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Integration and differentiation be viewed as a non-abelian version of
Dold-Kan correspondence:

Integration: (non-oid): Henriques, Getzler, Rogers-Wolfson (finite dim),
(oid+local): Severa-Siran

Differentiation: A formalization of the notion Lie differentiation in higher
geometry has been given by Lurie (deformation context), worked
out in diff. Geom. setting by Joost Nuiten, but the result is
abstract.

Pavol Ševera,  L_\infty algebras as 1-jets of simplicial manifolds
(and a bit beyond), idea (inspired by Konsevich) (2006)

Explicit work: Theorem 8.28 of, Du Li’s thesis (arXiv:1512.04209),
but it contains a mistake in Lemma 8.34 (2015) (local result)

How we found holes and how we fixed them.

http://nlab-pages.s3.us-east-2.amazonaws.com/nlab/show/higher+geometry
http://nlab-pages.s3.us-east-2.amazonaws.com/nlab/show/higher+geometry
http://nlab-pages.s3.us-east-2.amazonaws.com/nlab/show/Lie+differentiation#Lurie
http://nlab-pages.s3.us-east-2.amazonaws.com/nlab/show/Pavol+%C5%A0evera
http://arxiv.org/abs/1512.04209


Lie n-groupoids: form a world of  iCFO –simp. Localisation→
simplicial cat (<--Quillen equivalent—> quasi cat)
Infinitesimal object (fat point) in this world (Pavol)𝐷

•

Differentiation Hom( )= ,  (in this way, you are able to𝐷
•
,  𝑋

•
𝐻

obtain an explicit formula of higher Lie brackets on H).
As a graded manifold: is the tangent complex of , more𝐻 𝑋

•

precisely:

A natural d.g. (or N.Q., or Lie n-algebroid) structure on 𝐻

A simplicial manifold Mfd, is a contravariant functor from the𝑋
•  

: ∆ −> ∆ 

category of finite ordinals

]={0}, [1]={0, 1},   [2]={0,1,2},..., [m]={0,1, …, m}, …                                  ∆:   [0

with order-preserving maps to the category of manifolds. So we have a
tower of manifolds and face and𝑋

𝑙

degeneracy



,𝑑𝑙
𝑗
:  𝑋

𝑙
→ 𝑋

𝑙−1
 ,     𝑠𝑙

𝑖
:  𝑋

𝑙−1
→ 𝑋

𝑙
 ,    𝑗 = 0,  ...,  𝑙,  𝑖 =  0,  ...,  𝑙 − 1



E.g. .𝑋
2, 1

= 𝑋
1
×

𝑑
0
, 𝑋

0
, 𝑑

1

𝑋
1

More details, see, e.g. a minicourse online:
Lecture 1: https://youtu.be/EyOO2nagMMI

Lecture 2: https://youtu.be/qfGrK7Ndzwg

Lecture 3: https://youtu.be/vLNUDt32ILQ

To work out the explicit formula of higher Lie brackets on tangent
complex, one way is to view it as Hom(fat point, -).

Fat point in gMfd: , with deg T a test g-mfd,𝐷: = 𝑠𝑝𝑒𝑐(𝑅[ϵ]) ϵ =− 1.  
(T-point), the internal hom, (a presheaf on gMfd)

Hom(D, M)(T):= hom(DxT, M)=hom(C(M), C(T)⊗ 𝑅[ϵ])

hom(C(M), C(T) ,𝐹 ∈ ⊗ 𝑅[ϵ])
𝐹(𝑓) = 𝐹

0
(𝑓) +  𝐹

1
(𝑓)ϵ ,       𝐹

0
(𝑓𝑔) = 𝐹

0
(𝑓)𝐹

0
(𝑔),      𝐹

1
(𝑓𝑔) = 𝐹

0
(𝑓)𝐹

1
(𝑔) +

𝐺(𝑓) = 𝐹
0
(𝑓),     𝐺(𝑑𝑓) = 𝐹

1
(𝑓),    𝐺 ∈ ℎ𝑜𝑚(Ω•(𝑀),  𝐶(𝑇)) = ℎ𝑜𝑚(𝑇,  𝑇[1]𝑀)

shows that Hom(D, M)=T[1]M is representable. Then the Lie bracket𝐹 ⇔ 𝐺
on (equivalent to deRham differential d),  comes from the𝑇𝑀
infinitesimal of the following action

https://youtu.be/EyOO2nagMMI
https://youtu.be/qfGrK7Ndzwg
https://youtu.be/vLNUDt32ILQ


𝐻𝑜𝑚(𝐷,  𝐷) × 𝐻𝑜𝑚(𝐷,  𝑀) →  𝐻𝑜𝑚(𝐷,  𝑀)

Which is simply the composition. Notice is group𝐻𝑜𝑚(𝐷,  𝐷) = 𝑅 × 𝐷
object in gMfd.

Now for the world of Lie n-gpds, an infinitesimal object can be (the nerve of)
the pair groupoid

𝐷
•

= 𝐷 × 𝐷 ⇒ 𝐷 

Hom( , we make an approximation by , as a presheaf𝐷
•
,  𝑋

•
) = 𝐻 𝐻𝑘

gMfd→Set, it’s defined



For pair groupoid .𝐹(𝑥,  𝑦) =  𝑓(𝑥) 𝑓(𝑦) −1

,1.  𝐻0 = 𝑋
0

2. 𝐻 = 𝑙𝑖𝑚 𝐻𝑘

3. → key step𝐻𝑘 = ⊕
𝑖=1

𝑘𝑘𝑒𝑟𝑇𝑝𝑖
0
[𝑖]|

𝑋
0

3.1 pullback diagram

⇔

3.1.1 is determined by uniquely, and curly(𝑓
0
,  ...,  𝑓

𝑘
) ∈ 𝐻𝑘 𝑓

𝑘
∈ ℎ𝑜𝑚(𝑇 ×⋆× 𝐷𝑘,  𝑋

𝑘
) 

is the forgetful map, remembering only𝐹
𝑘 

𝑓
𝑘
.  

3.1.2 An generates an element of , which restricts to𝑓
𝑘

𝐻𝑘(𝑇)

iff𝑓(𝑘−1) = (𝑓(𝑘−1)
0
,...,  𝑓(𝑘−1)

𝑘−1
) ∈ 𝐻𝑘−1(𝑇)

Du’s Lemma 8.35 says (dJk) (sIk) + , Lemma 8.34 says sIk⇐ 𝑘𝑒𝑟𝑇
0

𝑘[𝑘]|
𝑋

0

doesn’t give new information.



But one needs to prove fixing , namely the right vertical map is𝑓(𝑘−1),  ∃ 𝑓
𝑘

surjective. (That’s where the BUG is in Du’s work. Also, in Pavol’s work and
later in Jurco et al.,  (sIk) was also ignored.)

To show the existence, we can try to solve for by (sIk), write down the𝑓
𝑘

components of , which is a k-fold tangent vector, we see k unknown and𝑓
𝑘

~k! Linear equations (Arne)









Rui: brings a trick of symmetry (2019), but it didn’t work out for n>1 (but𝑆
𝑛

maybe the model of Lie n-groupoid is not the right place for , rather later𝑆
𝑛

on multiple vector bundles). Leonid: 2021 April, made an induction proof
and solved the existence. While we polish it to an algebraic morphism, we
found out another much more geometric proof, thanks much to Theorem
2.10.c of Madeleine-Malte (Multiple vector bundles: cores, splittings and
decompositions, 2020), which also has a quite combinatorial proof, but
much simpler, maybe multiple vector bundles has much more symmetry (we
see now), thus a bigger space=>a good angle to treat such𝑆

𝑛

combinatorial difficulty.

3.2 fix:

Diagram in 3.1,

Thanks to representability, it reduces to



Then it refines to the first diagram with P & Q.

is the place the multi-vector bundle projects𝑃 ⊂ (𝑇[1](𝑘−1)𝑋
𝑘
)[𝑘−1] 𝑇[1](𝑘)𝑋

𝑘

to with ,(𝑠𝐷
𝐼
)*

is the place the multi-vector bundle projects𝑄 ⊂ (𝑇[1](𝑘)𝑋
𝑘−1

)[𝑘]−0 𝑇[1](𝑘)𝑋
𝑘

to with (𝑑𝑋
𝐽
)

*

Surjectivity to thanks to MM’s theorem, and surjectivity to Q thanks to Kan𝑃
condition. Then as we knew before, the it is not hard to see the extra

information that brings is𝑓
𝑘

𝑘𝑒𝑟 𝑇𝑝𝑘
0
[𝑘]|

𝑋
0

𝐻𝑘 = 𝐻𝑘−1×
𝑄⊙𝑃

𝑇[1](𝑘)𝑋
𝑘

= 𝐻𝑘−1 × 𝑘𝑒𝑟 𝑇𝑝𝑘
0
[𝑘]|

𝑋
0

Lie n-algebroid structure on H:

0. We wish to re-have the old picture: and the Lie bracket on A is𝐴 ⊂ 𝑇𝑋
1

induced from that on .𝑇𝑋
1



1. What replace will be .𝑇𝑋
1

𝑇[1](𝑛)𝑋
𝑛

Now we have a look at is a Lie𝑇[1](𝑛)𝑀 = 𝐻𝑜𝑚(𝐷𝑛,  𝑀)
n-algebroid (or d.g. Manifold, or N.Q. manifold)  with its
sheaf of functions the multi-deRham sheaf (or differential

worms by Pavol) which locally on U an open of M, is aΩ(𝑛),  
graded commutative algebra generated by

𝑓,  𝑑
𝑖
𝑓,  𝑑

𝑖
𝑑

𝑗
𝑓,  ...,  𝑑

1
𝑑

2
... 𝑑

𝑛
𝑓,            ∀𝑓 ∈ 𝐶∞(𝑈),     1 ≤ 𝑖 ≤ 𝑛,  1 ≤ 𝑖,  𝑗 ≤ 𝑛

And satisfying the following relation:|𝑑
𝐼
𝑓| = |𝐼|,  

𝑠𝑔𝑛(2,  13,  123) =− 1,  𝑠𝑔𝑛(1, 23, 123) = 1.  

On this algebra, we define an R-linear operator by𝑑
𝑖
 

is a graded derivation on , , Thus⇒  𝑑
𝑖

Ω(𝑛)(𝑈) 𝑑
𝑖
𝑑

𝑗
=− 𝑑

𝑗
𝑑

𝑖
𝑑

𝑖
2 = 0.  

is a d.g. Algebra. This gives a d.g. Manifold(Ω(𝑛)(𝑈),  𝑑: =
𝑖=1

𝑛

∑ 𝑑
𝑖
) 𝑇[1](𝑛)𝑀

structure. Can be viewed as an infinitesimal multi-Artin-Mazur codiagnoal
construction.

2. ∆:  𝑅 × 𝐷 = 𝐻𝑜𝑚(𝐷,  𝐷) → 𝐻𝑜𝑚(𝐷
•
,  𝐷

•
),   𝑐:  𝐻𝑜𝑚(𝐷

•
,  𝐷

•
) × 𝐻𝑜𝑚(𝐷

•
,  𝑋

•
) → 𝐻𝑜𝑚(

, gives an infinitesimal action on which in turn gives a homological𝐷 𝐻,  
vector field with degree 1, thus is a Lie n-algebroid.𝑄 𝐻



3. is a d.g. Manifold embedding. With this embedding,𝐹
𝑛
:  𝐻 → 𝑇[1](𝑛)𝑋

𝑛

one can write down the higher Lie brackets on explicitly once is explicit𝐻 𝐹
𝑛

and the higher brackets on are explicit. But we think these higher𝑇[1](𝑛)𝑋
𝑛

brackets will depend on the choice of connections, except for n=1.

Example with explicit formula (when n=2)

There is a Lie 2-algebroid structure on

once we fix a torsion free𝑇[1](2)𝑀 ≃ (𝑇[1]𝑀 ⊕ 𝑇[1]𝑀) ⊕ 𝑇[1]𝑀
𝑇𝑀

connection on , with∇ 𝑇𝑀 ρ,  𝑙
1, 

𝑙
2, 

𝑙
3

The formulas are highly inspired by Madeleine’s article Lie 2-algebroids and
matched pairs of 2-representations. We think it is isomorphic to

the d.g. Manifold structure in general on , when𝑇[1](𝑛)𝑀 𝑛 = 2.
By now we have local isomorphism.

The embedding can be construct rather explicitly when𝐹:  𝐻 →  𝑇[1](2)𝑋
2

n=2:



Thus, one should be able to read a Lie 2-algebroid structure explicitly from a
Lie 2-groupoid. For higher case, we will need much more computational
power, and Leonid is currently developing some computer assisting tools. It
can certainly be helpful for this problem. Moreover, there is also a work in
progress of Madeleine and Malte on n-fold multi-vector bundles with Sn
symmetry and n-graded manifolds, which is probably the first step to take
for the explicit formula.

Other examples, e.g. Lie group(oid), strict Lie 2-groups, see Du’s thesis.




