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Introduction to Special Lagrangian Cycles



sLags - Definition
‣ On a Calabi-Yau threefold, a special Lagrangian cycle     is a real three-

dimensional submanifold that satisfies two conditions: 
‣ Special:  The pullback of the holomorphic threefrom has constant phase 

 
 

‣ Lagrangian: The pullback of the Kähler form vanishes 
 
 

‣ Important in String Theory (BPS) and Math (SYZ)
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Example: Quintic T3

‣ Focus on Dwork Quintic:  
‣ In their seminal Mirror Symmetry paper, Candelas et.al. describe the following 

three-cycle 
 

‣ Let us study this cycle in more detail. Note that 

‣ Special: 
 

‣ Lagrangian:  

[Candelas, de la Ossa, Green, Parkes `91]
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Example: Quintic RP3

‣ Becker-Becker-Strominger identify a family of         at   
 

‣ Using similar arguments to the ones we showed before, this is also a sLag 
‣ Besides these examples, I am not aware of any other explicitly known sLags on 

proper CY threefold 
‣ We want to construct new examples using search+optimization techniques, 

and check the topology using topological data analysis 

[Harvey, Lawson `82; Becker, Becker, Strominger `95]
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Ansatz for sLags
‣ We make the following ansatz for the equations that define the sLag 

 

‣ These are a set of 3 parameterized (1,1) bi-holomorphic polynomials 
‣ In addition, we impose the CY (hypersurface) condition  
‣ This gives 3 real constraints, hence defines a real three-cycle 
‣ Note that the two sLags discussed above can be written this way 
‣ The ansatz can be generalized to   

The ansatz at the next-highest    contains the previous ansatz
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Algorithm for finding sLags
The optimization algorithm proceeds as follows: 

1. Find points on the CY hypersurface 

2. Find/approximate CY metric (optional, but required for string applications) 

3. Arbitrarily initialize the entries in  

4. Select the points from step 1 that are closest to the 3-cycle and use these as initial  
   points for Newton’s algorithm to “project” them onto the three-cycle  

5. Compute the special and Lagrangian condition 

6. Move the sLag by changing the parameters in      such that the conditions in 5 are  
   closer to being satisfied  

7. Repeat steps 4 - 6 until no improvement 

8. Use the       to initialize the      for the next-higher ansatz                   and repeat 4 - 8 
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Calabi-Yau Metrics



‣ Note that on every CY:                                       (since                                   )  

‣ We want a uniform point sample on the CY 

‣ We can get a point sample that is uniform with respect to the (pullback of the) FS 
metric using a theorem by                                , but this requires working with a 
Veronese-type embedding of the Kähler cone sections and can be unfeasible at large  
      or for toric models 

‣ Alternatively, we can use Markov-Chain Monte Carlo to get a point sample that is 
uniform w.r.t. the CY metric (by sampling from           ) 

Finding points on the CY

[Shiffman,Zelditch `98]
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‣ To approximate the CY metric, we use so-called Physics Informed Neural Networks 
(PINNs) 

‣ We make an ansatz for the CY metric (or rather, its Kähler potential): 
 

‣ Here,     is a real function parameterized by a Neural Network (which itself is a 
parameterized map from                 ), and we take derivatives of the NN w.r.t. its inputs 

‣ To get the NN to represent the correction that makes the metric CY, we adjust its 
parameters by minimizing the Monge-Ampere loss

Approximating the CY Metric
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gCY = gFS + ωω̄ε

<latexit sha1_base64="7wJm2DEMIpCTCzbblT1EBeQmZJg=">AAACJHicbVDLSsNAFJ34rPUVdamLwSK4KomU6rLYjcsq9gFNLJPJpB06yYSZiVBCNn6MuNXvcCcu3PgP/oGTNoi1XhjmcM65cM/xYkalsqwPY2l5ZXVtvbRR3tza3tk19/Y7kicCkzbmjIuehyRhNCJtRRUjvVgQFHqMdL1xM9e790RIyqNbNYmJG6JhRAOKkdLUwDxyQqRGnhemzVZ2V3MU/yFusoFZsarWdOAisAtQAcW0BuaX43OchCRSmCEp+7YVKzdFQlHMSFZ2EklihMdoSPoaRigk0k2nKTJ4ohkfBlzoFyk4ZX9vpPoo7fI486GchPqXczIKZU5rS55gQcvJ/7R+ooILN6VRnCgS4dkdQcKg4jBvDPpUEKzYRAOEBdVRIB4hgbDSvZZ1R/bfRhZB56xq16v161qlcVm0VQKH4BicAhucgwa4Ai3QBhg8gCfwDF6MR+PVeDPeZ9Ylo9g5AHNjfH4D8tulUw==</latexit>

4 →

<latexit sha1_base64="IQv6U23NB/ocRzOzkscvrXB92no=">AAACCnicbVDLSgMxFL1TX7W+qi7dBIvgqsyIVJdFNy4r2Ae0Q8lkMm1okhmSjFCG/oG41e9wJ279CT/DPzDTzsJaD4QczjkX7j1Bwpk2rvvllNbWNza3ytuVnd29/YPq4VFHx6kitE1iHqtegDXlTNK2YYbTXqIoFgGn3WBym/vdR6o0i+WDmSbUF3gkWcQINrk0SMZsWK25dXcOtEq8gtSgQGtY/R6EMUkFlYZwrHXfcxPjZ1gZRjidVQappgkmEzyifUslFlT72XzXGTqzSoiiWNknDZqrvyeyIBA2FcQ8RHoq7K+XbCx0LtuIwGa84uXif14/NdG1nzGZpIZKstgjSjkyMcp7QSFTlBg+tQQTxewpiIyxwsTY9iq2I+9vI6ukc1H3GvXG/WWteVO0VYYTOIVz8OAKmnAHLWgDgTE8wwu8Ok/Om/PufCyiJaeYOYYlOJ8/6oiauw==</latexit>

ω

<latexit sha1_base64="14HQwscocGPIWJGKDfdsusofAzA=">AAACOXicbVBNSwMxEM3W7/pV9eglWARPZVekehGKXsSLClYL3VJms9M2NNldkqxSSn+HP0a86m/w6E28iX/AbFvEWgfCvLz3BmZekAiujeu+OrmZ2bn5hcWl/PLK6tp6YWPzRsepYlhlsYhVLQCNgkdYNdwIrCUKQQYCb4Puaabf3qHSPI6uTS/BhoR2xFucgbFUs+Cd+/cYtpH+dHpM/S4kCVD/QmIbRrwfgBr9m4WiW3KHRaeBNwZFMq7LZuHTD2OWSowME6B13XMT0+iDMpwJHOT9VGMCrAttrFsYgUTd6A9PG9Bdy4S0FSv7IkOH7O+JfhBI6wpiEVLdk7brCRmkzmhrkWA6U1pG/qfVU9M6avR5lKQGIzbao5UKamKaxUhDrpAZ0bMAmOL2FMo6oIAZG3beZuT9TWQa3OyXvHKpfHVQrJyM01ok22SH7BGPHJIKOSOXpEoYeSBP5Jm8OI/Om/PufIysOWc8s0Umyvn6BnyNrIg=</latexit>

J → J → J = ω! → !̄
<latexit sha1_base64="GzaBSLvg0zG0KfnfpYSRRgjKr7w=">AAACEXicbVDLSgMxFM3UV62vqks3wSK4KjMi1WXRjcsq9gHToWQymTY0jyHJKGXoV4hb/Q534tYv8DP8AzPtLKz1QMjhnHPh3hMmjGrjul9OaWV1bX2jvFnZ2t7Z3avuH3S0TBUmbSyZVL0QacKoIG1DDSO9RBHEQ0a64fg697sPRGkqxb2ZJCTgaChoTDEyVvL7d3Q4Mkgp+Tio1ty6OwNcJl5BaqBAa1D97kcSp5wIgxnS2vfcxAQZUoZiRqaVfqpJgvAYDYlvqUCc6CCbrTyFJ1aJYCyVfcLAmfp7IgtDblOhZBHUE25/vWAjrnPZRjgyoyUvF//z/NTEl0FGRZIaIvB8jzhl0EiY1wMjqgg2bGIJworaUyAeIYWwsSVWbEfe30aWSees7jXqjdvzWvOqaKsMjsAxOAUeuABNcANaoA0wkOAZvIBX58l5c96dj3m05BQzh2ABzucPwxud6Q==</latexit>→

<latexit sha1_base64="DnE3kNlfB+3a8BN/ZgSd1oNSnxU="></latexit>

LMA =
1

N

N∑

a=1

∣∣∣∣1→ ω
J3(za)

|!(za)|2

∣∣∣∣



Approximating the CY Metric

[Lust, FR, Schreier, to appear]



Evolutionary Algorithms



Genetic Algorithms 101
1. Define a genome/alleles (parameters in      )  

2. Initialize the first generation with a random population (collection of individuals) 

3. Calculate the fitness (how close they are to defining a sLag) for each individual 

4. Cross-breed the fittest individual by exchanging parts of the genome  
   (parameters of     ) to produce offspring for the next generation 

5. Randomly mutate the offspring (random assignment of values to  
   parameters in     ) 

6. Repeat steps 3 - 5 for the next generation 

<latexit sha1_base64="tWaKNizKGrOfFfVcewS6CzsJ92g=">AAACCXicbVDLSgMxFL1TX7W+qi7dBIvgqsyIVJdFN11WtA9oh5LJpG1okhmSjFCGfoG41e9wJ279Cj/DPzDTzsJaD4QczjkX7j1BzJk2rvvlFNbWNza3itulnd29/YPy4VFbR4kitEUiHqlugDXlTNKWYYbTbqwoFgGnnWBym/mdR6o0i+SDmcbUF3gk2ZARbKx03xiwQbniVt050CrxclKBHM1B+bsfRiQRVBrCsdY9z42Nn2JlGOF0VuonmsaYTPCI9iyVWFDtp/NVZ+jMKiEaRso+adBc/T2RBoGwqSDiIdJTYX+9ZGOhM9lGBDbjFS8T//N6iRle+ymTcWKoJIs9hglHJkJZLShkihLDp5Zgopg9BZExVpgYW17JduT9bWSVtC+qXq1au7us1G/ytopwAqdwDh5cQR0a0IQWEBjBM7zAq/PkvDnvzsciWnDymWNYgvP5A90+miQ=</latexit>

Hi

<latexit sha1_base64="tWaKNizKGrOfFfVcewS6CzsJ92g=">AAACCXicbVDLSgMxFL1TX7W+qi7dBIvgqsyIVJdFN11WtA9oh5LJpG1okhmSjFCGfoG41e9wJ279Cj/DPzDTzsJaD4QczjkX7j1BzJk2rvvlFNbWNza3itulnd29/YPy4VFbR4kitEUiHqlugDXlTNKWYYbTbqwoFgGnnWBym/mdR6o0i+SDmcbUF3gk2ZARbKx03xiwQbniVt050CrxclKBHM1B+bsfRiQRVBrCsdY9z42Nn2JlGOF0VuonmsaYTPCI9iyVWFDtp/NVZ+jMKiEaRso+adBc/T2RBoGwqSDiIdJTYX+9ZGOhM9lGBDbjFS8T//N6iRle+ymTcWKoJIs9hglHJkJZLShkihLDp5Zgopg9BZExVpgYW17JduT9bWSVtC+qXq1au7us1G/ytopwAqdwDh5cQR0a0IQWEBjBM7zAq/PkvDnvzsciWnDymWNYgvP5A90+miQ=</latexit>

Hi

<latexit sha1_base64="tWaKNizKGrOfFfVcewS6CzsJ92g=">AAACCXicbVDLSgMxFL1TX7W+qi7dBIvgqsyIVJdFN11WtA9oh5LJpG1okhmSjFCGfoG41e9wJ279Cj/DPzDTzsJaD4QczjkX7j1BzJk2rvvlFNbWNza3itulnd29/YPy4VFbR4kitEUiHqlugDXlTNKWYYbTbqwoFgGnnWBym/mdR6o0i+SDmcbUF3gk2ZARbKx03xiwQbniVt050CrxclKBHM1B+bsfRiQRVBrCsdY9z42Nn2JlGOF0VuonmsaYTPCI9iyVWFDtp/NVZ+jMKiEaRso+adBc/T2RBoGwqSDiIdJTYX+9ZGOhM9lGBDbjFS8T//N6iRle+ymTcWKoJIs9hglHJkJZLShkihLDp5Zgopg9BZExVpgYW17JduT9bWSVtC+qXq1au7us1G/ytopwAqdwDh5cQR0a0IQWEBjBM7zAq/PkvDnvzsciWnDymWNYgvP5A90+miQ=</latexit>

Hi

[FR `17; Cole, Schachner, Shiu `19; Cole, Krippendorf, Schachner, Shiu `21; Abel, Constantin, Harvey, Lukas `21 `22; 
Abel, Constantin, Harvey, Lukas, Nutricati `23; Berglund, He, Heyes, Hirst, Jejjala `23]

[FR `20]



Fitness Function - Special Property
‣ Special property:  
‣ Compute the phases         for a set of points on 

‣ Bin them and compute the entropy                                    from the histogram 

‣ Define the fitness                             , where          is the entropy of the 
uniform distribution 

‣ Note that by definition                       , where 0 corresponds to a uniform 
distribution of phases and 1 corresponds to constant phase (all in the same 
bin)

<latexit sha1_base64="+mAqm8wQHnvUDQlSt0huDNjEERc=">AAACG3icbVDLSsNAFJ3UV62vaJduBovgqiQi1WXRjQvBCvYBTQiTyaQdOpOEmYkQYj9F3Op3uBO3LvwM/8BJm4W1HhjmcM65cO/xE0alsqwvo7Kyura+Ud2sbW3v7O6Z+wc9GacCky6OWSwGPpKE0Yh0FVWMDBJBEPcZ6fuTq8LvPxAhaRzdqywhLkejiIYUI6Ulz6w7t5yM0KPncKTGGLH8ZuqZDatpzQCXiV2SBijR8cxvJ4hxykmkMENSDm0rUW6OhKKYkWnNSSVJEJ6gERlqGiFOpJvPlp/CY60EMIyFfpGCM/X3RO77XKf8mAVQZlz/csFGXBayjhQXLHmF+J83TFV44eY0SlJFIjzfI0wZVDEsioIBFQQrlmmCsKD6FIjHSCCsdJ013ZH9t5Fl0jtt2q1m6+6s0b4s26qCQ3AEToANzkEbXIMO6AIMMvAMXsCr8WS8Ge/GxzxaMcqZOliA8fkDoUGhfw==</latexit>

!|L
<latexit sha1_base64="xGFhimqgyf7nWVasYpqcmTgQ1bg=">AAACGHicbVDLSgMxFM3UV62vUZdugkVwVWZEqsuiGxcuKtgHdIaSyaRtaB5DkimUoT8ibvU73Ilbd36Gf2CmnYW1Hgg5nHMu3HuihFFtPO/LKa2tb2xulbcrO7t7+wfu4VFby1Rh0sKSSdWNkCaMCtIy1DDSTRRBPGKkE41vc78zIUpTKR7NNCEhR0NBBxQjY6W+63YDjJKAIzPCiGX3s75b9WreHHCV+AWpggLNvvsdxBKnnAiDGdK653uJCTOkDMWMzCpBqkmC8BgNSc9SgTjRYTbffAbPrBLDgVT2CQPn6u+JLIq4TUWSxVBPuf31ko24zmUbyS9Y8XLxP6+XmsF1mFGRpIYIvNhjkDJoJMxbgjFVBBs2tQRhRe0pEI+QQtjYLiu2I/9vI6ukfVHz67X6w2W1cVO0VQYn4BScAx9cgQa4A03QAhhMwDN4Aa/Ok/PmvDsfi2jJKWaOwRKczx8eYqAp</latexit>

X → L
<latexit sha1_base64="5DLEoWhfVNYBHLn863zfdPjZULE=">AAACIXicbVDLSgMxFM34rPU16krcBItQF5YZkepGKLpxWdE+oDMMmTRtQ5PJkGSkZSh+jLjV73An7sSv8A9M21lY64GQwznnwr0njBlV2nE+rYXFpeWV1dxafn1jc2vb3tmtK5FITGpYMCGbIVKE0YjUNNWMNGNJEA8ZaYT967HfeCBSURHd62FMfI66Ee1QjLSRAnv/7vLEUwkP0sEIxsXBscdEd0ICu+CUnAngPHEzUgAZqoH97bUFTjiJNGZIqZbrxNpPkdQUMzLKe4kiMcJ91CUtQyPEifLTyQkjeGSUNuwIaV6k4UT9PZGGITepULA2VENufjVjI67GsolwpHtz3lj8z2slunPhpzSKE00iPN2jkzCoBRzXBdtUEqzZ0BCEJTWnQNxDEmFtSs2bjty/jcyT+mnJLZfKt2eFylXWVg4cgENQBC44BxVwA6qgBjB4BM/gBbxaT9ab9W59TKMLVjazB2Zgff0ANZqirg==</latexit>

S = →
∑

x

p(x) log p(x)
<latexit sha1_base64="/avA+7qrpeLGrqJ6y21hCQ31XVQ="></latexit>

fspecial = 1→ S

Smax

<latexit sha1_base64="9UtrPt7dKXGiXm9E0ITAQfXPTMk=">AAACEnicbVDLSsNAFJ34rPVVdelmsAiuSiJSXRbduKxoH9CEMplM2qEzSZi5kZbQvxC3+h3uxK0/4Gf4B07aLKz1wDCHc86Fe4+fCK7Btr+sldW19Y3N0lZ5e2d3b79ycNjWcaooa9FYxKrrE80Ej1gLOAjWTRQj0hes449ucr/zyJTmcfQAk4R5kgwiHnJKwEjufd8FNoZMkvG0X6naNXsGvEycglRRgWa/8u0GMU0li4AKonXPsRPwMqKAU8GmZTfVLCF0RAasZ2hEJNNeNtt5ik+NEuAwVuZFgGfq74nM96VJ+bEIsJ5I8+sFm0idyyYiCQyXvFz8z+ulEF55GY+SFFhE53uEqcAQ47wfHHDFKIiJIYQqbk7BdEgUoWBaLJuOnL+NLJP2ec2p1+p3F9XGddFWCR2jE3SGHHSJGugWNVELUZSgZ/SCXq0n6816tz7m0RWrmDlCC7A+fwDSWJ5/</latexit>

Smax

<latexit sha1_base64="7eMv7wuXeKYnUrmxBc3u3RLqfGg=">AAACIHicbVDLSsNAFJ3Ud31V3QhuBovgQkoiUl2KblxWsCo0IUymNzp0MgkzN2IJ9WPErX6HO3Gpf+EfOG2zUOuBYQ7nnAv3niiTwqDrfjiVqemZ2bn5heri0vLKam1t/dKkuebQ5qlM9XXEDEihoI0CJVxnGlgSSbiKeqdD/+oOtBGpusB+BkHCbpSIBWdopbC2GYc+wj0WJgMumBz4QnXcPS8Ia3W34Y5AJ4lXkjop0QprX3435XkCCrlkxnQ8N8OgYBoFlzCo+rmBjPEeu4GOpYolYIJidMGA7lilS+NU26eQjtSfE0UUJTYVpbJLTT+xv/lls8QMZRtJGN5OeEPxP6+TY3wUFEJlOYLi4z3iXFJM6bAt2hUaOMq+JYxrYU+h/JZpxtF2WrUdeX8bmSSX+w2v2WieH9SPT8q25skW2Sa7xCOH5JickRZpE04eyBN5Ji/Oo/PqvDnv42jFKWc2yC84n98ugaNO</latexit>

fspecial → [0, 1]



Fitness Function - Lagrangian Property
‣ Lagrangian property:  
‣ Compute the Kähler forms         for a set of points on 

‣ Compute the Frobenius norm  

‣ Define the fitness 

‣ Note that by definition                  , with 0 corresponding to infinite Frobenius 
norm and 1 corresponding to 

‣ Total fitness:

‣ Note that by definition 

<latexit sha1_base64="xGFhimqgyf7nWVasYpqcmTgQ1bg=">AAACGHicbVDLSgMxFM3UV62vUZdugkVwVWZEqsuiGxcuKtgHdIaSyaRtaB5DkimUoT8ibvU73Ilbd36Gf2CmnYW1Hgg5nHMu3HuihFFtPO/LKa2tb2xulbcrO7t7+wfu4VFby1Rh0sKSSdWNkCaMCtIy1DDSTRRBPGKkE41vc78zIUpTKR7NNCEhR0NBBxQjY6W+63YDjJKAIzPCiGX3s75b9WreHHCV+AWpggLNvvsdxBKnnAiDGdK653uJCTOkDMWMzCpBqkmC8BgNSc9SgTjRYTbffAbPrBLDgVT2CQPn6u+JLIq4TUWSxVBPuf31ko24zmUbyS9Y8XLxP6+XmsF1mFGRpIYIvNhjkDJoJMxbgjFVBBs2tQRhRe0pEI+QQtjYLiu2I/9vI6ukfVHz67X6w2W1cVO0VQYn4BScAx9cgQa4A03QAhhMwDN4Aa/Ok/PmvDsfi2jJKWaOwRKczx8eYqAp</latexit>

X → L
<latexit sha1_base64="NGq1xkHHg4sHaFOAmCR0EasHQzY=">AAACGHicbVDLSgMxFM3UV62vUZdugkVwVWZEqsuiGxEXFewD2mHIZNI2NMkMSaZQxvkRcavf4U7cuvMz/AMz7Sys9UDI4Zxz4d4TxIwq7ThfVmlldW19o7xZ2dre2d2z9w/aKkokJi0csUh2A6QIo4K0NNWMdGNJEA8Y6QTj69zvTIhUNBIPehoTj6OhoAOKkTaSb9u3j37a50iPMGLpXZb5dtWpOTPAZeIWpAoKNH37ux9GOOFEaMyQUj3XibWXIqkpZiSr9BNFYoTHaEh6hgrEifLS2eYZPDFKCAeRNE9oOFN/T6RBwE0qiFgI1ZSbXy3YiKtcNpH8hCUvF//zeokeXHopFXGiicDzPQYJgzqCeUswpJJgzaaGICypOQXiEZIIa9NlxXTk/m1kmbTPam69Vr8/rzauirbK4Agcg1PgggvQADegCVoAgwl4Bi/g1Xqy3qx362MeLVnFzCFYgPX5A3a9oF4=</latexit>

J |L
<latexit sha1_base64="X/BZhN7J/8C1vfqfit6AwfXsRMo="></latexit>

L =
1

N

N∑

n=1

∑

i,j

|Jij(x
(n))|

<latexit sha1_base64="agS1B9eW2a4rNG4imhbAXFrPMn8="></latexit>

fLag = e→kL , k → R+

<latexit sha1_base64="XRrdJ66PnyOmfdmfZ3IcDnlMInI=">AAACHHicbVDLSsNAFJ34rPUVHzs3g0VwISURqS6Lbly4qGAf0IQymU7aoZNJmLkRa+iviFv9DnfiVvAz/AMnbRfWemCYwznnwr0nSATX4Dhf1sLi0vLKamGtuL6xubVt7+w2dJwqyuo0FrFqBUQzwSWrAwfBWoliJAoEawaDq9xv3jOleSzvYJgwPyI9yUNOCRipY++HHQ/YA2Q3pDfyuPSdE9fv2CWn7IyB54k7JSU0Ra1jf3vdmKYRk0AF0brtOgn4GVHAqWCjopdqlhA6ID3WNlSSiGk/G28/wkdG6eIwVuZJwGP190QWBJFJBbHoYj2MzK9nbBLpXDaRiEB/zsvF/7x2CuGFn3GZpMAknewRpgJDjPOmcJcrRkEMDSFUcXMKpn2iCAXTZ9F05P5tZJ40TstupVy5PStVL6dtFdABOkTHyEXnqIquUQ3VEUWP6Bm9oFfryXqz3q2PSXTBms7soRlYnz+ETqFb</latexit>

fLag →]0, 1]
<latexit sha1_base64="arJ87N4TcVi+XC5igIw8YzyZZEU=">AAACGHicbVDLSgMxFM34rPU16tJNsAiuyoxIdSMU3Yi4qGAf0A5DJpNpQ5PMkGQKZeyPiFv9Dnfi1p2f4R+YaWdhrQdCDuecC/eeIGFUacf5spaWV1bX1ksb5c2t7Z1de2+/peJUYtLEMYtlJ0CKMCpIU1PNSCeRBPGAkXYwvM799ohIRWPxoMcJ8TjqCxpRjLSRfNu+ffR7HOkBRiy7m1w6vl1xqs4UcJG4BamAAg3f/u6FMU45ERozpFTXdRLtZUhqihmZlHupIgnCQ9QnXUMF4kR52XTzCTw2SgijWJonNJyqvyeyIOAmFcQshGrMza/mbMRVLptIfsOCl4v/ed1URxdeRkWSaiLwbI8oZVDHMG8JhlQSrNnYEIQlNadAPEASYW26LJuO3L+NLJLWadWtVWv3Z5X6VdFWCRyCI3ACXHAO6uAGNEATYDACz+AFvFpP1pv1bn3MoktWMXMA5mB9/gCSIJ/T</latexit>

J |L = 0

<latexit sha1_base64="ArMZCkZ64C7ifSdQH5uzB3D1psQ="></latexit>

ftot = fspecial → fLag

<latexit sha1_base64="cZQoonCcN6YJ9ZR2WLL8VDMWsps=">AAACHHicbVDLSgMxFM3UV62v+ti5CRbBhZQZkeqy6MZlBfuAdiiZNNOGZpIhuSPWob8ibvU73Ilbwc/wD0zbWVjrgZDDOefCvSeIBTfgul9Obml5ZXUtv17Y2Nza3inu7jWMSjRldaqE0q2AGCa4ZHXgIFgr1oxEgWDNYHg98Zv3TBuu5B2MYuZHpC95yCkBK3WLB2G3A+wBUlAw7nDpu6ee3y2W3LI7BV4kXkZKKEOtW/zu9BRNIiaBCmJM23Nj8FOigVPBxoVOYlhM6JD0WdtSSSJm/HS6/RgfW6WHQ6Xtk4Cn6u+JNAgimwqU6GEziuxv5mwSmYlsIxGBwYI3Ef/z2gmEl37KZZwAk3S2R5gIDApPmsI9rhkFMbKEUM3tKZgOiCYUbJ8F25H3t5FF0jgre5Vy5fa8VL3K2sqjQ3SETpCHLlAV3aAaqiOKHtEzekGvzpPz5rw7H7Nozslm9tEcnM8f9LChng==</latexit>

ftot →]0, 1]



Example - T3

Special Fitness: 1.0000Lagrangian Fitness: 0.99999

Total Fitness (at               ):  1.00<latexit sha1_base64="o/76Y553f8yCWOqTTy4v3gw4jLc=">AAACEnicbVDLSgMxFM3UV62vqks3wSK4KjNFqsuiG5cV7AM6Q8lkMm1okolJRihD/0Lc6ne4E7f+gJ/hH5hpZ2GtB0IO55wL955QMqqN6345pbX1jc2t8nZlZ3dv/6B6eNTVSaow6eCEJaofIk0YFaRjqGGkLxVBPGSkF05ucr/3SJSmibg3U0kCjkaCxhQjYyXfl5pCf0QeGq47rNbcujsHXCVeQWqgQHtY/fajBKecCIMZ0nrgudIEGVKGYkZmFT/VRCI8QSMysFQgTnSQzXeewTOrRDBOlH3CwLn6eyILQ25TYcIiqKfc/nrJRlznso1wZMYrXi7+5w1SE18FGRUyNUTgxR5xyqBJYN4PjKgi2LCpJQgrak+BeIwUwsa2WLEdeX8bWSXdRt1r1pt3F7XWddFWGZyAU3AOPHAJWuAWtEEHYCDBM3gBr86T8+a8Ox+LaMkpZo7BEpzPH/vmnWE=</latexit>

ω → 200



Example - RP3

Special Fitness: 1.0000Lagrangian Fitness: 1.0000

Total Fitness (at           , branch where                 ):  1.0000<latexit sha1_base64="mKw2j/RfdwK1gaAQNDdfZr1wFWk=">AAACDHicbVDLSgMxFL1TX7W+qi7dBIvgqsyIVDdC0Y3LCvYB7VAymUwbm0yGJCOU0l8Qt/od7sSt/+Bn+Adm2llY64GQwznnwr0nSDjTxnW/nMLK6tr6RnGztLW9s7tX3j9oaZkqQptEcqk6AdaUs5g2DTOcdhJFsQg4bQejm8xvP1KlmYzvzTihvsCDmEWMYGOlVi/R7Mrtlytu1Z0BLRMvJxXI0eiXv3uhJKmgsSEca9313MT4E6wMI5xOS71U0wSTER7QrqUxFlT7k9m2U3RilRBFUtkXGzRTf09MgkDYVCB5iPRY2F8v2FjoTLYRgc1wycvE/7xuaqJLf8LiJDU0JvM9opQjI1HWDAqZosTwsSWYKGZPQWSIFSbG9leyHXl/G1kmrbOqV6vW7s4r9eu8rSIcwTGcggcXUIdbaEATCDzAM7zAq/PkvDnvzsc8WnDymUNYgPP5A/yrm0c=</latexit>

ω = 0
<latexit sha1_base64="djTvDA/ECjbwpBEUPv4Z4ekYACA=">AAACGHicbVDLSgMxFM3UV62vUZdugkWomzIjpboRim50V8E+oB2GTJq2ocnMkNwp1qE/Im71O9yJW3d+hn9g+lhY64GQwznnwr0niAXX4DhfVmZldW19I7uZ29re2d2z9w/qOkoUZTUaiUg1A6KZ4CGrAQfBmrFiRAaCNYLB9cRvDJnSPArvYRQzT5JeyLucEjCSb9ttYA+Q3spx4dEvnV46vp13is4UeJm4c5JHc1R9+7vdiWgiWQhUEK1brhODlxIFnAo2zrUTzWJCB6THWoaGRDLtpdPNx/jEKB3cjZR5IeCp+nsiDQJpUkEkOliPpPn1gk2knsgmIgn0l7yJ+J/XSqB74aU8jBNgIZ3t0U0EhghPWsIdrhgFMTKEUMXNKZj2iSIUTJc505H7t5FlUj8ruuVi+a6Ur1zN28qiI3SMCshF56iCblAV1RBFQ/SMXtCr9WS9We/WxyyaseYzh2gB1ucP1/OfYQ==</latexit>

Im(z4) = 0



New sLag candidate

Lagrangian Fitness: 0.23

Special Fitness: 0.15
Lagrangian Fitness: 0.80

Special Fitness: 0.61

Lagrangian Fitness: 0.96

Special Fitness: 0.78

Lagrangian Fitness: 0.97

Special Fitness: 0.96



New sLag candidate - coordinate visualization 



New sLag candidate - UMAP visualization 
d=4 from d=1, GD step 0



New sLag candidate - UMAP visualization 
d=4 from d=1, GD step 1



New sLag candidate - UMAP visualization 
d=4 from d=1, GD step 2



New sLag candidate - UMAP visualization 
d=4 from d=1, GD step 3



New sLag candidate - UMAP visualization 
d=4 from d=1, GD step 4



Persistent Homology



Topology of Point Clouds
‣ In order to find the topology of the sLag, we use Persistent Homology, a tool 

from Topological Data Analysis [FR `20]



Persistent Homology
‣ Mathematically, we do the following: 

1. Replace points by balls and vary their radii R (filtration by R) 

2. Overlapping balls are joined 

3. Record the radius at which cycles form (birth) 

4. As radii increase, these cycles die (either because they are filled in, or 
   because new, higher-dimensional cycles form such that this cycle 
   becomes a boundary cycle and hence trivial in homology) 

5. We assign the topology based on the cycles that persist the longest (over  
   the widest range of R)

[Cirafici `16; Cole, Shiu `18]



Persistent Homology - Details
‣ Step 4 (birth/death of cycles) requires explicit construction of (co)-boundary 

maps in the exact sequence defining the homology 

‣ For computational efficiency, we compute this over      , p prime  

‣ For the distance between points we use the geodesic distance computed 
w.r.t. the Fubini-Study ambient space metric 

‣ By computing                for different p, we can recover integer homology and 
the torsion part 

‣ This is automated in the package ripser 
‣ Side remark: This can also be applied to find torsion cycles in CY threefolds 

more generally, which is very difficult to do numerically [FR, to appear]

<latexit sha1_base64="M+ViNt5mQV4cJ/72PlYloXtVfnI=">AAACEnicbVDNSgMxGMzWv1r/qh69BIvgqeyKVI9FLx4r2FbsLiXJpm1osglJVihL30K86nN4E6++gI/hG5ht92CtAyHDzHzwfYMVZ8b6/pdXWlldW98ob1a2tnd296r7Bx0jU01om0gu9T1GhnKW0LZlltN7pSkSmNMuHl/nfveRasNkcmcnikYCDRM2YARZJ4WhQHaEcfYw7at+tebX/RngMgkKUgMFWv3qdxhLkgqaWMKRMb3AVzbKkLaMcDqthKmhCpExGtKeowkS1ETZbOcpPHFKDAdSu5dYOFN/T2QYC5fCksfQTIT7zYKNhMllF8lPWPJy8T+vl9rBZZSxRKWWJmS+xyDl0EqY9wNjpimxfOIIIpq5UyAZIY2IdS1WXEfB30aWSeesHjTqjdvzWvOqaKsMjsAxOAUBuABNcANaoA0IUOAZvIBX78l78969j3m05BUzh2AB3ucPlF+eWQ==</latexit>Zp

<latexit sha1_base64="yaJ/8m2kGxJvMPNzh7/BMi6aiX0=">AAACK3icbVDLSgMxFM34rPVVdekmWIQKUmZEqsuimy5cVLAP7AxDksm0oZkHSUYoQz/AjxG3+h2uFLd+gH9gZjoLa70QcjjnXLjn4JgzqUzz3VhaXlldWy9tlDe3tnd2K3v7XRklgtAOiXgk+hhJyllIO4opTvuxoCjAnPbw+DrTew9USBaFd2oSUydAw5D5jCClKbdSbbk2TjinqmYHSI0I4unN9DTHGKf3Uzc+0S6zbuYDF4FVgCoopu1Wvm0vIklAQ0U4knJgmbFyUiQUI5xOy3YiaYzIGA3pQMMQBVQ6aR5mCo8140E/EvqFCubs740U40C7cMQ9KCeB/uWcjAKZ0dqSZVjQMvI/bZAo/9JJWRgnioZkdoefcKgimBUHPSYoUXyiASKC6SiQjJBAROl6y7oj628ji6B7Vrca9cbtebV5VbRVAofgCNSABS5AE7RAG3QAAY/gGbyAV+PJeDM+jM+Zdckodg7A3BhfPyCAp/I=</latexit>

H•(L,Zp)



Persistent Homology - Cluster 1
Three points Three points



Persistent Homology - Cluster 2
Two points Two points



Persistent Homology - Both

Five points Five points



Conclusions



Conclusions
‣ Despite their importance, essentially no examples for sLags are known 
‣ Use Data Science Techniques to find new candidate sLags on the Quintic 
‣ Point sampling techniques to find points 
‣ PINNs to find the NN metric 
‣ Genetic algorithms to find equations that define sLags (no diff needed) 
‣ TDA to find the topology of the sLag 

‣ We reproduced known examples (RP3 and T3), and identified a new potential 
example



Conclusions
‣ Despite their importance, essentially no examples for sLags are known 
‣ Use Data Science Techniques to find new candidate sLags on the Quintic 
‣ Point sampling techniques to find points 
‣ PINNs to find the NN metric 
‣ Genetic algorithms to find equations that define sLags (no diff needed) 
‣ TDA to find the topology of the sLag 

‣ We reproduced known examples (RP3 and T3), and identified a new potential 
example Thank you!


