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Gradedmanifolds
andLien-algebroids



Positively gradedmanifolds
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AnN-gradedmanifoldM of degree n and dimension (p; r1, . . . , rn)
is a smooth p-dimensional manifoldM endowed with a locally free
and finitely generated sheaf C∞(M) ofN-graded commutative
associative unitalR-algebras, which can locally be written as

C∞(M)U = C∞(U)
[
ξ11 , . . . , ξ

r1
1 , ξ

1
2, . . . , ξ

r2
2 , . . . , ξ

1
n, . . . , ξ

rn
n
]

with r1 + . . .+ rn graded commutative generators ξ
j
i of degree i for

i ∈ {1, . . . , n} and j ∈ {1, . . . , ri}.





































































Lie algebroids
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A Lie algebroid over a manifoldM is a vector bundle A→ Mwith a Lie
algebra bracket [· , ·] on Γ(A) and an anchor ρ : A→ TM, such that

[a1, fa2] = f [a1, a2] + Lρ(a1)(f)a2

for all a1, a2 ∈ Γ(A) and f ∈ C∞(M).















































Example: Lie 1-algebroid
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Take anN-gradedmanifold of degree 1, i.e. C∞(M) = Γ(
∧• E) for a

vector bundle E overM and take a trivialising chart U ⊆ M for E. Any
homological vector fieldQ onM can locally be written as

QU =
∑
ij

ρ(εj)(xi)ei∂xj −
∑
ijk

〈[εi, εj], ek〉eiej∂ek ,

defining locally a Lie algebroid structure on E∗|U. This structure is in
fact global, and Lie 1-algebroids are equivalent to Lie algebroids.
(This is due to Arkady Vaintrob.)
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Courant algebroids
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A Courant algebroid over a manifoldM is a vector bundle E→ Mwith
a fibrewise nondegenerate symmetric bilinear form 〈· , ·〉, a bracket
J· , ·K on the smooth sections Γ(E), and an anchor ρ : E→ TM, which
satisfy the following conditions
1. Je1, e2K + Je2, e1K = ρ∗d〈e1, e2〉,
2. Je1, Je2, e3KK = JJe1, e2K, e3K + Je2, Je1, e3KK,
3. ρ(e1)〈e2, e3〉 = 〈Je1, e2K, e3〉+ 〈e2, Je1, e3K〉

for all e1, e2, e3 ∈ Γ(E).





















Split Lie 2-algebroids
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A split Lie 2-algebroid is a sequence

B∗ l→ Q ρ→ TM

of vector bundles overMwith a skew-symmetric dull bracket
J· , ·K : Γ(Q)× Γ(Q)→ Γ(Q), a linear connection
∇ : Γ(Q)× Γ(B)→ Γ(B) and a 3-form ω ∈ Ω3(Q,B∗), such that
(i) ∇∗l(β1)β2 +∇∗l(β2)β1 = 0 for all β1, β2 ∈ Γ(B∗),
(ii) Jq, l(β)K = l(∇∗qβ) for q ∈ Γ(Q) and β ∈ Γ(B∗),
(iii) JacJ·,·K = l ◦ ω ∈ Ω3(Q,Q),
(iv) R∇(q1, q2)b = l∗〈iq2 iq1ω, b〉 for q1, q2 ∈ Γ(Q) and b ∈ Γ(B),

and
(v) d∇∗ω = 0.
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Double vector bundles
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A double vector bundle is a commutative square

D
πB //

πQ
��

B

qB
��

Q qQ
// M

of vector bundles such that the structure maps of the vertical
bundles define morphisms of the horizontal bundles.









































































Metric double vector bundles
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Involutive double vector bundles
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Metric double vector bundle charts
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LetM be a smooth manifold and D a set with a mapΠ: D→ M. A
metric double vector bundle chart is a quadruple
c = (U,Θ, V1, V2), where U is an open set inM, V1, V2 are two vector
spaces andΘ: Π−1(U)→ U× V1 × V2 × V∗2 is a bijection such that
Π = pr1 ◦Θ.

Two double vector bundle charts c and c′ are compatible if the
“change of chart”Θ′ ◦Θ−1 over U ∩ U′ sends (x, v1, v2, l) to

(x, A(x)v1,B(x)v2, (B(x)−1)∗l + ω(x)(v1)(B(x)v2))

with x ∈ U ∩ U′, vi ∈ Vi, A ∈ C∞(U ∩ U′,Gl(V1)),
B ∈ C∞(U ∩ U′,Gl(V2)) and ω ∈ C∞(U ∩ U′, V∗1 ⊗ V∗2 ∧ V∗2 ).

Cocycle conditions: the standard ones for A’s and B’s, and
ωγβ(x)(v1) = Bαγ(x)t · ωαβ(x)(v1) · Bαγ(x) + ωγα(x)(Aαβ(x)v1).
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Theorem (JL 2018)
The category of positively gradedmanifolds of degree 2 is equivalent
to the category of involutive double vector bundles.

Degree 1:

ξβi =
r1∑
j=1

Aαβji ξ
α
j .

Degree 2:

ηβi =
r2∑
j=1

Bαβji η
α
j +

∑
1≤k<l≤r1

ωαβkli ξ
α
k ∧ ξαl .









































Geometrisation of [n]-manifolds
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VB-andLA-Courantalgebroids
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Theorem (JL 2018)
The category of positively graded Poissonmanifolds of degree 2 is
equivalent to the category of self-dual VB-algebroids.
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Theorem (Li-Bland 2012, JL 2019)
The category of Lie 2-algebroids is equivalent to the category of
VB-Courant algebroids.

A decomposed VB-Courant algebroid defines the structure objects as
on Slide 11:

Θ(q̃) = ∇̂q ∈ X(B), Jq̃, τ †K = (∆qτ)† and

Jq̃1, q̃2K = ˜Jq1, q2K− Rω(q1, q2)†,

for all q, q1, q2 ∈ Γ(Q) and τ ∈ Γ(Q∗), where
∆: Γ(Q)× Γ(Q∗)→ Γ(Q∗) is the “Lie derivative” that is dual to the
dull bracket.
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Theorem (Li-Bland 2012, JL 2020)
The category of Poisson Lie 2-algebroids is equivalent to the category
of LA-Courant algebroids.
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Symplectic Lie 2-algebroids correspond to tangent doubles of
Courant algebroids.

TE //

��

TM

��
E // M
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Lie bialgebroids

Matched pairs of representations 23/28



Matched pairs of representations 24/28

Thank you for your attention!
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