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Introduction: Bayesian Inverse Problems

Given measured data y € Y modeled as
y:F(u)+e7 e ~ fnoise, U EX,

- u: Parameter u ~ . s F:X—=Y. - e: Random noise.
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Introduction: Bayesian Inverse Problems

Given measured data y € Y modeled as
y:F(u)+e7 e ~ fnoise, U EX,

- u: Parameter u ~ . s F:X—=Y. - e: Random noise.

Goal: from ¥, with

dp” 1 o
difﬂ*zzewwﬁ O(usy) = Iy — F(U)Ify.

Z:K *UN) 1y (du),

Caveat: F usually gets evaluated numerically with discr. parameter L of high
accuracy/cost. = Induces F,




Introduction: Bayesian Inverse Problems

Given measured data y € Y modeled as
)/:F\(U)—l—e, e ~ lnoise; U € X,

* u: Parameter u ~ pipr. s FLi X =Y. - e: Random noise.

Goal: from 1/, where

duf T o) 2
U)= —e w7 ) u; — — F‘L u 5
)=+ @)= Iy~ @

z = / e ) 0 (du),

X
with w — W as L — oo.



Introduction: MCMC- Metropolis Hastings

Constructs Markov chain {u]}N_, with invariant distribution .

procedure MH(z/, Q,N,\o).
Sample u® ~ Xg
forn=0,...,N—1do

Sample z ~ Q(u", -).
Set u"" =z w/prob. o:

1 (2)Q(z, u")
p(um)Q(un,z)

a (u",z) = min |1, ,
set y"! = y" otherwise.
end for
Output {u"}N_,
end procedure
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Constructs Markov chain {u]}N_, with invariant distribution .

procedure MH(z), Q,N,\o).
Sample u® ~ Xg
forn=0,...,N—1do
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forn=0,...,N—1do
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. -~ _ n
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set y"™! = u" otherwise. Accuracy is controlled by N and L.

end for Large N + Expensive F.
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end procedure




Introduction: MCMC- Metropolis Hastings

Constructs Markov chain {u]}N_, with invariant distribution .

procedure MH(z), Q,N,\o).
Sample u® ~ Xg
forn=0,...,N—1do

In short: u"*" ~ p(u",-). Once {u"IN_, is
obtained, we can estimate

Sample z ~ Q(u", -). E,v[Qol] ~ E,»[Qol]
Set u"" =z w/prob. o: ‘ "
y Q n %Q/OT = 1Z:QOM(U”).
a (u",z) = min |1, 1(2)Q(z, u") , - N n=0

i (um)Q(u, z)
Accuracy is controlled by N and L.

Large N + Expensive F.
Solution: ML-MCMC

set u"t! = y" otherwise.
end for
Output {u"}N_,
end procedure




ML-MCMC: motivation

Introduce {F,};_, of increasing accuracy/cost; Fy — F as ¢ — oc.

a)l =0, Fy (b)¢=1F Al=2F (d)¢=3F

Induces 1, £=0,1,...,L, with

dp! ] 2
G ()= 720 (= Iy = F@I)
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y y
Us,g ~ LWy, Ui g—1~ y_q-



ML-MCMC: motivation

E,w[Qol] & 5= Y02[Q0lo(Ud o)l + X0y i oo (QOI (U™ 1) — Qole—s(U™ —1)).

o= 1

Fact: Choosing N, < Ny_4 very carefully gives a much cheaper estimator with same
accuracy as SL.



ML-MCMC: motivation
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Theorem [PKST5I (Informal) : If 3 ay, B,y > O
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[DKST15]: Dodwell, et Al. (2015).
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o= 1

Theorem [PKST5I (Informal) : If 3 ay, B,y > O

T1. |E,[Qol,] — Ew[Qol]| < CuM~—, T3. MSE(Yen,) < N; " Cinse Vi, [Yel-
T4, Cg(QO“g) < C,YM’YZ.

tol™?| log tol| if B>,
Cost (GML,tOlZ) < Cw { tol ™| log tol?, if 8=,
tol 2O =B ew 1o tol|, if B < 7.

Cost (egL,tO[z) < Co tol ™2/ ow
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ML-MCMC: motivation

E,w[Qol] & 5= Y02[Q0lo(Ud o)l + X0y i oo (QOI (U™ 1) — Qole—s(U™ —1)).

o= 1

Theorem [PKST5I (Informal) : If 3 ay, B,y > O

T1. |E,[Qol,] — Ew[Qol]| < CuM~—, T3. MSE(Yen,) < N; " Cinse Vi, [Yel-
T4, Cg(QO“g) < C,YM’YZ.

%\ 'IOM [ ML’ 6 =7 £— 00 (’—>oc
= — ML B =7 Y] —= 0 = V,[Y] — 0
é 10/ ~ ML, B <« (Not trivial)
\g 100 ts(l_l‘z Key: Construct chains by coupling
O =2 = proposals.
tol

[DKST15]: Dodwell, et Al. (2015).
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ML-MCMC: generating couplings

[is a coupling of Q(u7 ,,-) and R(ug ,_4,-), if:

A (Upg g Upg) ~ T, = Uy g ~R(UG,_q,-) @and Uge ~ QU7 4, ).
For any coupling:

B. IEDI'(UM 17 UM ‘Q Ug o = R(Uz,e—w ')HTV

We say it is a maximal coupling if B. holds with equality.

1. IMH Q(ug 4, -) = R(ug o_q,-) = Q(°).
2. MxC: Q(ugj, ), R(u,’le_m ).

(g)pCN, RWM, HMC,..




ML-MCMC: coupling via IMH

IMH: Couples chains by always proposing the same state

[DKST15]: Dodwell, et Al. (2015). [MCNT21]: MC, Nobile, Tempone. (2021.) [MC22]: MC. (2022.)
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ML-MCMC: coupling via IMH

IMH: Couples chains by always proposing the same state

procedure IMH({s)_1, 1}, {uZ o7, uf .}, Q0)
Sample z ~ Qy and w ~ 1(0,1).
forj=+¢—-1,/do
Setuy ! =z ifw < aj(uj ;,2), where

y

" | (2)Qe(ug))
aj(Uyj,2) == min |1, ———"C1 .

L (ug’j)Qf (2)
Set uZJj” = uj; otherwise.
end for
n+1 n+1

Output {ug 4, Upy }-
end procedure
[DKST15]: Dodwell, et AL. (2015). [MCNT21]: MC, Nobile, Tempone. (2021.) [MC22]: MC. (2022.)




ML-MCMC: coupling via IMH

IMH: Couples chains by always proposing the same state

procedure IMH({yzy s, s}, {Uf o1, U7}, Qr) - Induces joint kernel pg .
Sample z ~ Qy and w ~ 1(0,1).
forj=+¢—1,¢do Qe
Setujt' =z if w < oj(uf;, 2), where : [Dfsm] proposes Qe() = ,
y . Ng—q Zi:W 5“'@4.‘/34(..) ~ Ho—r
(Ul 2) = min [1 1 (Z)Q,(uzyl-)] ho;wey(ﬂe;r, can give biased results.
o) " (up;)Q(2) - MCNTZIMC22laxtend to a wider class of

ind. proposals Q, w/ certain
conditions (prior, KDE, Laplace
approximation) . Difficult to find in
some situations.

Set uZJj” = uj; otherwise.
end for
n+1 n+1
Output {Uuqv ugy -
end procedure
[DKST15]: Dodwell, et AL. (2015). [MCNT21]: MC, Nobile, Tempone. (2021.) [MC22]: MC. (2022.)




ML-MCMC: coupling via MxC

MXC: T of state-dependent proposals"“"*HUI21 gn = Q(ug ,, ), R" = R(uf ,_;, ")

[MCN22]: MC, Nobile. (2022) . [HJLT21]: Heng, et. al. (2021).



ML-MCMC: coupling via MxC

MxC: I of state-dependent proposals!McN2IHILT21 on — Q(ug ), R" = R(Uz 4_1,°)

procedure MXC(yy, pry_q, Uj 44, Uf 1, Q" R")
Sample (Up 1, Upe) ~ T w ~U([0,1])
forj=+¢—1,¢do:

if w < q(uy ), uy ;) then
n+1 __
SetuyT = Uy ;.
else
n+1 __
S.et Uy = up;
end if
end for
Output (ugpl,, ugy").
end procedure
[MCN22]: MC, Nobile. (2022) . [HJLT21]: Heng, et. al. (2021).




ML-MCMC: coupling via MxC

MxC: I of state-dependent proposals!McN2IHILT21 on — Q(ug ), R" = R(Uz 4_1,°)

procedure MXC(yy, pry_q, Uj 44, Uf 1, Q" R")
Sample (ug}pw UIM) ~ T w~U([0,1])

forj=+¢—1,¢do: - Induces joint kernel pg mxc.
if w < q(uy ), uy ;) then * ML-MCMC w/ state-dependent
Setupt' = uy ;. proposals.
else - Proposes same state w.p.
Set Ut =ul .. _ NN RN :
N 6 1—1|1Q(ug 4, ) — R(UZ o1, )|, small if
end if . R ’ v
uy,_q, Uy, are too far apart
end for

n+1 n+1
Output (uyy_q, Upy )-
end procedure
[MCN22]: MC, Nobile. (2022) . [HJLT21]: Heng, et. al. (2021).




ML-MCMC: IMH convergence

Theorem 1: Convergence of joint IMH chain/MNT21],

A1 Jc € (0,1) independent of £st. V¢ > 1:

. Qe(2) )
> pr— _— p—
ess ;rewi { ij(z) >c>0,j=0—14, ppr —as. (1)

[MCNT21]: MC, Nobile, Tempone. (2021)



ML-MCMC: IMH convergence

Theorem 1: Convergence of joint IMH chain/MNT21],

A1 Jc € (0,1) independent of £st. V¢ > 1:

. Qe(2) )
> pr— _— p—
ess }22 { ij(z) >c>0,j=0—14, ppr —as. (1)

Then, ¥¢ > 13! a invariant v, induced by Py jn,. Furthermore,

f(u@)p?(ue, du}) = f(Uz)Vg(dUg) < 2(1 — pg)n, Yuy € XZ, ne N,

X2 X2

sup
HfHLOo(XZ,H%r)

pe = C fymin{(2), pry_4(2) bpr(d2) = c[1 = (g pry_1))-

[MCNT21]: MC, Nobile, Tempone. (2021)



ML-MCMC: IMH convergence

Theorem 1: Convergence of joint IMH chain/MNT21],
A1 Jc € (0,1) independent of £st. V¢ > 1:

. Qe(2) )
ess inf >c>0,j=0—10, gy —as. (1)
{u,-y(z) i

zex

Then, ¥¢ > 13! a invariant v, induced by Py jn,. Furthermore,

sup f(up)pi(ug, dug) — / fue)ve(dug)| <2(1—pe)", Vup € X’,n €N,
XZ

e, 12,

pe = € Jymin{p/(2), 1y _1(2) hepr(dz) = c[1 = dr(peg, p1y_1)]:
Conversely, if (1) doesn’t hold == no geometric ergodicity.

X2

[MCNT21]: MC, Nobile, Tempone. (2021)



ML-MCMC: IMH convergence

Theorem 1: Convergence of joint IMH chain/MNT21],

A1 Jc € (0,1) independent of £st. V¢ > 1:

. Qe(2) )
> pr— _— p—
ess égi { ij(z) >c>0,j=0—14, ppr —as. (1)

Then, ¥¢ > 13! a invariant v, induced by Py jn,. Furthermore,

sup
HfHLOO(XZ,H%r)

pe = € Jymin{p/(2), 1y _1(2) hepr(dz) = c[1 = dr(peg, p1y_1)]:
Conversely, if (1) doesn’t hold == no geometric ergodicity.

f(up)pf(ue,dug) — [ f(ue)ve(duy)

§2(1_p€)n7 Vuy €X27HEN7
X2 X2

Importance: first result of its kind + guideline on implementation + vy = v4(Qy).

[MCNT21]: MC, Nobile, Tempone. (2021)



ML-MCMC: MxC convergence

CN22]

Theorem 2: Convergence of joint MxC chain'"
A21 ®,(u;y) >0, VueX,y Y.

A22 ppr = N(0,C)
A23 QY. -) = N(V1T=P2(U3 4, 0°C),  R(UG,_s,-) = N(V/T= p2U 3, pC)

+ some technical conditions on the conv. of marginal pCN.

[MCN22]: MC, Nobile. (2022)



ML-MCMC: MxC convergence

CN22]

Theorem 2: Convergence of joint MxC chain'"
A21 ®,(u;y) >0, VueX,y Y.
A22 pp = N(0,C)
A23 QY. -) = N(V1T=P2(U3 4, 0°C),  R(UG,_s,-) = N(V/T= p2U 3, pC)
+ some technical conditions on the conv. of marginal pCN.

Then, ¥¢ > 13!l invariant v, induced by Py .. Furthermore, 3o € (0,1),M < +o0,
Ve : X2 — [1,00) st

sup

HfHLm(xZ'#%’)

< MVy(up)o”, Vu, e X®,neN.

/' F(ul)pl (. duy) — / F(ue)ve(duy)
X2 Jx2

[MCN22]: MC, Nobile. (2022)



ML-MCMC: MSE bound

Theorem 3: MSE Bound"“"™?"! (informal). up = p, p non-nec. reversible, x° # p, and p
mixes sufficiently fast. Then Vf € Ly(X, u):

[MCNT21]: MC, Nobile, Tempone. (2021)



ML-MCMC: MSE bound

Theorem 3: MSE Bound"“"™?"! (informal). up = p, p non-nec. reversible, x° # p, and p
mixes sufficiently fast. Then Vf € Ly(X, u):

Epop |:

= > ~ Byl

n=0

2
V,.If]
] = C”DS‘T'

[MCNT21]: MC, Nobile, Tempone. (2021)



ML-MCMC: MSE bound

Theorem 3: MSE Bound"“"™?"! (informal). up = p, p non-nec. reversible, x° # p, and p
mixes sufficiently fast. Then Vf € Ly(X, u):

Epop |:

1. useful beyond ML-MCMC.

2. Needed for complexity result (MSE(Y.y,) < N, ' Cinse Vo, [Ye])-

3. Similar results in literatureR'd2 byt difficult to verify assumption if non-reversible
(as ML-MCMQ).

1 N

N Zf(un) — E;LUC]

n=0

N

2
] cc Vil

Importance:

[MCNT21]: MC, Nobile, Tempone. (2021) , [Rud12]: Rudolf. (2012).



ML-MCMC: IMH complexity

Theorem 4: Complexity of ML-IMH algorithm ™MN721 (informal) Suppose A1 holds and:

A3 |D(u;y) — ®(u;y)| < Co(u)s™, Yu € X.

[MCNT21]: MC, Nobile, Tempone. (2021).

1



ML-MCMC: IMH complexity

Theorem 4: Complexity of ML-IMH algorithm ™MN721 (informal) Suppose A1 holds and:

A31 [®g(u;y) — D(u;y)| < Co(u)s™¢, Yu € X.
A3.2 |Qoly(u) — Qol(u)| < Cq(u)s™ %, VYu € X.

[MCNT21]: MC, Nobile, Tempone. (2021).
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ML-MCMC: IMH complexity

Theorem 4: Complexity of ML-IMH algorithm ™MN721 (informal) Suppose A1 holds and:

A31 |®p(u;y) — d(usy)| < Co(u)s™, Yu €X.
A3.2 |Qoly(u) — Qol(u)| < Cq(u)s™ %, VYu € X.

A33 [ 1Qoly (u)|upr(du) < Ci, for some m > 2

+some pp-integrability conditions on constants and Q,

[MCNT21]: MC, Nobile, Tempone. (2021).
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ML-MCMC: IMH complexity

Theorem 4: Complexity of ML-IMH algorithm ™MN721 (informal) Suppose A1 holds and:

A31 |®p(u;y) — d(usy)| < Co(u)s™, Yu €X.
A3.2 |Qoly(u) — Qol(u)| < Cq(u)s™ %, VYu € X.
A33 [ 1Qoly (u)|upr(du) < Ci, for some m > 2
+some pp-integrability conditions on constants and Q, then,
T1 |E,[Qole] — E,y[Qol]| < CyM—ant,
T2 V,,[Ye] < C,M=5BL.
T3 MSE(Yen,) < Ny 'Cunse Vi, [Ye.

Here, avy = min{ag, a}, f=min{2 0, (1 —2/m)}

[MCNT21]: MC, Nobile, Tempone. (2021).
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ML-MCMC: IMH complexity

Theorem 4: Complexity of ML-IMH algorithm ™MN721 (informal) Suppose A1 holds and:

A31 |®p(u;y) — d(usy)| < Co(u)s™, Yu €X.
A3.2 |Qoly(u) — Qol(u)| < Cq(u)s™ %, VYu € X.
A33 [ 1Qoly (u)|upr(du) < Ci, for some m > 2
+some pp-integrability conditions on constants and Q, then,
T1 |E,[Qole] — E,y[Qol]| < CyM—ant,
T2 V,,[Ye] < C,M=5BL.
T3 MSE(Yen,) < Ny 'Cunse Vi, [Ye.

Here, avy = min{ag, a}, S =min{2 @ ,o(1—2/m)} = Dodwell's complexity result holds

[MCNT21]: MC, Nobile, Tempone. (2021).
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ML-MCMC: IMH complexity

Theorem 4: Complexity of ML-IMH algorithm M2V (informal) Suppose A1 holds and:

A3 |Dg(u;y) — d(u;y)| < Co(u)s™¢, Yu € X.
A3.2 |Qoly(u) — Qol(u)| < C4(u)s™ %, Vu € X
A33 [ |Qoly (u)|upr(du) < G, for some m > 2
+ some pp-integrability conditions on constants and Q, then,
T1 |E,[Qole] — E,y[Qol]| < CyM—ant,
T.2 VW[Y[] < CV/\/I_M.
T3 MSE(Yen,) < N7 'Cunse Vi, [Yel-
Here, ay = min{ag,a}, B =min{2 © ,o(1—2/m)} = Dodwell’s complexity result holds

Similar result for MxC if 3¢, 4 0 st. [ Pe(Ue, A)ve(dug) > ¢4 ( )

[MCNT21]: MC, Nobile, Tempone. (2021).
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ML-MCMC: IMH complexity

Theorem 4: Complexity of ML-IMH algorithm ™MN721 (informal) Suppose A1 holds and:

A31 |®p(u;y) — d(usy)| < Co(u)s™, Yu €X.
A3.2 |Qoly(u) — Qol(u)| < Cq(u)s™ %, VYu € X.
A33 [ 1Qoly (u)|upr(du) < Ci, for some m > 2
+some pp-integrability conditions on constants and Q, then,
T1 |E,[Qole] — E,y[Qol]| < CyM—ant,
T2 V,,[Ye] < C,M=5BL.
T3 MSE(Yen,) < Ny 'Cunse Vi, [Ye.

Here, avy = min{ag, a}, S =min{2 @ ,o(1—2/m)} = Dodwell's complexity result holds

[MCNT21]: MC, Nobile, Tempone. (2021).
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ML-MCMC: IMH complexity

Theorem 4: Complexity of ML-IMH algorithm M2V (informal) Suppose A1 holds and:

A3 |D(u;y) — ®(u;y)| < Co(u)s™, Yu € X.
A3.2 |Qoly(u) — Qol(u)| < Cq(u)s= %, Vu € X.

A33 [ |Qoly (u)|upr(du) < Ci, for some m > 2
+some pp-integrability conditions on constants and Q, then,

T |E#i [QO'@] = ]Euy [Qo|]| < CWM_QWE’
T2 V[V < GM=PE
13 NISE(?Z’N"') = Nf_1cmsovw [YZ]

Here, cvy = min{ag, a}, S =min{2 © ,o(1—2/m)} = Dodwell's complexity result holds

importance: Extends Dodwell’s result beyond Q; = 1)) _,.

[MCNT21]: MC, Nobile, Tempone. (2021).
1
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ML-MCMC: Some key points on the choice of method

Want marginals to stay close.

cessinf{ L@ L > 050,
zex | H (]

1. If u)_, available AND ' = use sub-sampling (IMH with Q, = 1_,). Indeed rate

1= c[1— dry(il, 1_,)] “25° 0. (Tricky in practice since — S ()~ ) ,)

2. If one has Q, ~ p},_, AND /' = use IMH.
21 Moderate dim. using KDE, prior, measure transport.
2.2 Higher dim. if sufficiently good Laplace approx. can be constructed (small noise, many
obs, upr Gaussian... )
3. Otherwise, use MxC:
- Easy to implement proposals (e.g., pCN) coupling algo.
- Less efficient than a good IMH.
- Depends on the coupling algorithm; dimensionality, multi-modality.
I [|Q(UE e, ) = R(UZe—1,)|lpy =1 == P(Uge—1 # Uge) = 1.
- Aworkaround: pc.e = (1 — w)pe,muxc + wPe,mm, w € (0,1).

1
Up 1,61
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ML-MCMC Example: Subsurface flow

Given

: (2)

—Vy - (e"WVh(x,u)) =1, x€D, u€X,
+Suitable BCs

Goal: Find w¥ of permeability x(x, u) = e'®) in domam D given n0|sy measurements of

pressure head h on D and Estimate E,»[Qol], Qol(u) := In (fr IVh(x,u)-n ds).

- Introduce a FE mesh of Utrue Observations
K* = (16 x 2% 4+ 1) elements. 1

- Data y generated by sampling 0.75
Utrue ~ Hpr, SOlving (2), obs. at 100 points 0.5
in [0,0.9])? and polluting with 1% 0.25

Gaussian noise. 0
un~N(O,A%) = ppr, A: A+ 3l




ML-MCMC Example: Subsurface flow

Introduce {F,}3_, by discr. of (2) on F.E mesh K, := (16 x 2¢ + 1)? elements u = ff Uj¢;
= Uge = (U,...,Ug,)
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ML-MCMC Example: Subsurface flow

Introduce {F,}3_, by discr. of (2) on F.E mesh K, := (16 x 2¢ + 1)? elements u = j'-Q Uj¢;

= Uge = (Uq,...,Ug,) Induces
dui ! L 2 i /) 2
der(ue’Z) = Zexp (—2 lly — Fg(u“)||y> ,dim(Xe) = (16 x 25+ 1), £=0,1,2,3.
IMH:
Qe(-) = N(map,, Cy)
MXxC:

Qe(Ue,e,-) = N(map, + v/1— p2(Ue,e — mapy), p°Ce),
Re(Uge—1,-) = N(map, + v/ 1— p?(Uge—1 — mape)mzCNZ)
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ML-MCMC Example: Subsurface flow

Introduce {F,}3_, by discr. of (2) on F.E mesh K, := (16 x 2¢ + 1)? elements u = ,'-Q Ui,
= Uge = (Uq,...,Ug,) Induces

du 1 1 ,
d/lj,fr(“t’»,e)zzee"p(_z||y—F@(Uu)||$>v dim(Xe) = (16 x 2 +1)%, £=0,1,2,3

IMH: Utrue map,
Qe(-) = N(mapy, Cr) 1 - 1
MXC: 0.75 0.75
0.5 0.5
Qe(Uee,-) = N(map, + /1 — p2(Uee — Mmap,), p°Ce), 0-25 0.25
Re(Ute—1,) = N(Map, + V1= P (Uper — mapy), #C) 0 05 1 ’ 0 05 1

14



ML-MCMC Example: Subsurface flow —concentration

Verification: run ML-MCMC algs. 50 ind. times w/ N, = [5000,5000, 5000, 2000] each.



ML-MCMC Example: Subsurface flow —concentration

run ML-MCMC algs. 50 ind. times w/ N, = [5000, 5000, 5000, 2000] each.
IMH ¢ =3

Verification:
IMH ¢ =2

IMH ¢ =1

-3. -025 25

=3, =025 25 =3, =025 25
Qoly_4 Qoly_4 Qoly_4q
MxC ¢ =1 MxC ¢ =2 MxC ¢ =3

) ) )
S —0.25 S —0.25 S —0.25
o o @]

-3 -3 -3

15
-3. -0.25 25

-3. -025 25 -3. -025 25



ML-MCMC Example: Subsurface flow -rates

Verification: run ML-MCMC algs. 50 ind. times w/ N, = [5000,5000, 5000, 2000] each.
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Verification: run ML-MCMC algs. 50 ind. times w/ N, = [5000,5000, 5000, 2000] each.

IMH MxC
0 =2 . log; [Ey, [Vel] ) = log, By, [|Yell]
Slope -1.4 | slope -1.4
—2 S| —log[Vi Y]l -4 — — log, [V, [[Yel]]
Slope -1.4 slope -0.9
—6 |
—4 ~.
)
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1 1.5 2 25 3 1 1.5 2 25 3
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ML-MCMC Example: Subsurface flow -rates

Verification: run ML-MCMC algs. 50 ind. times w/ N, = [5000,5000, 5000, 2000] each.

IMH MxC
0 =2 . log; [Ey, [Vel] ) = log, By, [|Yell]
Slope -1.4 | slope -1.4
=2 ~- — log, [V, [Yel] —4 — — log, [V, [|Yel]]
Slope -1.4 slope -0.9
—6 —
—4 ~.
)
—6
1 1.5 2 25 3 1 1.5 2 25 3
level ¢ level ¢

pay a price for applicability of MxC



ML-MCMC Example: Subsurface flow —costs

By estimating rates we can estimate complexity:



ML-MCMC Example: Subsurface flow —costs

By estimating rates we can estimate complexity:

Utrue un /“L% un MWy )
Complexity
075 075 075
@ 106 —— ML-IMH
025 025 025 = —— SL-IMH
o o5 S ML- MxC
< —— SL-pCN
o 10t i N p
U~ U~ U~ g \.
1 1 1 y O \
0.75 ' 0.75 0.75 102
0.5 0.5 0.5 —1.5 =i
0.25 0.25 0.25 10 10
0 ) 0 tol

0 05 1 0 05 1 0 05 1



Conclusions

ML-MCMC
1. Proposed methods can be understood as generalizations of current ML-MCMC

techniques.

11 IMH: First extension of SS approach to allow wider class of proposals.
1.2 MxC: ML-MCMC allowing state-dependent proposals.

2. Theoretical analysis for convergence and cost of both proposed methods, MxC can be
refined.

3. Identification of cases on when should each method be used.
4. MxC easy to implement but lower perfomance than SS or good IMH (when applicable).
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Perspectives/open problems

- Do results extend (trivially) to other, more recent methods? (c.f. Dodwell’s talk)

- Normalizing flows/Transport maps + ML-MCMC: If ), = Ty, _, set
Ugo—1 ~ y_1,Uee = Ty(Ug,e—1).

- MF/MI-MCMC?

- More efficient maximal couplings: HMC, max-coup of kernels. Could one generate a
max-coup of u_,, u,? Max-couplings in other norms? rejoining chains?

- combine ML-MCMC with tempering for multi-modal problems.

19
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Sanity check: Gaussians

pwy =N (272,1),£=0,1,...,L, Qolg(Ur,) = Ug,e.100 ind. runs, Ny = 50,000, £ =0, ..., 7.



Sanity check: Gaussians

,u)g =N (2_£+2,1) ,0=0,1,...,L, QO|[(U@75) = U(/JOO ind. runs, N, = 50,000, ¢=0,...,7.

Synchronization rate

Max. coupling Sub-sampling IMH, N/(2,3) 1 —
0.4 0.4 0.4 7—1]08 LA
0.2 0.2 0.2 “ —4{=2|06
0.0 0.0 0.0 ‘“m 0.4

—-50 510 -50 510 —-50 510 //
02
0.4 0.4 0.4 (=3 ,

0.2 0.2 0.2 — =4 ) 2 4 6
0.0 0.0 0.0 Max.fcoupling
50 510 -50 510 —50 510 —— IMH, NV(2,3)

Sub-sampling




Sanity check: Gaussians

Qoly =u, = E‘ui[QOQ] = )~ +2

Pc,e = (1 — w)Pe,mxc + wpPe,mH, w € (0,1)
Using the mixed kernel with the SS of ', we obtain for different values of w € (0,1)

Synchronization rate

2
5. o \L - 1 =
=8 177 O 8 w:O
o ° —
g -2 , = %/ —— w=01
@ N oy _
S 02 V w_O'S
) w=0.7
0 2 4 6 2 4 6 w=0.9
level ¢ level ¢ | — w=10

1: Dodwell, et Al. 2015.



Examples: Subsurface flow

Let D =[0,1]%,8D = Ty UTp, FyNip =0, Mp:= {(x1,x) € 8D, st x3 = {0,1}}.

—Vyx - (X, U)Vxu(x,u)) =1, x€D, ueX,

u(x,u) =0 xelp, UEX,, 3)
Opu(x,u) =0 xely, uekx,
|0g Z Z \ )\m,nébm,n(x)um,m Un,m ~ N(07 1) true IOg(H(X’ u ))
=1 =l .
)\m,n = ##a

®dm.n(X) = sin(mmxq) sin(n7xz), m,n € N.

Qol(u) :=In ( / K(X, u)Vu(x,u)-n ds) )
JTp,

Goal: Estimate E,»[Qol]. 00 02 04 06 08 10




Examples: Subsurface flow: discretization and setup

1. Reorder log(r(x,u)) in terms of a single index j st Amn =: Aj > Aj4q, and truncate at K:

log(# Z\/>¢J X)uj,  uj ~N(0,1), j=1,...,K. A
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Examples: Subsurface flow: discretization and setup

1. Reorder log(r(x,u)) in terms of a single index j st Amn =: Aj > Aj4q, and truncate at K:

log( Z\/>¢J x)uj, U~ N(0,1), j=1,...,K. A

2. We introduce ¢ = {0,1,2,3, 4}, For each ¢, the solution to Equation (3) is numerically
approximated using FE on a mesh of 2¢ - 22 x 2¢ . 22 piece-wise linear elements.

3. Data y is obtained by solving PDE using a discretization level L* = 6, with
Up ~N(0,1),k=1,2,...,K* =150.  ~ N(O,Uioiselmxm)

4 SetK=50,¢¢€{0,1,2,3,4}, L=4 u s Fy(u) : sol PDE at level ¢, using a
log—permeability field modeled by (4), and observed at a grid of 4 x 4 points inside D
®e(U,y) = 52— Ily — Fe(u)II", 1% noise.



Examples: Subsurface flow: discretization and setup

1. Reorder log(r(x,u)) in terms of a single index j st Amn =: Aj > Aj4q, and truncate at K:

log( Z\/>¢J x)uj, U~ N(0,1), j=1,...,K. A

2. We introduce ¢ = {0,1,2,3, 4}, For each ¢, the solution to Equation (3) is numerically
approximated using FE on a mesh of 2¢ - 22 x 2¢ . 22 piece-wise linear elements.

3. Data y is obtained by solving PDE using a discretization level L* = 6, with
Uk ~ N(O,1), ’? = 1,2, 500y K* = 150 ) ~ N(070121015e/16X16)

4 SetK=50,¢¢€{0,1,2,3,4}, L=4 u s Fy(u) : sol PDE at level ¢, using a
log—permeability field modeled by (4), and observed at a grid of 4 x 4 points inside D
®e(U,Y) = 52— Ily — Fe(u u)|l*, 1% noise.

S. fupr = ®i:1 N(O>1)a



Examples: subsurface

We implement our Maximal Coupling method with w, given by w; = 0.1, and
W) = W3 = Wy = 0.5.

As a verification of our method, we run our ML-MCMC algorithm 50 independent times,
with N, = [5000,5000, 5000, 2000, 1000] samples per level, per run, for £ =0,1,..., 4.

We want to (i) check that chains stay correlated, (ii) verify assumptions form complexity
Theorem.



Examples: subsurface: results
Verification that chains stay increasingly more sync'd — concentrate around a diagonal
=2

=1
05 05
S 0.4 S 0.4
@] @]
03 03
0.35 0.4 0.45 0.5 0.55 0.35 0.4 0.45 0.5 0.55
Qoly_4 Qoly_4
05 05
S 0.4 S 0.4
@) @)
03 03
0.35 0.4 0.45 0.5 0.55

0.35 0.4 0.45 0.5 0.55
Qoly—4 Qoly—q



Verification of rates in cost Theorem:
|E,;[Qole] — Ew[Qol]| < CuM=,  V,,[V] < C,MFPE.

log,(1—S¢)

5 fi=sync

| L
_y, plope=—2 | <
-6 N
_g |

1 2 3 4

¢
T,
& | HEELIv
| 6 Stope=t6
S
= _38 ~]
o
o
= 1 2 3 4

e
ON PO

\ ¢ =0
IS =
==
(=4
0 50 1006
lags
PRIV,
1 | Sloper-2
15 |
T 2 3 4




Examples: subsurface: results

Ny = ’VZtOl_Z«/Vg/Cg (Z;:O \/V,?C,?ﬂ, Here: V, = V,,(Y,), C, cost of 1 sample at £.

We can assume that C, $ 27, v =2

o ”ﬁ tol=0/029 0 ML-MCMC
k| =tol=0lo19 S 10° =— MCMC
K ‘ tol=0.011 o
= 10* | X tot=01006 >
\ = "
S 10
102 : a
\ S
0] 1 2 3 4 ’|O*2 1071.5
£ tol

In words: In a single-level we would need O(10°) PDE solves at the finest level. With the
ML-MCMC approach we need just O(10?)



Coupling via independent sampler: illustrative example.

Dodwell et. Al. 2015, proposes to sub-sample from the previous chain targeting ), ,—
{u 312y C {uo,0}n2e. however this can only work if supp(u}) C supp(u_,).
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Coupling via independent sampler: illustrative example.

Dodwell et. Al. 2015, proposes to sub-sample from the previous chain targeting ), ,—
{u 312y C {uo,0}n2e. however this can only work if supp(u}) C supp(u_,).

Top: ours. Bottom: Dodwell et Al. 2015
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Coupling via independent sampler: illustrative example.

Dodwell et. Al. 2015, proposes to sub-sample from the previous chain targeting ), ,—
{u 312y C {uo,0}n2e. however this can only work if supp(u}) C supp(u_,).

— Try localized proposals
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(a) v Both methods work (b) ~Only our method works



Maximal coupling: An example

Sample up o4 ~ R(U7 ,_4,°), and uy , ~ QU7 4, ) ST P(Up 1 # Uy ) = [1Q — Rlly

4: Jacob et Al. 2019.



Maximal coupling: An example

Sample up o4 ~ R(U7 ,_4,°), and uy , ~ QU7 4, ) ST P(Up 1 # Uy ) = [1Q — Rlly

Mixture approach [4]:

1. Case 1: With probability a = [ min{Q, R}dz sample

~

/ min{Q, R} / /
Ug.e —a Upe=U

2. Case 2: Otherwise

;o Q — min{Q, R} u N R — min{Q, R}

Upe 1—a » o Ug gy T—a independently.

4: Jacob et Al. 2019.



Maximal coupling: An example

Sample Uy ;4 ~ R(Up4_s,-), and up , ~ Q(ug 4, -) ST P(Uf py 7 U ) = [1Q = Rlly
Mixture approach [4]:

1. Case 1: With probability a = [ min{Q, R}dz sample

min{Q, R
Uge ~ %7 Upg = Up g1
2. Case 2: Otherwise
oo DO o RO o e
’ 1—a d 1—a
Uge ~ Q

B min{Q, R} Q — min{Q, R}

P(UZ»ZEA)_G/A# / T g
= [ Qdz
A

4: Jacob et Al. 2019.



Maximal coupling: An example

Sample Uy ;4 ~ R(Up4_s,-), and up , ~ Q(ug 4, -) ST P(Uf py 7 U ) = [1Q = Rlly
Mixture approach [4]:
1. Case 1: With probability a = [ min{Q, R}dz sample

2,0~ 7 Uzz,e = U%,e—w-
2. Case 2: Otherwise
. Q — min{Q, R} g R — min{Q, R}

Up.e T—a = T a independently.

P(Ug7g_1 S A) = CI/

A a

:/Rdz
A

min{Q, R} - O)/A' R— r:i_n{aQ, R}

4: Jacob et AL 2019.



Maximal coupling: An example

Sample Uy ;4 ~ R(Up4_s,-), and up , ~ Q(ug 4, -) ST P(Uf py 7 U ) = [1Q = Rlly
Mixture approach [4]:
1. Case 1: With probability a = [ min{Q, R}dz sample

/

7
Upe = Upg_q-

2. Case 2: Otherwise

, Q — min{Q, R} , R — min{Q, R}
Ug g~ —1-aq Ugg_q —-a

P(Uge—1 = Uge) =1—1|Q — Ry
P(Uge—1=Uge) = /min{Q, R}dz = %/de—i—%/Rdz—/%\Q— R|dz

1
—1-5 [10-Rldz=1- 2 Rl

independently.

4: Jacob et Al. 2019.



Maximal coupling: An example

sample U, 4 ~ R(UZ 4 _q,-), and up , ~ QU7 4, ) St P(Ug o4 7# Up ) = [1Q = Rllyy
Mixture approach [4]:
1. Case 1: With probability a = [ min{Q, R}dz sample
i R
Ug,e ~ %v Up,e = U
2. Case 2: Otherwise

;o Q — min{Q, R} J N R — min{Q, R}

Ug g ) £,0—1 1—gq

7 T independently.

Basis for more complicated algorithms. Again: Max coupling is not unique.

4: Jacob et Al 2019.



Reflection Maximal coupling

Create coupling from N (m(uf ,),C) and N(m(uf ,_,),C). w0 = N(0,1)
procedure REFLECTION-COUPLING(m(uj ,), m(ujg ,))
Set z" = m(ug ) — m(ug,_,) and set e = z"/]2"|y .
Sample & ~ ¢g, and w ~ U(][0, 1]).
if w < min {17 WO(HZH)} then

(&)
Set(=¢+27". > case |
else
Set { =& — 2(e", &)xe". > case |l
end if

Set u},,z = m(u}l’_{) + 61/25 and u2,£—1 = m(uzne,z-w) _vazc
Output (u;,g_“ uﬂ),
end procedure
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