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Lie algebroid of a Lie groupoid G = M

Q Ry : Gyy) — Gy(g) - right translation, Ry(h) = hg for
s(h) = t(g), where Gy, == s~ 1(m);
Q@ TRy : TGyg) = TGs(g);

© The bundle TG tangent to the fibres of s : G — M is an
involutive subbundle;

© R-invariant sections of T°G form Lie subalgebra of I'*°T'G;

@ The section £ € I'™°T}G is defined by its restriction to
e(M) C G, where ¢ : M — G is the identity map.

Definition: A Lie algebroid AG — M of a groupoid G = M
is a vector bundle over M

AG = TG 5 M

with an anchor map a := Tt[.(5;) : AG = TM
and a bracket [X|€(M),y‘a(M)] = [X,y”E(M)

Aneta Slizewska Banach-Lie groupoids



A Lie algebroid on manifold M is a vector bundle ¢ : A — M
together with:

Q a: A— TM (anchor map)

Q@ [, ]:TAxTA — TA (Lie bracket) such that
(X, fY] = fIX, Y]+ a(X)(f)Y
a([X,Y]) = [a(X), a(Y)]
forall X, Y €A, fe C>®(M).
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One has the functorial correspondence
between a groupoid G =% M and its algebroid AG — M.
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Atiyah sequence of the groupoid G() = L(IN)

|1

where

o JM) :=ker (t,s) ={z e G(M); t(x)=-s(z)}is the inner
(totaly intransitive) subgroupoid of G(9%) = L(IM),
o L(M) xr LM) 3 (¢,p) iff g ~p.




Atiyah sequence of the groupoid G() = L(IN)

Using the above functorial correspondence we obtain the short
exact sequence of algebroids

AT — L e AGEM)——eTL(m)
Tt Tt
L(M) = L(M) = L(M) (2)
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Algebroid bracket

The Lie bracket of X, Xy € ' AG(9N) assumes the form

[X1, Xa] = apaayp + prpﬁ(?ip’ (3)
where
and Db, db1,
bp = <8yp,a1p> - <8yp7a2p> + [bap, bip). ()
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VYV B-groupoids and dualization

& VB-groupoid (2,G, E, M) is a structure

(e}

Q = g
11 £l 5 tlls|1
FE M

in which Q is a vector bundle over G, E is a vector bundle over M,
G is a Lie groupoid over M, and 2 is a Lie groupoid over E,

the structure maps of the groupoid (source, target, identity,
multiplication, inversion) are vector bundle morphisms, the map
(5,7)(2) = E xp G:={((,9); m(¢) =s(g)} is surjective
submersion;

it holds (&1 + &2)(m1 + m2) = &m1 + &amz (interchange law).
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VYV B-groupoids and dualization

& If in the above VB-groupoid the left part we change to
0 = K¢, where

KQ:{§€Q; g(g)zomv 7i-(g)zlm fOTmGM}

is the core of the groupoid (2, then we obtain the VB-groupoid

Q* g
'E* 5 " s <£*(q)>7 k> - <(I)7 k69>7 ke Kt(g)
(5%(®), k) = (@, —0gk™1), k € Ky
K M

dual to the above one.
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VYV B-groupoids and dualization

& The fundamental example:

TG g T*G g
TM M A*G
Krg = AG
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VYV B-groupoids and dualization

& The example: for G = G a Lie group

TG G ™G G
fwse ||
T{e} {e} zG {e}

Aneta Slizewska Banach-Lie groupoids



VYV B-groupoids and dualization

& The example: for G = P x P a pair groupoid

T(P x P) PxP T*(P x P) PxP

| I |

TP P TP

Krpxp) = {(vp,0p) € TP x TP} =TP
REMARK: The dual groupoid is not a pair groupoid
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Atiyah sequence of principal bundle Fy — %

The action of T'Gy on TPy restricted to G preserves the structure
of the short exact sequence

TV Py — TPy — TPy/T.Gy (6)

(TV Py := kerTr) of the Banach vector bundles over Py. So,
quotiening it by Gy we obtain the short exact sequence of Banach
vector bundles

PoMPo X Adg, Po—2 TRy /Go “ T(Py/Gy)
Py/Go Py/Go Py/Go (7)
which is the Atiyah sequence of the principal bundle 7y : Py — }Gi(’).
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Atiyah sequence of principal bundle Py x Py — POC?OP“

The same reason for action of TG on T'(Py x Pp) restricted to G
leads to the short exact sequence of Banach vector bundles

PPo X Adg, (Pox Po) L2 ;T(Pg;:Pw a2 T(Poéopo)

(8)

P()XP() ~ . P()XP() ~ . P()XP()
Go Go Go

which is the Atiyah sequence of the Gy-principal bundle
o2 ¢ Po x Py — Pf’%ﬁ, where 15 and ay are defined by the
quotienting of Is : poMpy X Py x Py — TPy x TPy and

Ao : TPy x TPy — TP%G:ZPO, respectively.
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Short exact sequence of tangent (prolongation) groupoids

Consider VB-groupoid tangent to the pair groupoid Py x Py = Py

T(PO X Pg) PO X Pg
Tpry| |Tpro pri| | pr2
, (9)
TP, Py

The tangent groupoid T'(Py x Py) = T'Py can be considered as the
pair groupoid TPy x TPy = T P,. The quotient groupoid of it is
the gauge groupoid (if Py — Py/Go is a principal bundle).
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Short exact sequence of tangent (prolongation) groupoids

The vertical subbundle
TV (Py x By) := {(Trple)X, Try(e)X); X € T.Go, p,q € Py}

of the tangent bundle T'(Py x Py). Note TV (Py x Py) =TV Py is
a subgroupoid of T'(Py x Py) = TPp.

We have the short exact sequence of VI3-groupoids over the pair
groupoid Py x Py = Py

TV(P() X P())—» TPy x TP > T];QEEJ;PO

(10)

TV P, - TP, - TRy /T.Go

where TPOXTPO =7 TPO is obtained by taking a quotient of
TP, x TPO :§ TP, by T Go.
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Short exact sequence of tangent (prolongation) groupoids

Using the trivialization of the vertical bundle
TV (Py x Py) & Py x T.Go x Py we obtain the short exact
sequence of VB-groupoids over Py x Py = P

Py xT.Gy x Py TPy x TPy . TI;O}XG’I;PO
(11)
PO X TeGO > TPO TPO/TeGO

in which all maps are commutative with the action of Gg. So, we
can take the quotient:
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Short exact sequence of VB-groupoids

TPO XTPQ
Go

TPy/Go
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Short exact sequence of VB-groupoids

TPO X TPQ Po X Po
Go Go
P
TPR/Gy &
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Short exact sequence of VB-groupoids

TPO XTPQ 4’ Po X Po

TP)/Go— &
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Short exact sequence of VB-groupoids

PO XTEGO ><P0
Go
TPO XTPQ Po ><P0
Go ™ T Go
PoxT.Go
Go

TP)/Go— &
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Short exact sequence of VB-groupoids

PO XTEG()XPO . PQXPQ

Go Go
TPO XTPQ Po ><P0
Go ™ T Go
PyxTeGo Py
Go Go

TP)/Go— &
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Short exact sequence of VB-groupoids

PO XTEG()XPO . PQXPQ

Go Go
TPO XTPQ Po ><P0
Go ™ T Go
PyxTeGo Py

GO\GO‘

TP)/Go—n &
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Short exact sequence of VB-groupoids

P0><T5G0><P0 PQXPQ
Go ™ TG

TPO XTPQ 4’ Po X Po

Go Go
nie rigy
\
TP)/Go—n &
T(Py/Go)
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Short exact sequence of VB-groupoids

PO XTEG()XPO . PQXPQ

Go GO
TPO XTPQ Po ><P0
Go GO
P()XTeGo & POXPO) P()XPO
GO \GO‘ (
TPy/Go——

T(Py/Goy— &
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Short exact sequence of VB-groupoids

PO XTEG()XPO . PQXPQ

TP)/Go— &

T(Py/Goy— &
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Short exact sequence of VB-groupoids

PO XTEG()XPO . PQXPQ

TP)/Go— &

T(Py/Goy— &
Horizontal arrows (in front) define Atiyah sequences of principal
bundles P() X Po — PO%OPO and P[) — PO/GO.
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Dualization

After dualization the above diagram:
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Dualization

After dualization the above diagram:

*x [ PoxPo P()XPO
T (M)~

T*PoXT*PO POXPQ

TPy Qm*pOXP()XPO ()><P0 (13)
O

{0} X &

which have the gauge groupoid 130%0130 = Py/Gy as their side
groupoid. In the front we obtain a short exact sequence of Poisson
bundles, which is dual to the Atiyah sequence of the principal
bundle (Po X PQ,MQ : PO X Po — PO%?,GO).
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Theorem (in finite dimensional case):

o

o

The groupoid T*(POXPO) — PO is the symplectic groupoid

of the Poisson manifold Z- PO.

The symplectic groupoid T*(P(JXOPO) = %fo is the

subgroupoid as well as symplectic leaf of the Poisson groupoid
T*P()XT*PO j T*PO
Go )

Let Jo : T* Py —>po9ﬁ po,  Jo (so,n) ©n.

Then the symplectic leaves of L fo defined as J; 1 ({0})/Go
one can consider as orbits of the standard action of the
groupoid T*(P(’XPO) =T PO on its base TGPO.
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M = (M,)*

A C AT (M) = (¢Mg)” O (¢Mg)« = ¢Mag

AGM) C AGON)  «— (Mq)" D (¢M), = Mg

T.LOR) cTLY M) «— (1 —q)Mg)" D ((1 —¢)Mg). =
qu*(l - Q)

are Banach quasi subbundles, i.e. their fibres are Banach subspaces
but without Banach complements.

For every x € M

(Rap, @) = (p, ax)

(Lig, ) = (o, za) (14)

REMARK: R;9,. C M., L9, C M,
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So, one has L
TLOM) — 2 v AGOM)—— A, T (M)
L) - L) - L(9) (15)
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The short exact sequence

Qs Uy

T ‘Cpo (Sﬁ) Ay gpo (ﬂﬁ) A jpo (Dﬁ)
L, (Qﬁ)—w>£p0 (1) - L, () (16)
is isomorphic to

Ly
T.(Py/Go) T, Py/Gg——P0oMsP0 X adg: 1o

o

Py/Go Py/Go Py /G, (17)
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Fibre-wise linear sub Poisson structure of the predual Atiyah
sequence

e Weak symplectic structure of T, Py = poM. x Py
(Soa 77) € T*P07 g(cp,n) = (307 7, Ha 29)

Wipm) Elomy o) = (01,02) — (02, 01). (18)
By
Wi Eomr )+ Tipm) (PoMe X Po) = T, 1 (poM X Fo) - (19)
one defines the bundle morphism (quasi-immersion)
b T(T.Ry) — T*(T Py)

where
T° (T, Py) := b(T (T, Py)) C T*(T,Py)

is a quasi Banach subbundle.

Aneta Slizewska Banach-Lie groupoids



e For f € C>(T.P,) one has

5L (p.m) € (Mpo)* and GL(p,m) € (poIM.)* = Mpy .
e Thus for f,g € C>°(T.Py)one defines the bracket

(f.g} = <§f7, gg; G52 (20)

which is bilinear, anti-symmetric and satisfies the Leibniz property

but not satisfies the Jacobi identity for arbitrary smooth functions.
e Therefore we define

Pty = {1 e (R Eien) € ). < o}
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Proposition

The space (P>*(T.F),{,-}) is a Poisson algebra with respect to
the bracket (20). The derivation {f,-} defined by f € P*(T.F) is
a vector field &5 € I'*T(T\P) satisfying

w(&s, ) = —df, (21)

i.e. it is Hamiltonian with respect to the weak symplectic form w.

@ The bracket (20) after restriction to P>°(T,Fy) is equal to the
Poisson bracket defined by the weak symplectic form (18).

Q If f € P®(T.Py) then the equality (21) defines a vector field
§r € I®°T(T*PRy). But if f ¢ P>*(T.Py) then {f,-} is only a
section of the bundle T**(T,.Py) which contains T (T, Py) as a
Banach subbundle.

Q f € P(T.PRy) if and only if df € T®T"(T,F,), i.e. the
Banach subbundle T°(T,Py) is defined by P> (T, Fy).
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e Since T°(T,,Py) € T*(T.Py) the bundle map

# : T° (T Py) — T(TuPy) inverse to b : T(TWPy) < T*(T\Pp) is
not defined on the whole of T%(T, Fy). This map will be called a
sub Poisson anchor.

o P2(T.Fy) D P, (T:.Fy) - the Poisson subalgebra of
Go-invariant functions

778% (T Py) = P(TPy/Go)
(P(T«Po/Go),{--}G,) - a Poisson algebra

{F,G}q, == {F o TGy, GOy}, (22)

where TG * T*P() — T*Po/G().

e Lie-Poisson bracket of F,G € C*(pyM.po), ?TI;(X) € poMpo

(R Ghe00 = (x| 500,50 00]) (23)
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e A SUB POISSON STRUCTURE on pogﬁ*po XAd*GO P()
For this reason we take the subalgebra of smooth functions

P (poMapo x Fo) = (24)

oF «
= {F € C™(pM.po X Py) : 8—n(x, 1) €poM. and FIAdx, ng) = F(x, n)} |

The Poisson bracket of F,G € P& (po9M.po x Fy) is defined by

(FGYsplum = (x5 0o, Goten] ). @9)
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© The vector bundle epimorphism
te : Tu Py /Go — poIMipo X AdEOPO is a Poisson submersion.

@ One has ker 1. = J, 1(0)/Go, where J;(0)/Gp is the weak
symplectic leaf in T, Py/Gq obtained by the
Marsden-Weinstein symplectic reduction procedure. The
predual anchor map a. : T(Py/Go) = J;1(0)/Go defines an
isomorphism of weak symplectic manifolds, where the
precotangent bundle 7,.(Py/Gy) is endowed with the canonical
weak symplectic structure.

v
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The predual Atiyah sequence

QA

Lx
T (Py/Gy) T*PQ/G0—>p0m*p0 ><AdGS Py

o

Py/Go Py/Gy Py /G, (26)

is a short exact sequence of fibre-wise linear sub Poisson manifolds.
o’
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All Banach-Lie groupoids in the front of the diagram

are sub Poisson groupoids and the corresponding horizontal
arrows of its define sub Poisson morphisms between of them.
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Sub Poisson groupoid

Definition

The Banach-Lie groupoid G = M is a sub Poisson groupoid with
a sub Poisson anchor # : T°G — TG if there exists a Banach
subgroupoid T°G = A°G of the Banach groupoid T*G = A*G
dual to TG = T'M and Banach bundles morphism

a, : A’G — TM such that

# TG

™G

(27)

TM

AG

is a morphism of VB-groupoids, where by AG we have denoted the
algebroid of G = P.
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e The Poisson bracket of f,g € P> (%ﬁ) defined by the

sub Poisson structure of %OT*PO written in the coordinates
assumes the following form

U =( ) - (L)

dyp’ Oay Ay, day,

9 08, /o8 o0\ [, 99 or |\ /5 [0 o
* <a@,s’ Jay) <a@ﬁ’ a&ﬁ>+<ﬂp’ [%p’ aﬁp]>+<ﬁp’ [aﬁﬁ’ a@sb "

(99 of _ Of\_[Of 99 __ 09
8zpﬁ7aﬁp PP ppaBﬁ azpj)j aﬁp PP ppa,gﬁ )

where (o, Bpp, &) are the predual to the variables (a,, bys, ap).
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THANK YOU
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