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§1. Introduction
Purpose
Higher generalizations of the twisted Poisson structure
Generalization of AKSZ sigma models

To do

Compatibility with Lie algebroids and (pre)-multisymplectic
manifolds

Lie algebroid sigma models with WZ term



Plan of Talk

Geometry of Lie algebroids with multisymplectic manifolds

Q-manifold descriptions

Higher dimensional sigma sigma models



§2. Preliminary
Lie algebroids

Definition 1. A Lie algebroid (E, p,|—,—]) is a vector bundle E

over M with a bundle map p : EE — T'M called the anchor map, and
a Lie bracket |—,—| : I'(F) x I'(E) — I'(F) satisfying the Leibniz
rule,

e1, fea] = flei,ea] +pler)f - ez,

where e; € I'(F) and f € C°(M).



Example 1. [Lie algebra] Let a manifold M be one point M =
{pt}. Then it is a Lie algebra g.

Example 2. [Tangent Lie algebroid] F = TM and p = id,
|—, —] is @ normal Lie bracket on the space of vector fields X(M).

Example 3. [Action Lie algebroid] Assume a smooth action of a
Lie group G, M x G — M. The differential of the map induces an
infinitesimal action of the Lie algebra g of G on the manifold M .
It induces a bundle map p : M x g — T M. Consistency of a Lie
bracket requires that p is a Lie algebra morphism such that

[p(e1), plea)] = p(ler,ea]).



Lie algebroid differentials
['(A®E™) is the space of E-differential forms.

Definition 2. A Lie algebroid differential £d : T'(A™E*) —
D(A™TLE*) such that (¥d)? = 0 is defined by

m-+1
Ed&(ela SR em-l-l) — Z (_1)2_110(6%')04(617 U é’i) U em—I—l)
1=1

'L—i— 5 >’
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where o € I'(AN™E*) and e; € T'(E).



(Pre-)n-plectic structure

Definition 3. A closed (n + 1)-form w € Q"tY (M) is called a
pre-n-plectic form. (M, w) is called a pre-n-plectic manifold.

An 1-plectic structure is a symplectic structure.



§3. Compatible EF-n-form
Notation

p:E — TM isregarded as p € I'(TM ® E*).
thw € QUEITF(M,ARE*) is defined by

Ll;w(vk—l—la R 7Un—|-1)(617 IR 76k)
— lp(er) - - - Lp(ek)w(vk—Fla e 7vn—|—1)
— <®k107 w>(€k, oo €1, Vk+1, - - - ,Un_|_1)

=w(pler),...,ple1), Va1, .-+, Unr1)-

fore1,...,ex € I'(F) and vgyq, ..., 0011 € X(M).



Definition 4. Let E be a Lie algebroid on a pre-n-plectic manifold
(M,w). If an E-n-form J € I'(A"E*) satisfies

EAJ =~ (= —(@"p, w)). (1)

J is called compatible with the Lie algebroid structure and the
pre-n-plectic structure.

Since £d° = 0, Pd() M w) = 0 must be satisfied for consistency.

Proposition 1. “d(.}*'w) = 0 is satisfied if dw = 0 and
p(e1), plez)] = p(ler, e2]).

Lemma 1. (1) is consistent with a Lie algebroid.



4. Examples

Example 4. [Twisted Poisson structure]| Kiimcik-Strobl 01, Park
00, Severa-Weinstein '01

Let m € T(A*TM) and H € Q*(M) be a closed 3-form. If (m, H)
satisfies

Sl ls = (@'n, ), )

it is called a twisted Poisson structure.

For given (m,H), T*M is a Lie algebroid. The anchor map is

9



7t T*M — TM and the Lie bracket is

[Oé? 5]71',]‘] — Ewu(a)ﬁ _ ’C’Wﬂ(ﬁ)& T d(ﬂ-(&? 5)) + Lﬂu(a)bwﬁ(ﬁ)H°
(2) is equivalent to
Edr = — (@37, H).

J = m with the pre-2-plectic form w = H.
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Example 5. [twisted R-Poisson structure] Chatzistavrakidis 21

Let m € T'(A*T'M) be a Poisson bivector field, H € Q"T1(M) be a
closed (n + 1)-form, and R € T'(A"T'M).

Under the Lie algebroid structure on T M induced from the Poisson
bivector field w, (m, H, R) is called a twisted R-Poisson structure if

[m, Rls = (—1)™(@" "7, H).
The equation is equivalent to *dR = (—1)"(®" "7, H). Thus,
R = J is a compatible E-n-form with the pre-n-plectic form w =

(—1)"+1H.
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Example 6. [Momentum map] Let (M,w) be a symplectic
manifold (n = 1) with an action of a Lie group GG. The action
induces an action Lie algebroid structure on E = M X g with a Lie
algebra g of G with the action p: M x g — TM. We take V = d.
o € (M, M x g*) is a momentum map if

dpo(e) = —tpew,  po(ler, e2]) = pler)po(ez).

for e,eq,es € g. They are equivalent to

dpo(e) = —tpe)w, Edug(er, es) = —Liw(el, es).
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Example 7. [Homotopy moment(um) map] Callies-Fregier-Rogers-
Zambon '13 Let (M,w) be an n-plectic manifold. Assume an action

of a Lie group G on M.

Let Let p = S 70 e with py, € QF(M, A" "%g*), where k =
0,...,n—1.

[t IS @ homotopy momentum map if it satisfies

n—1

(d+dep)p ==Y (1) w.
k=0

Here do g is the Chevalley-Eilenberg differential on N°*g
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The 0-form part of the equation is doppo = —(1,)" T w. It is
equivalent to

)n—l—lw7

Pdpg = — (o

if we use equations for higher order ny. J = —pug is a compatible
E-n-form.
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Example 8. [Momentum section] Blohmann-Weinstein '18, Kotov-
Strobl '16

(M,w) is a pre-symplectic manifold and (FE,p,|—,—|) is a Lie
algebroid over M. Assume a connection V on E.

Definition 5. A section u € I'(E*) is called a momentum section
if u € I'(E*) satisfies the following two conditions,

Vi = —iw, Pdp = —(1,)*w.

The second condition is (1) forn =1 with u = J.
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Example 9. [Homotopy momentum section] Hirota-NI '21

(M,w) is a pre-n-plectic manifold and (E,p,|—,—]) is a Lie
algebroid over M. Let pp € QF(M,A""FE*), where k =
0,....,n—1.

Definition 6. A sum p = S.p_ou, is called a homotopy
momentum section if p satisfies

n

(V+2dV)p = — Z Lzﬂ_kw.
k=0

po satisfies “djg = —u " w. Thus, po = J.
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§5. Higher Dirac structure
Graded manifold

A nonnegatively graded manifolds is called an N-manifold.

Definition 7. If an N-manifold M has a vector field () of degree
+1 satisfying Q* = 0, it is called a Q-manifold.

17



Q-manifold description of Compatible £-n-form
We consider M = T*[n — 1] E|[1].

We take local coordinates on T*[n —1]E[1], (2%, a%, z;, y,) of degree
(0,1,n — 1,n — 2).

; 1
p(ea) = pa(x)a@' J(eap S 7€an) = H‘]al---an(x)a
1 . .
lea, ep] := C5p(x)ee, (w:=)H = EHijlmjn(x)dx“ .odadm,

for the basis e, of I'(F),
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We define

_ 1 a 0 ( 1) J
Q= p!(x)a e +t5 Che(w)a’a® 94
| 0
+ ((—l)n,OZZz' + CSb(aj)a'byC + Jabz---bna’bQ e abn) ay
L1 (azpaz]a — SOk )"y,
1 ; a an a
‘|—a(ai<]a1...an - Pjall Pjn Hjj, . Jn)a Lo ) 0z;

Proposition 2. (Q? = 0 is equivalent to the condition of the
compatible E-n-form under a Lie algebroid E.
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QP-manifold

Definition 8. [/f an N-manifold M has a graded symplectic form
Wgrad Of degree m and a vector field () of degree +1 satisfying
Q? = 0 such that Low,rqq = 0, it is called a QP-manifold.

For any QP-manifold of degree n # 0, there exists a function
© € C*°(M) such that Q = {©, —} satisfying

10,0} = 0.

Note: QP-manifolds — AKSZ sigma models
Note: If H # 0, the previous () is not QP since Lowgraqa 7 0.
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Higher Dirac structure

Hagiwara '02, Wade '02, NI-Uchino '10, Zambon 12, Bi-Sheng '15, Bursztyn-
Martinez-Rubio '16, Cueca '19,,,

QP-manifold

Choose the canonical graded symplectic form of degree n on M =
T*n —1|E[1] as

Worad = STt A 8z + da® A Sy,

where 0 is the graded de Rham differential.
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Define

: 1
O = p!(x)z;a” + §Cgc(x)abacya
1

in—l—l

11 o al Ap+1
+ 'pal...pan+1H21mzm+1(x)a c.Loafntl

(n+1)
© gives a Lie n-algebroid structure on E @ A"~ 1E*.
E is a Lie algebroid and dH =0 = {6,060} = 0.

Lie n-algebroid induced from QP-manifold

A Lie n-algebroid on E @ A" 'E* is an algebroid with three

operations, ((—,—),p,[—, —|D).
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(—.—) : T(E ® A"'E*) ® T(E @ A""LE*) — T(A"2E*) is a
symmetric paring. The bundle map p: E ® A" 1E* — TM is the
anchor map, and the bilinear bracket [—, —]p : I'(E & A" 1E*) x
I'(E® A" IE*) - T'(E® A" 'E*) is called the (higher) Dorfman
bracket.

A map j, : D(E®A"LE*) — (CEDC)(T*[In—1]E[1]) is induced
from the map

i EQN"IE*®TM — T*n — 1|E[1],

7 (2 e% eq, 0;) — (2, a% yq, 2;), where 9;, €® and e, is basis of
TM, E* and E.
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Operations are given by derived brackets,

(e1,e2) = j{e1, ea},
ple)f =7"{{e, O}, [},
le1,e2]lp = 77 {{e1, 0}, ea},

for e,ei,e0 € T(E B A" LE*), e,e1,e5 € C°(T*[n — 1]E[1]) and
feC>®M).

24



Three operations of this Lie n-algebroid are as follows. Let u+a, v+
B el (E® A" 1E*), where u,v € I'(E) and a, 8 € T'(A" "1 E*).

(u+a,v+p) = (u,8) + (),

p(e)f = p(u)f,
u+ a,v+ Blp = |u,v] + L0 — L, P da + l,uLU(LZ’HH),

where the interior product ¢, Is the contraction with respect to £
and E*, and the Lie derivative is £, = t,%d + du,,.
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Higher Dirac structure

Definition 9. A Lagrangian Q-submanifold N is a sub graded
manifold satisfying the conditions, (e1,e2) = 0 for all e;,es €

C*®(N), and [C*®(N),C>*(N)|p C C=(N).

A higher Dirac structure is a subbundle L of E & A" ! E* induced
from a Lagrangian ()-submanifold.

Proposition 3. [NI] Let J € ['(A"E*). Define
I'(L;)={u+ (J,u) eT(E® A" 'E*)|ueT(F)}.

Then, dJ = —(1,)" H iff Ly is a higher Dirac structure.
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§0. Lie algebroid sigma model with WZ term

Action functional Chatzistavrakidis ' 21, NI '21

Let = be an n+1 dimensional manifold with n dimensional boundary,
>, = 0=. Choose a Lie algebroid E over a d-dimensional target
space M.

(—, —): pairing of TM and T*M.
(—,—): pairing of E and E*.

X : 2 — M is a smooth map.
Ac QY S, X*E), Y e Q" 43, X*E*), Z € Q™(X, X*T*M).
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The action functional is as follows,
g / [<z, AX) + (Y, dA) — (Z, X*p(A)} +%(Y,X*[A,A])
+X*J(A / X*H.
— /E [Zi ANAX 4+ Y, ANdA® — p" (X)) Z; N A" + %Cgb(X)YC AN AN AP

1 a a
+5Ja1___an(X)A IAL..NA ”]

1 | |
" /~ (n + 1)!Hi1---in+1(X)dX7'1 A ... ANdX '+

Note: If H =0, it is an AKSZ sigma model.
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Hamiltonian formalism
Take X = R x T™.

Let H be a Hamiltonian such that H = an(pAqA — L), where
qg=(X,AY, 7).

The symplectic form is given by

o = / 547 A Opa = warsz pEvo

The space of constraints is £ = {G;|I = 1,2,...,m}, which gives
a Lie algebroid structure as a Poisson algebra. The dynamics is

29



consistent with constraints if

{H,g}pB C €&,
{g,g}pB C €.

Then G are called first class constraints.

The Hamiltonian is proportional to constraints,

H= [ d""o(Zo,G% + YouaG% + AGGva).

T?’L
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Here (G's are constraints without time derivatives,

L= (dX" — pl(X) A,
GY = (dA* + 1Cp (X) AP A A9
Gyo = (dY, + (=1)"pL(X)Z; + (—1)" ' C(X)Ye A A
1 (5)
‘|‘E<]a62...bn_|—1 (X)Ab2 ARERWA Abn+1> )

which are spatial parts of equations of motion.

31



Theorem 1. Suppose that E is a Lie algebroid and w = H is a
pre-n-plectic form. Then, GfX, % and Gy, are the first class

constraints, {H,EYpp C € and {€,Epp C & if and only if J is a
compatible E-n-form (1).

BFV works! In fact, we obtain the following Poisson brackets,

{G%(0),G% (0"} pp = {Gx(0),G4(c")}pB = {G%4(0),G%(") } pB = 0,
{G%(0),Gyalo')}ps = (=1)"'0;0,G% (0)8" (0 — o),
{G4(0), Gyu(d')}pe = (—1)"0;CLA° A G (0) + CLG4 (o))

x 0" (o — o),
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{Gya(0),Gyu(0")}pp = [(0:C5Ye

1 n—1 :
‘|‘( 73' 8i<]ab(:3...cn+1AC3 ARERA ACn—H) A G%X'
—1 n—2
—I—(—l)n_ngbGyc -+ ((n _) ) Jabeey...eni AN N ATTENGY
D" e ke ket A (vhm
—+ (n n 1)' Z IOaIObHijkl---kmkm+1-.-kndX AL . ANdXPmEA GX
" m=1

(s)
ApemtEACmiT A A phr e (0)6" (0 — o),

Here all the fields are spatial components.
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§7. Lagrangian formalism
Consistency of gauge transformations

A gauge transformation of a field ® is computed by
0@ = {[do’e!(0")G1(0"),®(0)} ,, + 7! (P(0))G1((0)). Gauge
transformations are consistent if

5S =0,  [61,60] ~ &5

We need three gauge parameters, c¢* € I'(X, X*F), t, €
D(AP=2T*S, X*E*), w; € D(AP"1T*S, X*T*M).
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Gauge transformations of fundamental fields are given by
60X =pl(X)c, — SAY=dc® + C(X)A e,
0Y, = dtg + (—1)"p" (X)w; + CS (X)) (=Y + (—=1)"t. A AP)
+ Ty by (X)AP A A Arbrt,
5Z,L = dwz -+ &L-pg(—Zj A c® + (—1)”wj N\ Aa)
+ 20,C8.(2Y N A% + (—1)"t, A AP A A°)
+ 50id 0y ap  (X)AD A LN APt

— e Hijy gk Y AXTVA LA AXT

m=0

/\p‘é”%iﬁAamH Ao A pln A% ppel.

35



Theorem 2. Suppose that E is a Lie algebroid and w = H is a
pre-n-plectic form. Then, the action functional is gauge invariant
and the gauge algebra is closed, §S = 0, |01, 2] ~ &3 if and only if
J is a compatible E-n-form (1).

Covariant gauge transformations
Let V be a connection on E.

Definition 10. An E-connection on T'M with respect to the Lie
algebroid E is a map ¥V : I'(TM) — T'(TM ® E*) satisfying
EV.(fv) = fEV.0 + (ple)f)v, for e € T(E), v € I'(TM) and
feC>®M).
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If a normal connection V on F is given, a (canonical) E-connection
on a tangent bundle, an E-connection is given by

Vv 1= Lyeyv + p(Vee) = [p(e), v] + p(Vye),

where e € I'(F) and v € X(M). Additional to the ordinary
curvature, R(e,e’) := [V, Vo] — Vi, o, the E-torsion T' and the
basic curvature S are defined as

T(e,e) = V. —FVae—[e €],

ﬁe(VG/) — Lo (Ve) — Vp(ve)el + Vp(Ve/)e — Ve, 6’]
(VT +2Alt1,R)(e,€'). (PR=1,5.)

5!
—~~
M

A
N

|
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Gauge transformations of fundamental fields are given by

VX' =06X"= p'(c),
VA =Vec— X*T(A,c),
VY =Vt + (=1)"1x,w” + X*T(Y,c) — X*T(A,1)
+ X*J(A,..., A c),
V7 =VuwY — Lx*vp(e) 4 + LX*vp(A)wv — X*S(Y, A, c)
+ (=1)"X"S(@, A, A) + XFVI(A, ..., A ¢) — ixop(e)txspayH

+ Z (n—=m 4+ 1)(=1)"txxp(e)trx s payH -
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§Conclusions

e We considered geometry compatible with a Lie algebroid and the
pre-multisymplectic structure.

e It has many examples.

e A topological sigma model with WZ term is constructed.
Consistency of the mechanics suggests that the BFV and BV work.

e The BV formalism has been concretely constructed for E =
T*M,n = 2 case. Chatzistavrakidis-NI-Simuni¢, '22
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Outlook
o AKSZ type construction of the BV formalism
e Multisymplectic reduction Blacker '21, Blacker-Miti-Ryvkin '22
e Quantization (a generalization of the deformation quantization)

e A generalization to general Lie n-algebroids
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Thank you for your attention!
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