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Higher Berry curvatures .
Immediate problem for d> O :

FENN) is ill - defined in infinite

volume .

( decoupled spins)
T T T → . . - .

.

n n -
O B £0 By ⑧ Be

lien F = I
.

Usa

(Technical issue : GNS Hilbert spaces for
different X are not

naturally isomorphic )

Field theory suggests that there must

be a closed Cdtz) -form father.dt2m)
with

.

quantized periods :

the Wess - Zunino- Witten form .

-



Promote X to slowly varying

classical field NI , t) : Kd"→ M

Compaotitg Ird " to Sd"
.

Seeff ' f d*w=µ÷p , f wi, . . . in .dk
"

. .
.

did"

= f is
,
ere nd

-"

(M) .

Ddt D= dw

w need not be globally well - defined ou M

( it can be a
"

d-gerbe connection
" )

.

But TL is a well - defined closed form .

J Mr E 254 Fda Sd"→ M .

gdt2

(Lif) is
"

quantized on spherical
cycles "

) .
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WZW classes for families of Id lattice
systems

.
( A .

kitaev
,

'

unpublished .

L
.
Spodyneiko & Ak, 2001.03454)

Hk) = PE Hp ( x) , Pee Z E

Ordinary Berry curvature .

.

¥7
R'" = If II. Trc# dH¥updH)
D= exterior derivative on M

↳ (2) = ¥,
is a bounded operator

if 2€ spectrum of H

But NH) is not well - defined :

od" - qq.gr?pf , where

r"fq=I§zd,÷Tr(GHdHpG%3dHq )



Which onfinite sums over A =D are

well - defined ?

Let
-

( A ; B) = Lol AB to> - LOLA 1072011310)

th
.

( Hastings - Koma , Nachtergaele -Sims)

( Ap ; Bg) decays rapidly as Ip -g) → a .

Let Go = ( l - P) # Cl - P) , P -- 103201

The G.Watanabe)

Lol A GI B lo) decays rapidly as
p q ( p -glad
u > 0

Ip} ~ Lol dtepcodteqlo) - Cp⇒ q)
Hence clap} decays rapidly as

Ip -glad



I = pE,q If} is divergent
, but

F
"'
. ÷§zdt÷TrCGdHGdHq) =or

= Er!
is well - defined .

P

It is not closed
,
bet

dfcq" = Ep Fcp"q .

Here Fff} is a 3 -form on M

which satisfies :

• Fp? = - F'off
• ftp.g

?
decays rapidly as Ip - g) too .



An an illuminating explicit formula :

ftp.I-izfzd#.TrCG'dHGdHpGdHq-GdHG2dHpGdHq) - ( peg)
The equation dftq

?
= Epfl;}

was first observed by kritaev

for classical lattice systems .

dff? = Gaff"q ! for some k-form

flat
pqr

which is

• completely anti - symmetric in P , q, r .

• decays rapidly away from p=q=r

Now we can construct the WZW

3 - form as follows .



Let f : Z → IR be a function
such that fCp7= II for PDO .

fcp) -O for PG O .

Let

N" =E§qFp"qCfG7 -HPD .

• WHAT is well - defined
.

• DMB' (f) a- 0 (follows from the

formula for DFM)

• DMCA -r"> Cf ') -- DC . . . )
( follow from deaf" = ? Fff} )

INCH] is the desired WZW class

( up to a normalization factor) .



Remain
• Lf f is constant except near p -- Po ,

[I" ] is sensitive only to the

state of the system near p -

- Po

(
"

Local computability
")

• [It
") does not depend on Po .

-

A paradox ?
← boundary

→

a non - trivial a trivial

family H④ Hamiltonian H ( Xo)

Keyton : if [ N
"
] to

,

the family HH) cannot have a

yapped interface with H (Xo )
.

Similar to Hall conductance !
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Interlude : the coarse chain complex .

Fpm, Fig , Elp"qr . . . .

are examples of

chains in a certain chain complex
.

Let N C IRD be a countable uniformly
discrete subset. ( ice . inf Ip - q1 > O ) .

p.geA

pig
Deet

.

A subset D c Ax . . .

xn is called

controlled if 78>0 sit
. I pi -Pj ) Ld

'

f i. j t ( pi , . . . ,Pn) ED .

Det
.

A coarse n - chain with values in

a vector space V is a function
A : A x

. .
.

in → V which is
-
htt times

• sheer - symmetric

• supported on a controlled subset
.



Let Cn( A ;D be the space of

V - valued n - chains .

y
h= 0

,
1,2 , . . .

The map D : Cn (a ;D → Cn
.
.cn ;D

is defined as

⑨ A)
p , . . . pu

= Epo Apop, . . - Pu .

0=0 ⇒ X. (n ;D ?) is a

chain complex
.

Its homology H
.

(n ; V) is called

the coarse homology of Nc Rd .

The
.
If N is uniformly filling

( ice . 71270 et . dist A) ER KXEIRD)
then

Hula ;D - HBNM Ged;D . { V. it n
- d

O
, if h # d


