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stationaryphaseh-pproximat.no#:

Let M be a compact oriented n - mfd ur volume

form M .

Let Sim→
R

ha-nodegaqatecriti-po.IS.
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can be written as a

sums over Feynman

diagrams .

Classical Field Theory
:

Ingredients :
E - configuration

bundle

↓
M - spacetime

space
of fields : F-= Ff

E) - a-
dime

action functional :
TEF

Lagrangian density

SHI = 12Th
^



classical dynamics :

Euler-Lagrange equations
same a, 8L

variational
derivative

QuantumnTThay
0b£ = algebra of quantomn

≤ functions
on F-

A observables

✗

✗(g)
e-¥5M1- f see
-(X) = 2-as "

measure
"

on F

partition YEF
function

Feynman integral

If Hess (s) is non - degenerate,
define this

by using stationary phase approximation + higher-order

corrections using Feynman
diagrams . . .



What to do if Hess CSI is degenerate ?

Warm up
! E - apt. mfd

+
oriented - dim = n

; F- E.↓
* = pi

S : F-→ IR smooth real valued

function

(EU equations :d
Pick µ a nowhere vanishing top form

'
DY

Observe : V o ≤i ≤ n

contraction w/^ £

Lei * :(7)
⇒Rn;:( , /

de Rham diHoratia on
ICFI

Divergence operator
on
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(*471
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- model for "denied intersection
" of ds with 2-

as a dog-manifold .



Roughly: A dog- manifold is
a ringed space Mon )

locally isomorphic to a f.d- 2 - graded us- / IR

+ a deg = +1
vector feed D , S-

E [D.D)
=0

.

⇒ (On
,
D) is a sheaf of cdga's / IR

1-*ME] = CM
,MLds )

≈% Is nZ
when ds Az

and
→ is acyclic away from critical points .

When -h±o we have :

→ I - shifted
Poisson

7C
- •

= multi -vector fields
algebrahare Schouten bracket

( - it Dima is a derivation ""_ ["
^

- it Divan is NOT a derivation
art ^

:

ih-Diyqlvnwt-vrih-Divqlwltc-lffh-Diyy.mu
+ it.[V.w]↳

a BD - algebra
which is a deformation

of functions on the
derived intersection

of ds & Z .

Goal i formalize this ad adapt
to infinite-dimensional

case
(Mt * ) .



icing :

A CK ring
is a commutate IR

-algebra

A with extra
structure :

¥ fi Pi
- IR

→ Alf ) : An
→ A

n-ary operation
+ compatibility

Proto - typical example
:

M manifold ,
CMMI is a O-ring

ftp.n-IR

ICYMI ✗CYMA -
- CMMI

→ CHM )

( 9492 , - -19^7
1-1 f(g. , 92,

- - c-
9^1 .

Form#y Let
= subcat of Mfd

on Euclidean manifolds

IR
"

A G- ring
is a

finite product - preserving

functor A : → Set
.

IR is a ring object in mfds :

coproduct
t.IR ✗ IR → IR

• i IRXIR
→ IR
~>

AGRI is a Comm . ring .

÷

A /

are Cro

Alg -_ cat
of - rings : has

tensor product ② : CHM)@CMN
)=C%×n )

& Mfd→ CⁿAlg°P
MI-3 CHM

is fully faithful & preserves
In - pullbacks

is fully faithful & pre-u .



Cc - Roytabeglltomotopi.ca/CKrihgsDef-Adg-CQ-algebrais a cdga A

/ IR S-E . Ao is a
G- ring .

dy -
mfd .{ proto.typ.ca/example-:CYM- ^ "
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(Roytabog / Miter

'

f Algthg
ftp.ngobjects-L

( Berger . Lorie )

in the
re - cat

of|spac
@ an A - cat, a

CK ring object
is a

finite

product preserving
factor cnet.sc .



DerivedMan.to# object

preserves
A +

terminal

Universal property : w/ fin

Mfd

É
"
-

&

idempotent
y
'

'

complete

f-If § - presses E

Dmp,
¥¥¥¥" -7 ! whiapes.

+ term
""

fin . limits

'
→ 7 ! 6- cat

with

b-cat . has finite
this property .

limits

& idempotent
complete

Theorem :
CC . - Steffens )

C any
6-cat w/ finite

limits 1- idempotent complete

p . finite

Funk
"× mfd ,e)

=> Craig (e)

6-cat of

co- ring
objects

homotopical's in C

-
finitely

presented .
Corollary
1)Mfd ≈ ( A1gf•(5pct)°P =

affine denied

- schemes

of finite type .



Upshot : Derived differential geometry11

algebraic geometry
of dg - - algebras.

Note : IR is a G- ring
object in

spaces ringed
Mfd ≤ in homotop.cat

G- rings

g.
↑
species fully faithful

→
(Algf•(Spell

=DMfd

recovers Spivak 's
model .

↳ 5hr (Dmfd
) - o

- topos
of sheaves

on derived
manifolds

art open
carers

whoeDDpjP=T
E

ga
i feel F SCH -

- f LCH
M

toe
CFI ,

Qi what is the space
of derived

solutions to
85=0?

Hint : Its NOT dsnz
in 1-

*F.
•

Tifabig"



[C. - Gwilliam]

f :N→R

y
LiF→Dasn

1-*N T¥rF= variationalcotangent
df [ ↓ bundle

[£ [ ↓ "
""'"" Verdier ""

N of TF
"

ELCs↳→F
LZtf -51nF

8L

Wha Lisa gauge theory
.

T¥arF→F is a

"

2- vectarbmdle
"

qggxfor.mu/nbd
(perturbation they

)

I

E!¢ ↳-algebra
1

sheaf ofL•-algebra
/M

11

derived/ classical field thegn
Serse

of Cosetello - Gwilliam



Examples 3D Chen - Simons

FP:[ (T*M⊕g )
connection

1-forms

G-_ CYM.GL

F- F%g
8241=0 ⇔

curv(tO⇒d¢
? O

Lo - algebra
=

• CM . g) , do
) £2T

Example Yang-Mills
↳-algebra =

soon.g¥skmg1ᵈ¥ᵈEd
- '

em.gl#sia.gl
0
I

- 2
- I

Agree w/ adhoc computations by Costello - Gwilliam .


