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Motivation

@ Carrollian structures appear in gravity in various places.

@ Most prominently in recent times: conformal Carroll structure at null infinity
of asymptotically flat spacetime.

Major Research Question

Is there a holographic description of AF spacetimes as a Carrollian theory?

@ Basic observation: Asymptotically, massless fields can be interpreted as
conformal carrollian fields < massless scattering amplitudes can be written
as conformal carrollian correlators

@ A full-fledged holographic dual should be able to describe massive particles as
well.

@ Natural question: are massive particles also amenable to a Carrollian
description?
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This talk

Tigp1 & AdSCapy

Is there an asymptotic Carrollian picture
for massive particles?

At late times, massive fields can be

described as Carrollian fields, subject to
Carrollian field equations, on a curved o5 7
Carrollian manifold called
Ti/AdS-Carroll. Note that this space is .
of the same dimension as the bulk.
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Outline

@ Properties of Ti

© Carrollian fields on Ti

© Relation to fields in Minkowski space

@ Carrollian energy-momentum tensor and charges on Ti
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© Properties of Ti
© Carrollian fields on Ti
© Relation to fields in Minkowski space

@ Carrollian energy-momentum tensor and charges on Ti
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Defining Ti/AdS-Carroll

o Carroll structure (n, q) of four-dimensional Ti:
n=208-, q=0d7r?+ hypdx?dx®, hapdx?dx® = dr? +sinh® r dQ.

with h the metric on EAdS;/Hs.
o Symmetries of the Carroll structure L;q = L¢n = 0:

= S(x) o+ ¢ 9,
— ~—~
Ti-supertranslations KV’s of Hj : s0(3,1)

@ The Poincaré subgroup is given by

£1,,= XaOp — Xp0,

&g,= —rcoth r(@a — é&) — ﬁ@, Carroll translations
r r
&y= —coshrd,
&p,=sinhr ﬁ& Carroll boosts
r
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Ti/AdS-Carroll as a homogeneous space

o Tiis a homogeneous space of
Poincaré
~ 1S0(3,1)

Tis = 1SO(3)

@ Compare with Minkowski and flat
Carrollian space
(n=0.,q = 6,pdx? dx>)

1ISO(3,1) Carr(4) *
My =2 Cap i
4~ 50(3,1) = 150(3)
@ What does this have to do with Iy

time-like infinity?

@ Analytic continuation of universal
Ashtekar—Hansen structure at
spatial infinity (“blow-up of spatial
infinity”) to time-like infinity
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Ti as the blow-up of time-like infinity

To summarize, the result of the blowing up of
" is a 4-manifold which has the structure of a prineci-
pal fibre bundle: The base space is the unit timelike
hyperboloid in the tangent space of i’, and the struc-
ture group is the additive group of reals. This S will
be called Spi—spatial infinity. From its very con-
struction, S inherits two tensor fields: a covariant,
second rank, symmetric (degenerate) tensor field
I, the pullback to S of the natural metric on the
hyperboloid X ; and a vertical vector field ve, the
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@ Properties of Ti
© Carrollian fields on Ti
© Relation to fields in Minkowski space

@ Carrollian energy-momentum tensor and charges on Ti
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Carrollian fields on Ti

What is a Ti field?
How do they encode Wigner's UIR of Poincaré?

Reminder:
e Wigner UIR ¢Z , (x7) of mass m # 0, spin s:

o Defined on momentum orbit p* = £m(cosh r, —sinh r x?/r);
o transform under spin s-representation of SO(3).

@ On Minkowski space, we like to work with Lorentz-covariant fields:
¢041»~~as (XN) = qs(al---o‘s)(xu)'
@ Obtain UIR from fields by imposing field equations:

(D - m2)¢a1...o¢5 = 07
(baOtOé:;...O(s = va(baoq...as =0.

@ Find the analogous story on Til
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Defining Ti fields

What is a Ti field?
Induce representations on Ti 2 1SO(3,1)/1SO(3) from rep’s of ISO(3).

@ Choose a finite-component unitary representation ¢,, . ,.(0) of iso(3),

[Jab7¢al.4.a5(0)] = ( ab)a1 .as ¢b1 .bs ( ) [Paa(bal...as(o)] = 07

This defines the field transformation at the origin.
@ Define the field on other points by (suppressing the indices)

$(x) = ¢(7,x) = U(r,x) $(0) U(r,x) ™" U(r,x) = & Pre™

@ The induced infinitesimal action is then

[Jabs ¢(x)] = —£5,,0c(x) + Eab ¢(x) ,

[Bay p(x)] = —€§,0e(x) — r~* tanh(r/2)x" T, () ,
[H, ¢(x)] = —€nd(x) = cosh r 0, ¢(x),

[Pa, ¢(x)] = =&p,d(x) = —sinh r x5 /r O P(x).

These transformations define Ti fields.
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Ti fields and massive particles

What is the relation of these fields to Wigner's UIR?
@ The representation is not irreducible. The Casimir C, = —H? 4 P?P, acts as

[C2, 6(x)] = ~020(x),

not proportional to the identity.
o Find irreducible representations by enforcing the Carrollian field equation

(872' + mz)d)al...as(x) =0.

@ Solutions: . _
Om(7, %) = G (x) €™ + P (x) €7
¢E: Wigner's UIR representation of ISO(3,1) of mass m and spin s.
@ "On-shell” Ti fields reduce to massive UIR of 1ISO(3,1).
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Ti fields and massive UIR of 1ISO(3,1)

Ti fields and Wigner representations can also be related “off-shell”.
o Start with a UIR ¢ (x) and define

b (x) = = / T et mo(rx),  érx) = / " dmet g (x),

2w — 00 —o0

@ Then, for any ISO(3,1) transformation T one has
[TTI,(b(T, X)] _ / dm e:timT[TWignery(éﬁ(X)].

Ti fields are superpositions of UIRs of different mass.
@ The Ti representations are unitary w.r.t. the inner product

1
(P, )i = > e d(r, x) - (1, x), e...inv. volume element on Ti
T JTi

e Denoting by (¢, ), the inner product of Wigner UIR, one finds
Giri= [ dmio* 0.
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© Carrollian fields on Ti
© Relation to fields in Minkowski space

@ Carrollian energy-momentum tensor and charges on Ti
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Relation to fields in Minkowski space

How do the so constructed Ti fields relate to fields in Minkowski space?

Tigy1 = AdSCyyq

@ Introduce hyperbolic coordinates i+ %ﬁ{\
. . d
ds® = —dr? + 72h;(x*) dx’ dx’. "
, I i
o Consider a symmetric tensor field
obeying
(D - m2)¢a1...a5 =0, N i
Qsaaag..us = Vad)aaz..us =0.
@ Project the field on temporal and Ji JL

spatial components; free data is in
the purely spatial component ¢;, ;..
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@ The wave equation projected on the purely spatial components is
0=[-02+7(Llu+a)—m?|(7**¢; i)+ O(r3),
with leading order asymptotic solution ¢; ;. = 7’3/2“(;_3,-1__,,-5 where
0=(2+m’ )i, = Givorie = (0 (x) €™ + ¢ (x)e™™).

@ Obeys the same equation as the Ti field. Does it transform the right way?

@ Poincaré transformations in Cartesian coordinates become asymptotically
Poincaré transformations in Ti representation

{8047 Xaaﬁ - Xﬁaot} Tj>°° {E;ia Ealv E;v _—Jl;lb} .

@ Introduce a suitable tetrad
A (1 0 o (1 0
By = <0 Te? )’ Ea = 0 7t )’

iy — il is _. .
Gay...as = €3 - €a, Gi..is

and define
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Ti extrapolate dictionary

This field transforms as

54_531...25 = _(5787 + gai)&al...as + /\alb Q_Sb‘..as +...+ /\asb (Z_Sal.“b .

This can be checked to match exactly with Ti transformation behavior!

Ti extrapolate dictionary

i =0
¢21‘..a ! Eal Eas¢a1 Qs

transforms as a Ti field and obeys the same Carrollian e.o.m.

Comments
@ Compare with “extrapolate dictionary” for massless fields, e.g., scalar

Q_S(u7 z’ 2) = |i>m (r¢(u7 r7 z7 2))'

@ Local interactions do not change this argument (long-range forces would).
@ Can be also shown with saddle—point approximation of plane wave expansion

Z/2k0 Zl (k) ag lkx+em us(k)* aZTe_ik‘X)
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© Carrollian fields on Ti
e Relation to fields in Minkowski space

@ Carrollian energy-momentum tensor and charges on Ti
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Constructing a Ti EMT

Can we construct conserved currents for the infinite number of symmetries of Ti?

_l Ingredients !

e Carroll structure: n= 0, ,q = 0d72 + h,p dx?dx?
@ Invariant volume form: ¢ = v hdr d3x
o Symmetries: L¢n = L¢q =0 = &= 5(x?)0; + &£0.

o Compatible (torsion-free) connection: V n =V g = 0 =not unique
purely spatial part: Vi connection on hyperboloid

\.

Define EMT T#, on Ti either by
@ demanding that j# = T# £ is conserved

Vit =V, T &+ T, V6" =0;

@ or couple a Carrollian theory to arbitary curved background S[®;; n*, q,,, ]
compute 65[®;; dn*, dq,,] and evaluate on Ti.
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Both cases lead to Carrollian EMT of the form
T7. 0
"
T v (TT Tab) )

with T2 symmetrical, that obeys the conservation equations

V,T. =0 & 9,77 =0
V. Th =0 & o, T, +VET =0,

Define conserved charges as
Q[g]:/j-s:/ﬁd&f:/ﬁcﬁx(mgﬂ)
H H H

In particular,

Ti charges

Q[S]:/H3\/Ed3x TS Q[&H]—/ VhdPx T, ¢
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An example: Scalar field

Consider a massive scalar field in Minkowski space with possible local (polynomial)
interactions and standard EMT T, = 0,¢0,¢ — %gm,(m2¢2 + 0,90 ¢ + V[qﬁ]).
Defining ¢ = 73/2¢ one has the leading order field equation

(07 + m*)p =0+ 0(r72).
and setting T#, = 73T#  yields the leading order stress tensor

_ 1 _ _ _ - - _ 1 _ _
T =—5(0:0 +m?¢%),  T7, =-0:00:0, T7% =303((0,0)° — m*¢?),

of Carrollian form and obeying Carrollian conservation equations.
This is reproduced as e.o.m. and EMT of the electric scalar action on Ti

Se = —% / dr d3xﬁ[—n“n” Hé&,q_ﬁ—i— m2<52] .

Using the CCR [¢(, x), d-¢(7, x')] = —i6®) (x — x') /\/h, one verifies
[QIS] QIS =0,  [Q[S], Q¢ = —iR[€70.5]  [Ql&], QlE2]] = iRl 2]

Asymptotically, the theory reduces to a simple Carrollian theory on Ti.
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Conclusion and Outlook/Discussion

Summary

Time-like infinity can be blown up to a Carrollian manifold Ti.

°
o Fields on Ti transform in a unitary, reducible representation of ISO(3,1).
@ On-shell Ti fields reduce to Wigner's massive UIR times a phase.

(]

Massive fields in Minkowski space can be related to Ti fields as

T T—00 3 a
¢al‘..as ~ T2 Eall cv Eass(bal“.as-

Conserved charges on Ti can be constructed using the Carrollian EMT.

Further developments and open issues

Ti supertranslations and soft charges.

Carrollian EMT and detector operators for massive particles.
Changes in the presence of long-range forces (Maxwell, gravity).
Generalization to fixed curved background.

Reformulation of massive scattering amplitudes?

A unifying Carrollian framework for massive and massless particles.

— — = ==y
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Ti/AdS-Carroll algebra

@ Carroll algebra
[Jaba ch] = 6chad - 6aCde - 6deac + 6adec 5
[Jaba Pc] :5bcPa_5ach> [Ca7Pb] :5abH7
[Jab; Cc] = 5bc Ca - 5ac Cb 5

@ Poincaré algebra

[Jab» ch] - 5chad - 5achd - 5deac + 6adeca [Pa; Bb] - *5abH7
[Jab7 Bc] = 5cha - 5acBba [H7 Ba]: _P87
[Jab7 'Dc] = 5bcPa - 6acha [Ba; Bb]: Jab-
@ Let us relabel and reinterpret P, — C,, B, — P,
[Jab; ch] - (Schad - 5ac-/bd - 6bd-/ac + 5adec P [C87 Pb]: _6abHa
[Jab7Pc]:6bcPa_6acha [H7 Pa]: _Ca7
[Jab7 Cc] = 5bcCa - 5ach7 [P;n Pb]: Jab .

This is the Carroll algebra (changing H — —H) in a curved space!
@ Similar to interpretation of 1ISO(3,1) as CCars.
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Ti Supertranslations and soft charges

In an interacting theory of gravity, truly conserved charges reside at spatial
infinity. In particular, supertranslations are conserved.

Using the flux balance laws this charge Q(i°) can be rewritten as

Q(i°) = Qi) = F(57) = Q(i") + F(57).
Using invariance of the S-matrix [Q(i%), S]=0 and evaluating between in- and
out-states leads to Weinberg's soft graviton theorem.

Q(i™) in the above is labelled by a function on the sphere ().
Can be related to Ti charge as

S(x) = /C _49G(x.)F(2).

where G(x,) is a ‘boundary-to-bulk’ propagator satisfying the gauge-fixing
equation
(Mg —3)G(x)=0,

and the boundary value of S(x) is f().
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EMT algebra and detector operators

Detector operators describe possible measurements of weighted cross-sections;
important in QCD, more recently CFTs.

@ For massless particles, described as integrals over .#; important example:
ANEC operator

Y : 20T
&(n) 7/0 dtrﬂToor n' Toi(t, rn).

@ For massive particles, possible detectors and their algebra can be understood
in terms of the Carrollian EMT and its algebra

Hallmark of Carrollian symmetry.
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@ Consider the final state of n massive scalar particles
n
1) = 1p1s s pa) = 3y -3}, [0) = (m™22(2m)*/2) 6™ (1) ... 6™ (3) [0)..
@ One can construct, e.g., an operator that measure the total final energy

—/E(d) T (y):|n)y=nm|n),
H

The analogue of the energy flow operator is

&(n) = /OOO dllylllyl*=": T (llylln) - -

Applied to a final state this is

E(n)|n) = Z Ei Y=Y (n—n;)|n) .

The important commutator
[£(n),E(n")] =0,

follows directly from the hallmark equation of Carrollian_symmetry.
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Long-range forces

Massive particles coupled to long-range forces are not free even at 7 — oo.
Consider, e.g., massive scalar QED at late time the field is

T—00

(b 2§ 7_—3/2eieA,. IOgT(b(X)e_iTm + d*(X)e+iTm).
This leads to the Ti field

(Z_S — eieAT Iogr(b(x)efirm + d*(x)eJri'rm)

not of the free field form (92 + m?)$ = 0 but still Ti representation.
Could be interesting to:

@ Use the relation between UIR and Ti field to understand it as a superposition
over UIRs

650 =5 [ dremara). o= [ dme i),

—c0 —oo

@ Understand ¢ as solution of Carrollian massive field coupled to (magnetic)
Carrollian EDyn on Ti.
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Wigner's massive UIR

For Wigner's massive UIR, the isotropy group is (J.p, H, P,). The inducing
representation is given by

[Jab: 0%, (0)] = (Za)2 2 65, (0),  [Pa6™(0)] =0,
and
[H,¢%(0)] = £im ¢(0),

corresponding to a massive particle in the rest frame with momentum

= 4(m,0). The induced representation is then obtained by boosting ¢* to a
generic momentum frame,

¢*(x) = U(x) 6™ (0) U(x) ",
where U(x) = e¥"B>. This implies
[Jab, 6™ (X)] = —£4,¢™ (%) + Tap 97 (x)
[Ba, 6% (x)] = —€8,6™ (x) — tanh(r/2)%"Tp, 6™ (x),
[H,¢*(x)] = £imcosh(r) ¢*(x),
[P., ¢ (x)] = Fimsinh(r) £, ¢ (x).
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