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O wtdare

T.) 2-veclor spaces (r-:a,ﬂadovas, bimodu/fs,
inter %wimws)

T.) 2-vecddoy bundles (2 alﬂelom Eumd/es,
buw o ¢ f}”b“)

IT.) Appﬂcal(cms:

&) Twisled K 4heory (uisf <2-Line bundles)

b Spin geomehy (spin Lifliuy guobe = CLifJued busdlh)
C) SMM% onw\dr% (Lhe sh«'nam lowudl,.)



Ei(aleﬁmz c{ 2-vedey spuces

= algebros, bimodules, inteviwiners

Remarks: - Emm,”m'uﬁ isover a {ild (k=R C)
- Evert,Hn{wg is Zvﬂdld: aymﬂxd al e,ovux,
arud(b‘ bimodults,

even inteviwinas
~ For now, evergything is fute- dimensional
ing

Nodad jon: 2- V(dk

Nole: 4-'|sovnovfa|nisms in 2-Ved, ar Praciscly fhe
Morita ec{uivahmes.

2-vecddoy spaces

The grove of 4—isommplqi5m classes of GCSAs is called
lhe Bvauer- Wall 1v0uP of the ficld K.

/0)0,1/

Real case Complex case
/Oev,'o )
ho(6CSAR) 2 Z, ho (GCSAL) = Z, C&Clg’ y
U > n (Le"«-—> n =

Watl "6, Domovom = Karoubi 70, Lam '0Y

?q,c-(: 2—\/::.1,‘ i oa scimwndv{c monoidal bicahdan,.

Nobe: + +he densor wnrit is Hhe cé:ound (ield, K
© Endyyey, (K) 2 K-k-Binod = Ved,

1) Dualizabilily
|
Lemma : Ew,v(I 2-veclov srace s dualizable.

» The duel is giv!h lm{ tee Of[:ostd alaltsm., A°fl’.
« evalualion Ao A°fl’_i_)k

A A .
¢ coevaluabion Kk —> A e A

2) .'F\Lu V(IMJAM L)\-QAL“\

Theorem (uhavudd; Bordl el - Doug les
— Schomm ev- Pries — \/f(an,)

A 2-vedor spuce s .fullw dualizable
L i e semisimple aljclora,

3.) lv\veH]L]lil«,:

Classical :
A 2-veddor <pace s inverdible iff T s
o (arudwl-cch#val—sihﬂpl( algdara (OCSA).

Recause fov o GCSA evalualion AoAT L5k
ond coevaluation K-L5APeA are Morita

ec(u'\vmlwccs, e A-isomorphi sms.

Noth: GCSAs ate l—’nt”l—Unes"’ auo{ -rovm
Jhe “P'ncaml" suth - Eica'legor?

GCsA = (2-\/«:&)" e 2-\edd,



Firsl . bicateqor /—\l;Bdk(X)
= e & 4 Thus, a 2-vecdor bundle over X

Liecl ded algebra bundl X To see whether ov ol
objecls:  grade aﬂ‘ 1w bundles over - o ‘ e |
4—mc~f;lmsm: 3.0&”.1 bimoolule bundles over X A 9 o G . < a ‘{uf:l4 ( T, f‘)

L-worphisws: - even inferfuining bundle: morphisms form shewws 15 sublle roimt, iaverlible bimodule buwdle : M‘M» is an Ah‘ Ay biwodule

/mval»Lk mlw‘»ufu;v.‘
bundle morphism
over Y&, assoua!'u

I
j/ H'Ivh E,L HY"7‘ = m"""’ ovev YOJ

Lemma (Pk-ML-DH-KUW) algebra
&EwlﬂeNA M

GUSAg-BdL is a sheaf. L

GCSAc- Bdl is nol a sheal. e
" —— @ Ty e—— ™
Al.gy@vl[_ is nof a sheaf X v —— Y — Y { S— Y

We also consider Jhe full wL—LIcal?ﬂO“‘ ovev lhe
6CSAc-Buudles ovev X, GCSA-BL (X)

Nice : in o
e arying ﬁ{ these {orm v)resl«ﬂo‘f of Ve do nol kuow whebhev ov not suvseckm Subwmersion , e g Y= AL u,
blcahaoms owy the czﬂlaorv of smooth A(% “Bdl s a sheof, I
mani{olds R
. SRS :
SAD: Hmf do nof fovm a SL'M(: of bi(va"e&jo"u = . by one of Two parliculav examples of 2-veclov buudles fully fuithfel
I U A
Y wi , L &
(aka 2 MCk) fedlke 2’%[ Sof AL 1.) Atazlow bundles ave 2-vecdor bundles (7 )
- ve < .
e aof [: S, 1« A, romaining shrichuc drivia
Ve by, g, i e
tey Nt oee——o T— o S—=—

2.) Bundle SULJIS are 2-vechor buudles (BVIAK ‘——»Z’th,)
Yx€ L g

l

* m S o1
X%Y(—(_ ye (_\(DJ(_%Y

The groop of '|50Wlowf;lai>m classes of olod'cﬁs
in GCSA-TAL(X) hes been compul ed L“f
Donovan - karoubc  avdl used as Hwists  {or

k—jflnmw (“K~4kem\1 with local coe{{ic(chfs”)_

vchov Lum’“es

We wovk ovey smoodh mawi(old 3.) Tr-uu{-Horlfr'uthzmau's 4uis“uzs are Frcgi‘xL’

Tweorewm (Donovan- Karoubi '70) Hhe Lom‘:l(,x 2-line bundles with vawshin%

hO[GCSAR-BdL(X]) = HO(X\Zy) - Hﬂ(xlzl)" H‘(X.Zé) class in H"(X,?,_],

ho [GCSA-RAU(X]) = H(4,Z,) % H'(X Z.) * Tew (H2(x,2)
(;Lnsm{xku\.\ey. of 2-Line bundles (L(.l Ais a buudtle OJ G(SA;)
Theorews (D)
h n 1f sowd-hma is not a SLw(, Shm{l(‘\’! " 2 Line- BAL(X) 2 WX, 2, ) x ”A(X‘Z’Z)x HZ(X,Z/L)
Sheaf = Gluing Fov Fushea\m of bicalgovies Nikolaus - Schwegtr 2-Line ~BALIX] = (X2 ) ¥ H' (0 Z.) 5 KX, 2)

M invinbed the plus conshy welion 35 awd onvuA

S e e X .
o A el TH i « gL(u{ o{ Llcal(aonts. This Yveus Hhal G(SAE—%AL is wobt a 5‘nea(

<p
A, L Ap
&0 / :
\A ¢ ? = SLerA\P{f{u“ou added aLJtds!
v v

ch;m DzJivaiom 0( 'I“LHS "&Ut

M i 2 Ved-BAl, = (Aly,- Rdl)"
v cow,ﬂ“ 2-lwe bandles represeud fically +he ful
M ; P Jeometncally cL
axm‘n o[ M‘Slizdvs fov k- Ummd! .
Mywp\g}%-
Pl

W



Can ore reolize the Huwisted K—#hewg’
%rou‘)s in Hus %eomckic umﬁ

ch,iv\ casc 0{ " 2-Uu buhd(l g u[M bvsfom c_[aSS.

3 , i "
Thew, oue can  wimlk |<avoubl's”3rﬂdlu% descv.rhou

of ordl’mav\1 - +héov«1,

KI(X) = { (”“lﬂ'%)} / hmol:{;ic?'l;:;: spuct
/ \\ verss

M: £— i‘:—x Hoo crmtbyu}/x on [
U/M(dvc,obd 1- Vnmrl,dsw

Theoreu (Of’l)

4) g" the piad Cliffovd alau[ovu buuetle .

K (XY is dhe degree n K- %eov% o( A%fyq'{-[—(ivzck(r/t:ﬂcﬁ/l)

2) A a buedle of GCSAS over X:

KA(X] is Donovan— Kavoubi's k—#Lzouf wi h
local coefficients  (1970)

|?
>

2_) (ﬁ o buundle aevLe over X

K%(X\ is bundle 3erLe K—H«éoma oJ Bcuwkuedl,
Cavaj, Mathal I‘tuwa%, Stevenson (2003]

4) 2 a cow\FILY 2-Live - bundle willh vanish l'ua Ha-/ml and {ovsion
3
KY(X] i Treed- HQPkm;-TL(eu«uu's K- H\eon1 Fwisfeod H~P(‘VL

by he ﬁrm{{d cenfval extension conespondisg Jo L,

Awlicaliah lo
Tw isl Oc( K~ TkCo 13

Dawvin Merlsckls  PRD Hhesis, submiHed Tuly 2020

Fuvdhev resalls  in this direction :
o Relalive fwiskd K-theovy can be freaded

v Thowm ‘nsowovp‘aiswt can be realized

o(puc'|l~lu1 within Yhis model Sor Awisted l(-w‘heowa/
< A P(ML {ov wavel maP can be couslvucked alon

avlonm% sm oo tha VVLCLFS) -faf(l'ua inlo accouut «

ckaugg o( fwist.

* Nop- dorsion fwisls can be truted by o mce
L Awisted Saowahic Ck,cu"modd a fe wa—Douaj&S.



What 15w S]ﬂh shrucfuie on  an oriendch

Thun  (PK~ML- D= kW)

Riewmannian mam’@:ld X T

Applications o
SP(h %eom eh'a

Ttis a Lft of the shruclun group of
e (rome bowdle aluma the centval exbension

N"—=Z, —s 5Fsh{d) — s0ld]— 4

Fov every orienked Ricwaunion maw‘{old

X, there is a canonical isomey'plm'sw

g cax) o ()T = ¢,

ac Z-veclsy bundles over X

! ?
: ; T ) v, U
Tt is o trivializadion of the lifhwa, Anothev o\t(]mlhou ( Slola-Tei chney 22) is; Thes, Heivializalion of ¥, "s,% 4%(
bundle yuloe l’;x . A spin shucddure an X is @ = /- Isowsvrzbusm xxﬁ C .4 %, ’5/0;% < )
. L “a %
/CUTX) @ bimodule laaudﬁc' -1 Jsomolfylf\ism @iTx)e (Q_A)oﬁ)*ﬁ_@_ ’0/7'/ /3/7
\ ‘ e
Wifford algebra brivial bundle = CTX)- d* - biwodule buudle.
bund( ¢ Oj X ovey X with {ibre ot

How ax Hese fwo definihons of spin

shrudbure s reladect 2

Tn olm_rl peper ()ycululmg Siuee 2006,

Solo - Teichuer raised hio - . ‘
i(al— i:lcq:;lo a,i ( jm[ . ok i 1.) The  sujebehia ‘Suéwvs’om s
37 ¢ S“”‘é} mamﬁ’ a3 g the w\ot)\k\" He pe (}‘Lmhou:

. “ a\aS Y Lo
a slr\uaov bundle B} \ . shiv‘& W\M\i Sktww.l-\".” I3 (&,\ PX %
15(x)=0) apt
; anon 7 free 7 ‘J Uﬁj

obtained &1 Puubncf( as an Ay~ Ay - bimodule.

Thw  (Pk\Pk-ML-KW, fllowing a proposal 3
of Slah—T«.ic’uw) \J/

The sl)m%ov buudle can be realized as

spinov buudle an loop space
1 T T

(i3]
an wmu = dmensional 2-vector buudle. [ G— B e il apece
‘MQBL 5 K/]‘/Kz bundle with erim[ {ibre Hhe
" {evmionic Tock space fov e
The coushuchion s oulliued in de fellowivg. x TETE lilbal space
Vi= (s 3o CY)

of odd spinors ow Yhe circle,

X
Main Paml heve:
3) Bimodule buudle: /m exhibib the (ibre :;Ku!

2.) Tt has o riggd ClUfford~von Newwaun
mlcqcbm bundle with Hypical fibre

A ce (L (Lo, C* )),
J/ annp\cl!v{ undey a Fock gf““ rer!lslhla“o\n
o a L\wpw(iwh Aype M- faclov.
R
. : = s,
b)) The imbevhwiner on DX % s
Ty, %K Tevx, = TXA“%
W
{

Connes  fusion
Obtained ln1 comLWua
alaLlarcuc (Connes) Lusiou o{ ok gfq[e‘s with

afowulﬂfc (SJmiz-TeicL rer, kW) fusion of
[oov) sr)acc;_





