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Equations of the form • (2+-1b) parabolic operator
•A- = (Ab :b c- 4) components(2t-LDA-yf.CA , g) ,belt of soln

• y=(yb : be L
. ) noisesmooth function ofA,y

and derivatives •Ab /yb takes values inWb
Cptwise) 9

> Regularity 7=477• Have a robust [ Structure
algebraic theory ↳ space of models eey

*

finite dim

↳ action of of T on equation

(2+-1)A- FCA , g) +I let)Y[⇒ (A. g)b b
IET

-

Depends on Wb=1R it be L -
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Example : Stochastic Yang-Mills Equation 4-= Et}
L
-
= E- 3d

( It-D)A ; = [ [Aj , 22JAi-2iAjt[Aj ,Ai]] + zi
j=iI a- ied

A and y
take values in W+=W_=☐jt

T
F takes values in W+ Lie Algebra

To apply existing theory we could expand
W
.
in a basis

so we are in a situation where 1L - I -_ d.dim (g) scalarnoises
Problems :

• choice of basis not canonical
• Hard to see structure of renormalised

eqn



Will introduce

framework that
:
• allows us to build regularity
structures generated by vector valued
noise without ref to a basis



Will introduce

framework that
:
• allows us to build regularity
structures generated by vector valued
noise without ref to a basis

• Behaves well with respect to
decompositions , so we can use results

from the scalar noise setting



Will introduce

framework that
:
• allows us to build regularity
structures generated by vector valued
noise without ref to a basis

• Behaves well with respect to
decompositions , so we can use results

from the scalar noise setting

• Allows us to easily verify that
if F and

y play well with a local symmetry
then renormalised equation does too !



If seen } is a basis for W-, then can write y=§ynen
with Titian .

then

I = § Inen ET⑦W- satisfies IT E.= y



If seen } is a basis for W-, then can write y=[ ynen
with Titian .

then

^

I = § Einen ET⑦W- satisfies IT I=z
Idea: span ( In)=T[•]cT

subspace
'
%⑤ T[z]
EET
P

set of trees



If seen } is a basis for W-, then can write y=[ ynen
with Titian .

then

^

I = § Einen ET⑦W- satisfies IT I=z
Idea: span ( In)=T[•]cT

subspace
'
%⑤ T[z]
EET
P

set of trees

set T[•]=W_*
.
For w c-WE

,

ITw=w (g)
Then E. =Een*④en c- WE④Wh

11

idw
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M-ultiplic-ationandsymmetrisationforw.tt[ 9 ]
,
wzeT[9 ] we can set

Wiwa = Wi ④wzET[%9]=T[ 9.9]
11

Wzw , =T[ 9)④T[9]

However
,
if we have Wi ,WzET[ 7 ] this doesn't

work !

Need to set T[79]=T[M⑤sT[ 9]
→

symmetric tensor
product

Integration T[⇒=T[ F] , Poly T[✗
" f- IR
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G-eneralpres-cription~f.TT
= ④ WnÉse
noise

in a metrics
of I

1-[9%0]=41*5%3
,
1-[0×9]= WE④WE

1-[¥9]=(w:④sW:)④WE



G-eneralpres-cription~f.tl
= ④ WÉ%ymmetriesnoise

in I
of

IT[9%0]= (WI) 3

,
T [0×9]= WE④WE

1-[9%0] = (WI☒WE)④WE
T[¥90] = Wo④3
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The construction

L←fitf types
(T

,
d)← typed set , 1- a finite set, l :T→ L map

S-ymmetric.se#
• an index set A

/
the instances of our typed set

• for each a c-A , a typed set (1-91)
• For each pair a,b c- A , a non-empty set of

type preserving bijection s f
"b from Tb to Ta

ye Fasb⇒ g-lefbsa
ye f
"b

, je fbi⇒ go je f
" '



Herphisms

Given symmetric sets s
,
5

:
a c-As

Horn (s
,5)=/ ☒ = (Baia a- c-As ) with

☒ a-
,a

c- ( type preserving biject.
""" " "÷# }suchthatf.ltgets

"b

, g- c- tabs I
☒
a-
,a

° Ta
, b
= Taib •☒ 5.b

-



For trees
[

i.e
, same

tree
,
different
vertex set

F-all " instances " of tree

• typed sets ( Na.la )
N
"
← set of noises
l ← type of noise

• face← symmetries of tree a

Tb,a← symmetries between differentinstances
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Given ✓ = ( Vb : be L ) and symmetric set s
we define fu (g) = { CV

'"

)aeAs c- IT ✓④T
"

'

atAs

suchthatyya.ge,
, ye ,

a
, , }

tab (v4) ) = ✓ Ca)

Here
, for bijection f :B→C

,
u= ④ Ub EV

④B

be Bf- (a) = ④ Uf -'(c) C- ✓④C
CEC

Fv extends to a functor from
symmetric sets to vector spaces



for-Regu-laritystructuresv-WECWJi.beL)
• We set The]=Fw¥(E)

,
T = ④ T [I]
IET



FordegutarityStructures

• We set T[I]=Fw* (E) , 7=+0 T[I]
IET

coproducts Fw* coproducts
• on trees as ↳ on T

symmetric sets

can organize algebraic operations
using trees in vector setting !



Decomposition ✓= ( Vb :b c- L)
p :[→ L surjection , Ñ=CÑg :-b EL)

Vb=⑤ Vb
b-£154b)



Decomposition ✓= ( vb :b c- L)
p :[→ L surjection , Ñ=CÑg :-b EL)

Vb = ⑤ Vb
b- c- p-

'

(b)
Have a canonical isomorphism
i : Fu (s) → ④ Fu (5)

Jepcs)

Allows us to import algebraic results
from scalar setting to vector setting



rectorial Thm on renormalised eqns

¥[eDCA,y)ET[T]④WT
①
T[⇒*

Cdt - Lb)A5- Fb (A ,g) +[Cle]④ id)Y[ERA ,g)It?

Advantage : If F is written in terms of
Lie brackets

, same is true of Tbc]
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toafymmetry
Fact : if we have a linear map

1=+0 Lb
,
Lb C- Lin (Vb

,
VT) , then

btl

L lifts to a map LeLin ( Ecs) , Fj Cs))
"

apply L to every factor
"

⇒ Transformations on target space of
noise induce transformations on regularity

structure
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Given transformations F- (Tg : be L + UL - )
Ty c- Lin Cwb ,Wb)we say f- = ( Fb)

be L
+
is T covariant if

4b£ L+ , Fb (TA ,Ty)=Tb Fb (Aig)

Lemma_ If f- is T covariant , then V- belt ,
EI ④ idwb)Yb(TA,Tz)=(idp ④To)Yb(A.g)
p

induced transformation
on 7



Can combine with probabilistic invariance
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Can combine with probabilistic invariance

Lemme If Ty d- y , the IBPH? Tp =L BPHZ

Thm_ If F is T covariant and Ty Ely ,
then all BPHZ counterms ( tree by tree)
are T covariant

.

BPHZRenormdofSY.MG
,
-D)A ; = [ [Aj ,22;Ai-2iAjt[Aj ,Ai]]+ (Aityi

j=i for leisd

where CELCY.ly) and commutes with
adjoint acton of Lie Group G



Thanks for

listening !


