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Overview

Central Question:

Can physics be encoded in first order duality relations?

‚ Part I: Duality Relations & Tensor Hierarchy

‚ Part II: Duality Hierarchy & Differential Graded Lie Algebra

‚ Part III: Embedding Tensor of ExFT
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Part I: Duality Relations & Tensor Hierarchy
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First Order Duality Relations

Free scalar in D “ 3:

lφ “ BµB
µφ “ 0

integrability condition of duality relation defining dual vector

Bµφ “
1

2
εµνρFνρ “ εµνρBνAρ

Linearized Gravity (gµν “ ηµν ` hµν):

G
p1q
µν phq “ B

ρYρµ,ν “ 0

where
Yµν,ρ “ ´Brµh̄νsρ ` ηρrµB

λh̄νsλ , h̄µν “ hµν ´
1

2
hηµν

Duality relation for pD ´ 3,1q dual graviton:

Yµν,ρ “ εµν
λ1...λD´2Bλ1

Dλ2...λD´2,ρ
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Obstacles to Duality Relations

In presence of scalar potential V ,

lφ “
BV

Bφ

we can no longer “pull out a derivative” ñ no first order duality relation

Similarly, for gravity with sources,

G
p1q
µν phq “ κpTµν ´G

p2q
µν phq ` ¨ ¨ ¨ q

one cannot “pull out a derivative” on the RHS, because otherwise
“improvement term” and hence trivial
[Bergshoeff, de Roo, Kerstan, Kleinschmidt, Riccioni (2008)]
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Hierarchy of Duality Relations

In gauged supergravity and ExFT we encounter field strengths

Fµν “ 2BrµAνs ` ¨ ¨ ¨ `DBµν

with Bianchi identity (“Tensor Hierarchy”)

DrµFνρs “ DHµνρ , Hµνρ “ BrµBνρs ` ¨ ¨ ¨

Ñ integrability condition of two duality relations

Dµφ “ εµνρFνρ
εµνρHµνρ “ fpφq

where Dfpφq “ V 1pφq then

DµD
µφ “ εµνρDµFνρ “ εµνρDHµνρ “ Dfpφq “ V 1pφq

Ñ non-linear scalar equation of gauged supergravity

(Note: in Gauged Sugra/ExFT gauging and scalar potential correlated)
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Part II: Duality Hierarchy & Differential Graded Lie Algebra
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Leibniz Algebras

Gauge algebra of gauged sugra/DFT/ExFT governed by Leibniz algebra,
a vector space X0 with bilinear map ˝ obeying
[Strobl (2013), Kotov & Strobl (2018)]

V ˝ pW ˝ Uq “ pV ˝W q ˝ U `W ˝ pV ˝ Uq

Minimal structure needed to have consistent infinitesimal variations

δVW ” LVW ” V ˝W

Closure implied by Leibniz relation: rLV ,LW sU “ LV ˝WU .
Symmetric part

tV,W u ” 1
2pV ˝W `W ˝ V q ” 1

2DpV ‚W q

Differential D and ‚ : X0 bX0 Ñ X1. If trivial Leibniz reduces to Lie.
In general, higher algebra on chain complex (in particular L8 algebra)

¨ ¨ ¨ Ñ X1
D
ÝÑ X0

[O.H. & Samtleben (2018), Kotov & Strobl (2018), O.H. & Bonezzi (2019)]
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Embedding Tensor

Derive Leibniz algebra from Lie algebra g and embedding tensor map.
Given Lie brackets r¨, ¨s we have adjoint and coadjoint reps

δζa ” adζa ” rζ, as , δζA ” ad˚ζA

leaving pairing Apaq P R invariant. Given representation R, δζV “ ρζV ,
embedding tensor is map

ϑ : R Ñ g

Transport Lie algebra to higher algebra on R:

V ˝W ” ρϑpV qW

defines Leibniz algebra provided quadratic constraint obeyed

ϑpV ˝W q “ rϑpV q, ϑpW qs

Equivalently, embedding tensor Θ : R b g˚ Ñ R defined by pairing

ΘpV,Aq ” ´ApϑpV qq

is Leibniz invariant.
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Derived from differential graded Lie algebra

Upon suspension (overall shift of degree) and addition of vector spaces

the graded symmetric ‚ can be interpreted as dgLa

(bracket r , s satisfying graded Jacobi and differential D with D2) on

¨ ¨ ¨ ÝÑ X2
D
ÝÝÑ X1

D“ϑ
ÝÝÝÑ X0 “ g

D
ÝÝÑ X´1 ÝÑ ¨ ¨ ¨

Leibniz algebra on X1 then “derived” from dgLa bracket:
[Lavau & Palmkvist (2019), O.H. & Bonezzi (2019)]

x ˝ y ” ´Dx ‚ y “ ˘rDx, ys

Leibniz relations follow from dgLa axioms.

Entire chain complex forms representation space of g.
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Gauge theory or tensor hierarchy

Given dgLa X take dgLa Z ” X bΩpMq of forms on M valued in X

¨ ¨ ¨
D
ÝÝÑ Z3

r0s
D
ÝÝÑ Z2

r0spχ0q
D
ÝÝÑ Z1

r0spλ0q

§

§

đ
d

§

§

đ
d

§

§

đ
d

§

§

đ
d

¨ ¨ ¨
D
ÝÝÑ Z3

r1spχ1q
D
ÝÝÑ Z2

r1spλ1q
D
ÝÝÑ Z1

r1spA1q

§

§

đ
d

§

§

đ
d

§

§

đ
d

§

§

đ
d

¨ ¨ ¨
D
ÝÝÑ Z3

r2spλ2q
D
ÝÝÑ Z2

r2spA2q
D
ÝÝÑ Z1

r2spF2q

§

§

đ
d

§

§

đ
d

§

§

đ
d

§

§

đ
d

¨ ¨ ¨
D
ÝÝÑ Z3

r3spA3q
D
ÝÝÑ Z2

r3spF3q
D
ÝÝÑ Z1

r3spdF2q

dgLa structure w.r.t. diagonal grading |Zk
rps
| “ k ´ p and differential

B ” d`D
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Combing forms into formal sums, remembering only diagonal degree,

¨ ¨ ¨ ÝÑ Z1
B
ÝÑ Z0

B
ÝÑ Z´1 ÝÑ ¨ ¨ ¨ ,

Λ A F
where Λ gauge parameters, A gauge fields, and F field strengths.

Maurer-Cartan forms

Ω ” e´A B eA

identically satisfy Maurer-Cartan equations
[Greitz, Howe & Palmkvist (2014)]

BΩ` 1
2rΩ,Ωs “ 0

In terms of Ω “ F `DA1 yields Bianchi identity of tensor hierarchy

DFp `
1
2

p´1
ÿ

k“2

rFk, Fp`1´ks `DFp`1 “ 0
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Scalars and generalization of G{H

Include zero-forms (scalars) φ P g “ X0 :

Ω ” e´φe´A B
`

eAeφ
˘

satisfies Maurer-Cartan ô BΩ “ B `Ω squares to zero: B2
Ω “ 0

in components:

BΩ “ DQ ` P ` T `
8
ÿ

p“2

V´1FpV ,

“coset representative” V ” eφ P G, V´1DV “ P `Q, Q P h Ă g

and embedding tensor Θ P X´1 and T-tensor

V´1DV “ rΘ, φs ` ¨ ¨ ¨ T ” V´1ΘV
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Duality Hierarchy & Dynamics

Goal: complete gauged supergravity/ExFT as tower of duality relations
[Bergshoeff, Hartong, O. H., Huebscher & Ortin (2009)]

In n external dimensions following structures needed:

‚ G covariant isomorphisms Ip : X˚p Ñ Xn´p´2

‚ H invariant metric ∆p : Xp Ñ X˚p

Ñ ‘generalized metric’ M1 ” V∆1VT extended to map M on entire X

Duality relations: F “ ‹IMF

Integrability conditions imply non-linear equations, including scalars with

V “ 1
2pT,∆´1T q
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Part III: Embedding Tensor of ExFT
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Underlying Lie Algebra

g0 Lie algebra of U-duality group (e.g. E7p7q),

rtα, tβs “ fαβ
γtγ

Pick representation R0 with matrices ptαqMN , M,N “ 1, . . . ,dimpR0q.

Infinite-dimensional Lie algebra G given by pairs of functions ζ ” pλM , σαq

of coordinates YM of RdimpR0q,

rζ1, ζ2s “
`

2λr1
NBNλ2s

M ,

2λr1
NBNσ2s

α ` fβγ
ασ1

βσ2
γ
˘

Coadjoint action on A “ pAα, BMq P G˚ so that invariant pairing with

a “ ppM , qαq P G given by the integral:

Apaq “
ż

dY
`

pMBM ` qαAα
˘
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Subtlety: eventually need to impose section constraint

ñ non-vanishing vectors λM so that λMBM “ 0

ñ subalgebra I defined as

G Ą I “
!

ζ “ pλM ,0q P G
ˇ

ˇλMBM “ 0
)

is generally non-empty, forming an abelian ideal of G.

The Lie algebra g is then

g “ G{I

Its dual g˚ consists of functions A “ pAα, BMq with a pairing for which
the non-trivial denominator I requires the BM to satisfy

@λM : λMBM “ 0 ùñ λMBM “ 0

ñ “covariantly constrained” objects BM
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Embedding Tensor

Representation R of g given by functions VMpY q:

ρζV
M ” λNBNV

M ´ σαptαqN
MV N

Define embedding tensor map

ϑpV q “
“`

VM , ´κptαqM
NBNV

M
˘‰

P g

where r s indicates equivalence class.

Derived Leibniz structure defines generalized Lie derivative

pΛ ˝ V qM ” LΛV
M ” ρϑpΛqV

M

“ ΛNBNV
M ` κ ptαqN

MptαqL
K BKΛL V N

closure/quadratic constraint ñ strong section constraint on BM .
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Opd, dq or Double Field Theory

g0 “ opd, dq with representation matrices and invariant metric

ptIJqM
N “ 2 δrIM ηJsN , ηMN “

ˆ

0 1
1 0

˙

8-dimensional Lie algebra g consists of functions ζ “ pλM , σIJq,

with embedding tensor map ϑ : RÑ g

ϑpV q “
`

VM , ´κptIJqM
NBNV

Mq “
`

VM , 2 BrIV Js
˘

Derived Leibniz algebra

pV ˝W qM “ V NBNW
M ` BMVNW

N ´ BNV
MWN

The symmetric part obeys tV,W u “ 1
2DpV ‚W q for

D : X1 Ñ X0 , pDfqM ” BMf

‚ : X0 bX0 Ñ X1 , V ‚W ” ηMNV
MWN

X0: Opd, dq vectors, X1: Opd, dq scalars Ñ Courant algebroid
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E7p7q Exceptional Field Theory

Generators tα, α “ 1, . . . ,133, dimR0 “ 56, M,N “ 1, . . . ,56,
symplectic embedding E7p7q Ă Spp56q ñ invariant form ΩMN

Embedding tensor yields Leibniz algebra

pV ˝W qM “ V NBNW
M ´WNBNV

M ´ 1
2B
MVNW

N

´ 12 ptαq
MNptαqKL BNV

KWL

Symmetric part obeys tV,W u “ 1
2DpV ‚W q for ‚ : X0bX0 Ñ X1 – g˚,

A “ pAα, BMq P g˚. The bullet operation is defined by

V ‚W ”

´

ptαqKLV
KWL, 1

2

`

VN BMW
N `WN BMV

N
˘

¯

P g˚

and the differential D : g˚ Ñ R by
`

DA
˘M

” ´12
´

ptαqMNBNAα ´
1

12
ΩMNBN

¯

P R

Quadratic constraints require

ptαq
MN BMf BNg “ 0 , ΩMN BMf BNg “ 0
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E8p8q Exceptional Field Theory

e8p8q representation given by (co)adjoint

Ñ8-dimensional Lie algebra given by pairs ζ “ pλM , σMq,M “ 1, . . . ,248

Ñ co-adjoint vectors are pairs A “ pAM , BMq

Embedding tensor is map ϑ : g˚ Ñ g for g˚ Q Υ “ pΛM ,ΣMq given by

ϑpΥq “
`

ΛM , fM
N
KBNΛK `ΣM

˘

”
`

ΛM , RMpΛ,Σq
˘

Leibniz algebra defined on g˚

Υ1 ˝Υ2 ”

´

Lr1sΥ1
Λ2

M , Lr0sΥ1
Σ2M ` Λ2

NBMRNpΥ1q

¯

Ñ tensor hierarchy of ExFT necessarily employs ‘doubled’ vectors

Aµ ”
`

Aµ
M , BµM

˘

Bilinear form

ΘpA1,A2q “ ´

ż

dY
`

2Ap1
MB2qM ´ fMNKA1

NBMA2
K
˘

gives invariant 3D Chern-Simons theory.
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Outlook

‚ Inclusion of external metric gµν as part of tensor hierarchy or dgLa?

‚ Detailed formulation of ExFT in terms of these structures,
e.g. ExFT potential as V “ 1

2pT,∆´1T q?

‚ (Non-covariant) actions for duality relations?
c.f. exotic D “ 6 theories in Henning’s talk

‚ Universal dgLa unifying all Enpnq, n “ 2, . . . ,9,
without split into internal/external?
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