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Correspondence VB-PB

E—M s Fr(E) = M

vector bundle of rank k principal GL(k)-bundle
PIV]:=(PxV)/G—= M P— M

vector bundle of rank Nasases principal G-bundle,
dim(V) V € Rep(C)

Vector bundles over M of principal bundles over M with
rank k structural Lie group GL(k)

What about replacing M with a Lie groupoid § = M?
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Outline

© VB-groupoids
© Frames of a VB-groupoid
© PB-groupoids

@ PB-VB correspondence
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€000 000 00

VB-groupoid (Pradines, 1988) = vector bundle object in the category of
Lie groupoids = Lie groupoid object in the category of vector bundles

Applications

@ integrating fibrewise linear Poisson structures on vector bundles
(Coste, Dazord and Weinstein, 1987)

@ 2-term representations up to homotopy (Gracia-Saz and Mehta, 2017)

e deformation theory of Lie groupoids via their cohomology (Crainic,
Mestre and Struchiner, 2020)

@ blow-up constructions in index theory (Debord and Skandalis, 2021)
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VB-groupoids
0000

VB-groupoid (Pradines, 1988) = vector bundle object in the category of
Lie groupoids = Lie groupoid object in the category of vector bundles

g

Eg S
illz t||s
e
Ey —— s M
core C := ker(8) Nker(mg) C Eg
core-anchor p :=t|c: C — Epy
rank ( ( ,rank(Ep — /\/l))
(so that rank(E ) =1+ k)
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Example (tangent VB-groupoid)
TS = S

Example (cotangent VB-groupoid)

T*97>9

.
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Example (tangent VB-groupoid) § Example (cotangent VB-groupoid)

TS - 9 TS - 9
\ \ ’
dt| |ds t||s |3 T*M t||s
/ y N
™ — M M
rank = ( ,dim(M)) rank = (dim(M), )
. V.

Francesco Cattafi Wiirzburg 6/17



Example (tangent VB-groupoid) § Example (cotangent VB-groupoid)

TS = S
dt| |ds t||s s
/ / \
™ ——— M
rank = ( ,dim(M)) rank = (dim(M), ) )
Remark (duality between VB-groupoids)
Eg = £y VB-groupoid of rank (/, k) with core

Francesco Cattafi Wiirzburg 6/17



Example (tangent VB-groupoid) § Example (cotangent VB-groupoid)

TS = S
dt| |ds t||s s
/ / \

™ ——— M
rank = ( ,dim(M)) rank = (dim(M), ) )
Remark (duality between VB-groupoids)
Eg = £y VB-groupoid of rank (/, k) with core
= E5 = C VB-groupoid of rank (k, /) with core £,
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VB-groupoids Frames of a VB-groupoid PB-groupoids
000e 00

Example (rank (0, k) (trivial-core) and (/,0) (trivial-

E =G xnmEy o S
F| | $=pr, t||s
/
En € Rep(9) o M
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G = M étale and its
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representation on /M
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Example (rank (0, k) (trivial-core) and (/,0) (trivial-base))

Eg =G xpym

Em € Rep(9)

EggQXM

Tg=PpIy

Em

T

™

TG=pry
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VB-groupoids Frames of a VB-groupoid PB-VB correspondence
cooe 000 00

Example (rank (0, k) (trivial-core) and (/,0) (trivial-base))

Es =G xmEy T g
For Eg = TG and
\ Ey = TM we get
1| |32pr, t||s 9= M étale and its
p canonical
/ representation on /M
Ew € Rep(5) = M

Eq =G xp

s M = 0 and the
adjoint representation
on

F| | $=sopry t
/
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Frames of a VB-groupoid
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Idea: Isolate the frames of Eg — G which are compatible with the
groupoid structure of Eg = Ey

Definition (C. - Garmendia '24)

A frame ¢, JR’+’< = (Eg)g is adapted to Eq = Ey if
k = / =
* o Fulse R (o) Cete)
‘bg'{o}m\ / ¢g|R’xk /ﬁ7(t70g_1)
(ES)g (E9)g
It follows that
= / =
K t(0s)? (Emete) a Ko @
¢g|{0}m\4 / Pe(—o.di (#)) A,Og)cﬁ
(Es)e (Eg)e

with dy, = (t(0g)?) 7L 0 py(e) 0 t(dg) : R — R¥
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Proposition (C. - Garmendia '24)

Fred(Eg) = Fr(C) xm Fr(En) is a Lie groupoid with the structure maps
o 5(¢g) = (s(qﬁg)c,s((j)g)b)
o H(0g) = (t(0)°, t(05)")
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Frames of a VB-groupoid PB-VB correspondence

(o] e}

Proposition (C. - Garmendia '24)

Fred(Eg) = Fr(C) xm Fr(En) is a Lie groupoid with the structure maps
o 5(¢g) = (s(qﬁg)c,s((j)g)b)

o H(0g) = (t(0)°, t(05)")
o mM(dg, dn) = M(dglioyxmes Phloyxme) + M(+,0n) © Pglrix oy

o T(pS, p2) = ¢S opry + o @b o pry
© 1(6) = (sl (o) xie + Sa(—, dy, (®)))
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Proposition (C. - Garmendia '24)

There is a natural action of the strict Lie 2-groupoid
GLo(/, k) = GL1(/, k) == GLo(/, k) on the Lie groupoid
Frod(Eg) = Fr(C) xum Fr(Em)
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Frames of a VB-groupoid
00®

Proposition (C. - Garmendia '24)

There is a natural action of the strict Lie 2-groupoid
GLo(/, k) = GL1(/, k) == GLo(/, k) on the Lie groupoid
Frod(Eg) = Fr(C) xum Fr(Em)

Any VB-groupoid induces therefore a diagram
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(strict) Lie 2-groupoid = double Lie 2-groupoid over the unit groupoid
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(strict) Lie 2-groupoid = double Lie 2-groupoid over the unit groupoid

Il

g’fo:;j‘f()

—
—

Example (General linear 2-groupoid of rank (/, k))
o Glo(/, k) = Hom(R/, R¥)
o GLy(/, k) = Hom(R/,R¥) x GL(/) x GL(k)
o GLy(/, k) € Hom(R/,R¥) x GL(/ + k)
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PB-groupoids
©0000

(strict) Lie 2-groupoid = double Lie 2-groupoid over the unit groupoid

Il

g’fo:;j‘f()

—
—

Example (General linear 2-groupoid of rank (/, k))

o GLo(/, k) = Hom(R/, R¥)

o GLy(/, k) = Hom(R/,R¥) x GL(/) x GL(k)

o GLy(/, k) € Hom(R/,R¥) x GL(/ + k)
It is a particular case, for E = (R/, R¥) — {x}, of the general linear
2-groupoid GL(E) (del Hoyo and Stefani, 2019) and the 2-gauge groupoid
2-Gau(E) (Brahic and Ortiz, 2019) introduced to study 2-term RUTHs

Wiirzburg 11 /17
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Frames of a VB-groupoid PB-groupoids PB-VB correspondence
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PB-groupoid = diagram of Lie groupoids and principal bundles, with an
action of a strict Lie 2-groupoid

~
Ho Pg —— §
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L

such that the action maps defines a Lie groupoid morphism
Pg X 3o J‘CQ — Pg
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Frames of a VB-groupoid PB-groupoids

0O@000

PB-groupoid = diagram of Lie groupoids and principal bundles, with an
action of a strict Lie 2-groupoid

-
Ho P —— §
Al ol
Hiq
Ho
such that the action maps defines a Lie groupoid morphism

Pg xg¢, Ho — Pg, and the Lie groupoids Pg/Ho =% Py /31 and § = M
are isomorphic
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Frames of a VB-groupoid PB-groupoids

[e]e] Iele}

Example (particular cases)

When Hg = 0, the Lie 2-groupoid is a Lie 2-group and we recover,
@ principal 2-bundles (Nikolaus and Waldorf, 2013)
@ principal bundle groupoids (Garmendia and Paycha, 2023)

@ principal 2-bundle over a Lie groupoids (Chatterjee, Chaudhuri and
Koushik, 2022; Herrera-Carmona and Ortiz, 2023)
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Frames of a VB-groupoid PB-groupoids PB-VB correspon

VB-groupoids
[e]e]e]e] [e]e] Iele}

Example (particular cases)

When Hg = 0, the Lie 2-groupoid is a Lie 2-group and we recover,
@ principal 2-bundles (Nikolaus and Waldorf, 2013)
@ principal bundle groupoids (Garmendia and Paycha, 2023)

@ principal 2-bundle over a Lie groupoids (Chatterjee, Chaudhuri and
Koushik, 2022; Herrera-Carmona and Ortiz, 2023)

When Hjy = H; and Hg = 0, the Lie 2-groupoid is a Lie group and we
recover
o PBG-groupoids (Mackenzie, 1987)
@ principal bundles over a groupoid (Laurent-Gengoux, Tu and Xu,
2004)
e G-groupoids (Bruce, Grabowska and Grabowski, 2017)
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Example (frames of VB-groupoids with trivial cores and trivial bases)

GL(K) Fr(Eg) —2 §

u | |s fus For Eg= TG and Eyy = TM

(hence G = M étale),
Fr(Em) —7, M (b, bh) =

u/ dig.nym(dg(-), &n(-))

Eg \ S

t s /
M x {0} T M
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PB-groupoids
00000

Example (frames of VB-groupoids with trivial cores and trivial bases)

GL(K)  Fr(E) — S
For Ec = TG and Epyy=TM
JJ JJ tus (hencz S :§9M étalel\)ﬂ,
Fr(Ew) =5, M (g bn) =
M / gy m(Be(-): #4(2)
L(/) Fr (Es) —2 §
u - s
GL(/) Fr(C) M
s
0
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VB-groupoids Frames of a VB-groupoid PB-groupoids PB-VB correspondence
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Example (frames of VB-groupoids with trivial cores and trivial bases)

oLy Fr(E) o g
U Fr%ﬂ) %% g%fig);gﬁ v
. o) =

U / gy m(05(): n(-)
L(/) Fr (Eg) — §

M M fﬂs (F r?c:nfz Y igoa: :d EgM:GTKe

s A e ) = ARl

0
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PB-groupoids
0000@

Example (adapted frames and duality of VB-groupoids)

Consider a VB-groupoid Eg = £y over § = M of rank (/, k) with core
— M, and its dual E; = C" (of rank (k,/) with core £7; — M).
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PB-groupoids
0000@

Example (adapted frames and duality of VB-groupoids)

Consider a VB-groupoid Eg = £y over § = M of rank (/, k) with core
— M, and its dual E; = C" (of rank (k,/) with core £7; — M).

Then the following PB-groupoids

Frod(Eg) —— g Fred(E5) ——— §
i I i |
Fr(C) xm Fr(Ewm) T M Fr(Ey,) xm Fr(C) — M

are isomorphic
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PB-VB correspondence
®0

Proposition (C. - Garmendia '24)

Eq = Eym
VB-groupoid over G = M
of rank (I, k)
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PB-VB correspondence
®0

Proposition (C. - Garmendia '24)

Es = Ey Fre?(Eq) = Fr(C) xu Fr(Ew)

VB-groupoid over G = M Baanss RB—group oid over =M :

of rank (I, k) with structural Lie 2-groupoid
’ GL(/, k)
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PB-VB correspondence
®0

Proposition (C. - Garmendia '24)

Frad(Eq) = Fr(C) x m Fr(En)

£s = Em PB id over § = M
VB-groupoid over § = M Iaeans >-groupoia over = )
of rank (I, k) with structural Lie 2-groupoid
’ GL(/, k)
Ps = Py

PB-groupoid over § = M
with structural Lie 2-groupoid

7

Ei — Ey — X 2-anchored
representation of
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®0

Proposition (C. - Garmendia '24)

Frad(Eq) = Fr(C) x m Fr(En)

£s = Em PB id over § = M
VB-groupoid over § = M Iaeans >-groupoia over = )
of rank (I, k) with structural Lie 2-groupoid
’ GL(/, k)
Ps = Py

(Ps x (E1 xx E))/H2 =

(PM X El)/

VB-groupoid over § = M Nataees
of rank

(rank(Ey), rank(Ep))

PB-groupoid over § = M
with structural Lie 2-groupoid

7

Ei — Ey — X 2-anchored
representation of
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Frar f a VB-groupoid PB-VB correspondence
5 ®0

Proposition (C. - Garmendia '24

| P

Frad(Eq) = Fr(C) x m Fr(En)

£s = Em PB id over § = M
VB-groupoid over § = M Iaeans >-groupoia over = )
of rank (I, k) with structural Lie 2-groupoid
’ GL(/, k)
Ps = Py

(Ps x (E1 xx E))/H2 =

(PM X El)/

VB-groupoid over § = M Nataees
of rank

(rank(Ey), rank(Ep))

PB-groupoid over § = M
with structural Lie 2-groupoid

7

Ei — Ey — X 2-anchored
representation of

Corollary

PB-groupoids over G = M
— with structural Lie 2-groupoid
GL(/, k)

v = = = vyt

VB-groupoids over G = M of
rank (1, k)
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Open problems and future projects
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Open problems and future projects
@ Frames of a VB-algebroid and infinitesimal counterpart of a
PB-groupoid
@ PB-groupoid connections
@ Tautological forms and G-structures on Lie groupoids

@ Morita equivalence and (multiplicative) geometric structures on
differentiable stacks (e.g. modelling manifolds with singularities)

Thank you for your attention
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