmetric dull bracket

= [, ]: T(Q) x T'(Q) — I'(Q), alinear connection
V:T(Q) x [(B) — I'(B) and a 3-form w € Q3(Q, B*), such that
() VisyBs + Vi, b = Oforall gy, 5, € T(B*), )
(ii) g, ((B)] = [(VgB) forq € T(Q) and 5 € T(B),

) V
(ii)

[(m) Jacp=low € 3(Q,Q),
)

(iv) Ry(gi,g2)b = [*(ig,igw, b) for gy, q, € T(Q) and b € I'(B),
and

(v) dy-w =0. ]
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Double vector bundles

A double vector bundle is a commutative square

B

D B “cue“
TQ \ lQB

QQQM

of vector bundles such that the structure maps of the vertical
bundles define morphisms of the horizontal bundles.
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Metric double vector bundles
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Involutive double vector bundles

Efq — @ 1. Etq — Efa  TEW
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Q —H

S} I(q,q‘,@ = [71/9, R).
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Metric double vector bundle charts

Let M be a smooth manifold and D a set with a map I: D — M. A
metric double vector bundle chart is a quadruple

c= (U, o, W, Vz), where U is an open setin M, V4, /; are two vector
spacesand ©: M~'(U) — U x V; x V, x V5 is a bijection such that
M = pr, 0O.

Two double vector bundle charts c and ¢’ are compatible if the
“change of chart” © 0 © " over UN U’ sends (x, vy, vy, () to

(x,ﬂ(_ﬁvh B_()(—)vz7 (BOO)T) 1+ w(x)(vy :(B(x)vz )

withx e UNU',v; € V;,A € C(UN U, GI()),
B e C(UNU,GI(Vs))andw € CR(UN U, VF @ V5 AVE).

Cocycle conditions: the standard ones for A’s and B’s, and

T (0(n) = B () - ()(1) - B2 () + w2 () (A7 (w).
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Geometrisation of [2]-manifolds

Theorem (JL 2018)

The category of positively graded manifolds of degree 2 is equivalent
to the category of involutive double vector bundles.
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Geometrisation of [n]-manifolds
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Theorem (JL 2018)
The category of positively graded Poisson manifolds of degree 2 is
equivalent to the category of self-dual VB-algebroids.
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Theorem (Li-Bland 2012, JL 2019)

The category of Lie 2-algebroids is equivalent to the category of
VB-Courant algebroids.

A decomposed VB-Courant algebroid defines the structure objects as
on Slide 11:

O(3) =V, € X(B), [§,77] = (Aq7)" and
[, @] = [g1, 4] — Ru(ar, 021,

forallg,g1,9. € F(Q) and 7 € I'(Q*), where
A:T(Q) x I'(Q*) — I(Q*) is the “Lie derivative” that is dual to the
dull bracket.
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Theorem (Li-Bland 2012, JL 2020)

The category of Poisson Lie 2-algebroids is equivalent to the category
of LA-Courant algebroids.
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Symplectic Lie 2-algebroids correspond to tangent doubles of
Courant algebroids.
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Matched pairs of representations
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Lie bialgebroids
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Thank you for your attention!
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Table of the supergeometric objects.
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Double geometric objects.

Metric
double vector
bundles

Tangent
prolongations

of Courant
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Tangent functor
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