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* “It doesn’t matter what it’s called, 
…as long as it has substance.” 

                                    — S.-T. Yau

Playbill



 Who, When (We, for ⅓ century)→
What-Where-How?

Complete Intersection:  X=(∩i {fi(z)=0}) ⊂ A

Constrained subspace:  𝔛i ={fi(z)=0} ⊂ A

Functions: 𝒪X(d) ∋ ϕX(z)≃[ ϕA(z) (mod fi(z)) ]
Calculus: —“adjunction theorem”T*X (d) ∋ dzX ≃[ dzA (mod dfi(z)) ]
Transversality: {∧i dfi =0} ∩ {fi =0} ⊄ A

Anomaly-free:    ddimXzX
!= 𝒪X(0) ⇔ deg[ddimAzA]=deg[dKfi]

Massless fields:  , also  Hp,q(X) = Hq(X, ∧pT*X ) Hq(X, End TX)
“Gauge” (for “gauge” (for “gauge” (for…))) equivalence classes

Bott-Borel-Weil:    ℙn = U(n+1)
U(n)×U(1)

3

generated by the 
defining system

+ Macaulay2, SAGE, Magma,...  (new tricks/old dogs…)

nice “ambient space” 
= ∏i ℙ

ni, ℙni⃗w , toric…
Tian-Yau:  

Also:  

{Fano}c∖{CY}c = {CY}nc
{𝒦*Xc

} = {CY}nc

  ϕa1⋯
b1⋯

(zX) ∼ U(n+1)-tensor expressions⇒

  sequel: “old dogs strike back”→

& Eastwood

worldsheet SCFTs (super)string compactification 2 nd! B-day



BIG

What-Where-How?

Mirror models:  ,  s.t.  f(x) := ∑n
j=1 aj (∏n

i=1 x eij
i ) det[𝔼=[[eij]]]≠0

Then,  :  ;   & col[𝔼−1]↦𝒮diag[ f(x)] = Q×G Q⊃H Q↺ℋ1,1 G↺ℋ2,1

Now,  𝖳f(y) := ∑n
i=1 bi (∏n

j=1 y eji
j )

:  ;   & row[𝔼−1]↦ 𝖳𝒮diag[𝖳f(x)] = Q′￼×G′￼ Q′￼⊃H′￼ Q′￼↺ 𝖳ℋ1,1 G′￼↺ 𝖳ℋ2,1

So  Bl[{f −1(0)⊂X}/H ] mm⟷ Bl[{𝖳f −1(0)⊂Y}/H′￼]
Complete deformation family,  ,f(x) := ∑m

j=1 aj (∏n′￼

i=1 x 𝔈ij
i )

specifies combinatorially many mirrors by “reduction”:

set:  some    &  some  :  aj, bi →0 xi, yj →0 or 1 Red[𝔈ij]
		  ➠ combinatorial data ~ toric spec’s

4   sequel: “old dogs strike back”→

worldsheet SCFT ground-states compactification

w-Delsarte, transverse

 & Q=G′￼ G=Q′￼

Mirror 

      Generating 

“Machine”
IPP simplices

2 nd! B-day
 Who, When (We, for ⅓ century)→



Why: CY  Some “Nice” Ambient Space⊂
How Hard Can it Be?

Reduce to 0 dimensions:  ℙ4[5] → ℙ3[4] → ℙ2[3] → ℙ1[2]

5

👍

Spiritus 
Movens
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🧐

Why: CY  Some “Nice” Ambient Space⊂
How Hard Can it Be?

Reduce to 0 dimensions:  ℙ4[5] → ℙ3[4] → ℙ2[3] → ℙ1[2]

5

👍

🤗

Spiritus 
Movens

Counting with multiplicity 😇 

𝒳 ∈ A[c1]
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a Decade Ago…
Classical Constructions

  dim. space of Kähler classesb2 =2=h1,1

  dim. space of cpx structures1
2 b3−1=86=h2,1

  the Euler #−168=χ =2(h1,1−h2,1)

[arXiv:1606.07420]

smooth  modelsℝ

E.g: 

Zero-set of  ,     &   ,   p(x, y)=0 deg[p]=(1
m) q(x, y)=0 deg[q]=( 4

2−m)
Generic  smooth;    ⇒ {p=0}∩{q=0} degℙn[p]+degℙn[q]=n+1 c1 =0

Sequentially:  Xm
q=0 (F(4)

m
p=0 ℙ4×ℙ1)
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a Decade Ago…
Classical Constructions

  dim. space of Kähler classesb2 =2=h1,1

  dim. space of cpx structures1
2 b3−1=86=h2,1

  the Euler #−168=χ =2(h1,1−h2,1)

[arXiv:1606.07420]

symplectic
special?smooth  modelsℝ

E.g: 

Zero-set of  ,     &   ,   p(x, y)=0 deg[p]=(1
m) q(x, y)=0 deg[q]=( 4

2−m)
Generic  smooth;    ⇒ {p=0}∩{q=0} degℙn[p]+degℙn[q]=n+1 c1 =0

Sequentially:  Xm
q=0 (F(4)

m
p=0 ℙ4×ℙ1)

Chern:    for    and  c = (1+J1)5(1+J2)2

(1+J1+mJ2) (1+4J1+(2−m)J2)
F(4)

m Xm

Then:   = diffeomorphism invariantsC(c)
4−k[(aJ1+bJ2)k]= C̃k(4b+ma)

e.g.,  ,  but also  ,  …∫
Fm

c1c2[(aJ1+bJ2)]= ∫
Xm

c2[(aJ1+bJ2)] ∫
Fm

c2[(aJ1+bJ2)2]

So,    &  :   4 diffeomorphism typesF(4)
m ≈ℝ F(4)

m (mod 4) Xm ≈ℝ Xm (mod 4)
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a Decade Ago…
Classical Constructions

  dim. space of Kähler classesb2 =2=h1,1

  dim. space of cpx structures1
2 b3−1=86=h2,1

  the Euler #−168=χ =2(h1,1−h2,1)

[arXiv:1606.07420]

symplectic
special?smooth  modelsℝ

E.g: 

Zero-set of  ,     &   ,   p(x, y)=0 deg[p]=(1
m) q(x, y)=0 deg[q]=( 4

2−m)
Generic  smooth;    ⇒ {p=0}∩{q=0} degℙn[p]+degℙn[q]=n+1 c1 =0

Sequentially:  Xm
q=0 (F(4)

m
p=0 ℙ4×ℙ1)

Chern:    for    and  c = (1+J1)5(1+J2)2

(1+J1+mJ2) (1+4J1+(2−m)J2)
F(4)

m Xm

Then:   = diffeomorphism invariantsC(c)
4−k[(aJ1+bJ2)k]= C̃k(4b+ma)

e.g.,  ,  but also  ,  …∫
Fm

c1c2[(aJ1+bJ2)]= ∫
Xm

c2[(aJ1+bJ2)] ∫
Fm

c2[(aJ1+bJ2)2]

So,    &  :   4 diffeomorphism typesF(4)
m ≈ℝ F(4)

m (mod 4) Xm ≈ℝ Xm (mod 4)

…so,  m=0, 1, 2,⋯
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a Decade Ago…
Classical Constructions

  dim. space of Kähler classesb2 =2=h1,1

  dim. space of cpx structures1
2 b3−1=86=h2,1

q(x, y) ?∼
q0(x)

y0
+ q1(x)

y1

  the Euler #−168=χ =2(h1,1−h2,1)

[arXiv:1606.07420]

symplectic
special?smooth  modelsℝ

E.g: 

Zero-set of  ,     &   ,   p(x, y)=0 deg[p]=(1
m) q(x, y)=0 deg[q]=( 4

2−m)
Generic  smooth;    ⇒ {p=0}∩{q=0} degℙn[p]+degℙn[q]=n+1 c1 =0

Sequentially:  Xm
q=0 (F(4)

m
p=0 ℙ4×ℙ1)

Chern:    for    and  c = (1+J1)5(1+J2)2

(1+J1+mJ2) (1+4J1+(2−m)J2)
F(4)

m Xm

Then:   = diffeomorphism invariantsC(c)
4−k[(aJ1+bJ2)k]= C̃k(4b+ma)

e.g.,  ,  but also  ,  …∫
Fm

c1c2[(aJ1+bJ2)]= ∫
Xm

c2[(aJ1+bJ2)] ∫
Fm

c2[(aJ1+bJ2)2]

So,    &  :   4 diffeomorphism typesF(4)
m ≈ℝ F(4)

m (mod 4) Xm ≈ℝ Xm (mod 4)

…so,  m=0, 1, 2,⋯  ?!3 ⇒ deg[q]=( 4
−1) 😱



Why Haven’t We Thought of This Before?

   holomorphic sections?!deg[q]=( 4
−1)

Not everywhere on  — (simple poles)ℙ4×ℙ1

but yes on   —  of ’em! F(4)
3 ⊂ℙ4×ℙ1 ⩾105

How?

7

[AAGGL:1507.03235 + BH:1606.07420]
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for m=3

On  ,   ← equivalence class!F(4)
3 q(x, y)≃q(x, y) +λ⋅p(x, y)

Fractional Fugue



Why Haven’t We Thought of This Before?

   holomorphic sections?!deg[q]=( 4
−1)

Not everywhere on  — (simple poles)ℙ4×ℙ1

but yes on   —  of ’em! F(4)
3 ⊂ℙ4×ℙ1 ⩾105

How?
[Hirzebruch, 1951]⇒  p=x0y 3

0 +x1y 3
1

So,   where  q0 =[q(x, y) + λ c(x)
(y0y1)2 p(x, y)]λ→−1 =c(x)(−2 x1y1

y02 ) y0 ≠0

&	    where    q1 =[q(x, y) + λ c(x)
(y0y1)2 p(x, y)]λ→+1 =c(x)(2

x0y0

y12 ) y1 ≠0

&   q1(x, y)−q0(x, y)=2 c(x)
(y0y1)2 p(x, y)
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  on  =0 F3 :={p(x, y)=0}

for m=3

&     q=c(x)( x0y0

y12
− x1y1

y02 ) deg[c]=(3
0)

On  ,   ← equivalence class!F(4)
3 q(x, y)≃q(x, y) +λ⋅p(x, y)

Fractional Fugue
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Why Haven’t We Thought of This Before?

   holomorphic sections?!deg[q]=( 4
−1)

Not everywhere on  — (simple poles)ℙ4×ℙ1

but yes on   —  of ’em! F(4)
3 ⊂ℙ4×ℙ1 ⩾105

How?
[Hirzebruch, 1951]⇒  p=x0y 3

0 +x1y 3
1

So,   where  q0 =[q(x, y) + λ c(x)
(y0y1)2 p(x, y)]λ→−1 =c(x)(−2 x1y1

y02 ) y0 ≠0

&	    where    q1 =[q(x, y) + λ c(x)
(y0y1)2 p(x, y)]λ→+1 =c(x)(2

x0y0

y12 ) y1 ≠0

&   q1(x, y)−q0(x, y)=2 c(x)
(y0y1)2 p(x, y)

[GvG, 1708.00517] scheme-th. “generalized complete intersections”
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�
4
1

�
)

1. 0 0 0 0...
...

...
...

...

H0(X1, OA

�
4
1

�
) ⇡

�
{�(abcd) i}702

� �
{�(abc·fd) i}351 � {�·g(abcd) i}11

� 
104

1

  on  =0 F3 :={p(x, y)=0}

for m=3

[+ GvG:1708.00517]

&     q=c(x)( x0y0

y12
− x1y1

y02 ) deg[c]=(3
0)

Reverse-engineered: Mayer-Vietoris sequence & “patching” of the two charts

On  ,   ← equivalence class!F(4)
3 q(x, y)≃q(x, y) +λ⋅p(x, y)

Fractional Fugue



Fractional Fugue

For   {0 != x0y m
0 +x1y m

1 +
n

∑
a=2

m−1

∑
ℓ=1

ϵa,ℓ xa y m−ℓ
0 y ℓ

1 } = F(n)
m;ϵ ∈[ℙn

ℙ1
1
m]

The central (  ) member of the family is a Hirzebruch scroll   :ϵ=0 Fm

Directrix:   𝔰(x, y) :=( x0

y1m
− x1

y0m ) + λ
(y0y1)m

[x0y m
0 +x1y m

1 ]

On  :   ⇒ ,  @ F(n)
m p0(x, y)=x0y m

0 +x1y m
1 =0 x0 = −x1(y1/y0)m y0 ≠0

So,    &  x1 →X1 =𝔰(x, y) (Xi, i=2,⋯)=(x2,⋯, xn; y0, y1)

Key:  det [∂(p0(x, y), 𝔰(x, y), x2, ⋯; y0, y1)
∂(x0, x1, x2, ⋯; y0, y1) ] = const.

 bi-degree →  toric -action:ℙ4×ℙ1 (ℂ×)2

What about the rest of the -deformation family? 
(wherein smooth models are all diffeomorphic to each other)

ϵa,ℓ

0 0

[BH:1606.07420, 1611.10300 & 2205.12827] 
+more

even  is transverse,   is smoothp0(x, y) p−1
0 (0)

8

…in well-tempered counterpoint

X1 X2 X3 X4 X5 X6

1 1 1 1 0 0 ←ℙ4

−m 0 0 0 1 1 ←ℙ1

where ⌫i<��
?
X are the vertices of �?

X , i.e., the 1-cone generators of ⌃X , with N -lattice co-prime coordi-

nates specifying the Cox variables Xi, and M is the lattice dual to N . This yields

H
0(F (2)

m ,K
⇤) 3 X1X2

�
c
1
0X3

2 + c
1
1X3X4 + c

1
2X4

2
�

+X1
2
�
c
0
0X3

m+2 + c
0
1X3

m+1
X4 + · · ·+ c

0
m+1X3X4

m+1 + c
0
m+2X4

m+2
�
, (2.19)

exactly matching the n=2 case of (2.16) after renaming the variables as in (2.12b) and having simplified,

e.g., c10(X2) = c
1
0X2 and c

0
0(X2) = c

0
0, so the coefficients cn�k�1

i
in (2.19) are plain constants. These regular

polynomials indeed all have an overall factor of X1$s(x, y), and so fully agree with (2.16).

The “tuning” of q(x, y;�) in (2.16) to (2.1) builds the moduli space of generalized complete intersec-

tions such as (2.15) over the deformation space (even if discrete) of the general type ambient spaces such

as (2.1). While we defer a detailed study of this hierarchy, let us consider a few examples.

2.5 Discrete Deformations

Consider the Hirzebruch scroll F (3)

5;0={x0 y0
5+x1 y1

5} 2
h
P3 1
P1 5

i
, with its unique degree-

� 1
�5

�
directrix, s(x, y);

X1 X2 X3 X4 X5

⌃
F

(3
)

5

�1 1 0 0 �5

�1 0 1 0 �5

)

0 0 0 1 �1

Q
1 1 1 1 0 0

Q
2 �5 0 0 1 1

⌫1

⌫2

⌫3

⌫4
�?

F
(3)
(5,0,0)

⌫5

⌫1

⌫2⌫3

⌫4

⌫5

Figure 1: The toric specification of F (3)

5 (left) and its spanning polytope (middle and right)

see (2.11). The reparametrization (2.12a) leads to the toric rendition in Figure 1, its spanning polytope,

�
?
F

(3)

(5,0,0)
, depicted to the right of the tabulation from two vantage points for clarity. It is non-convex at the

saddle-point, ⌫1. The horizontal polygon spans the fan of the fibre-P2 and �
P3

i=1Q
2(Xi)=5 is the total

twist in this P2-bundle over P1.

A Simple Deformation: Consider deforming the n=3, m=5 central case (2.1) in the
h
P3 1
P1 5

i
deformation

family, which corresponds to the toric specification of F (3)

5 in Figure 1:

p1(x, y) = x0 y0
5 + x1 y1

5 + x2 y1
4
y0
1
.

(2.20a)

It admits two algebraically independent directrices:

� 1
�4

�
: s1,1(x, y) =

x0 y0

y
5
1

+
x2

y
4
1

�
x1

y
4
0

(mod p1),
(2.20b)

� 1
�1

�
: s1,2(x, y) =

x0

y1
�

x2

y0
�

x1 y
4
1

y
5
0

(mod p1).
(2.20c)

As above, the reparametrization

(x0, x1, x2, · · ·;
y0, y1) ! (p1, s1,1, s1,2, · ·

·; y0, y1), det
⇥@(p1, s1,1, s1,2, · · ·; y0,

y1)

@(x0, x1, x2, · · ·;
y0, y1)

⇤
= 4 (2.21)

7

not convexREM*

*Reverse-Engineered (Toric) Model

:=p0(x, y)

🤫

degree ( 1−m)

  is smooth p −1
0 (0) ∩ 𝔰−1(0)

dp0(x, y)∧d𝔰(x, y)≠0
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where the number of exceptional contributions is, using the step-function #
b
a :={1 if a6b, 0 otherwise}:

�(n)

m;0 = #
m
1 (n�1)(m�1), for F

(n)

m,0 = {x0 y
m
0 +x1 y

m
1 =0} 2

h
Pn 1
P1 m

i
, (2.7b)

�(n)

m;✏ 6=0 < �(n)

m;0; for generic cases, �(n)

m;✏ 6=0 = 0. (2.7c)

As there always exist more local reparametrizations than local deformations of the complex structure,
dimH

0(F (n)
m , T )> dimH

1(F (n)
m , T ), the scrolls F

(n)
m are effectively rigid: their space of complex structure

deformations modulo reparametrizations is discrete [2].

This “jumping” (2.7) in the dimensions of H⇤(F (n)
m;✏, T ) depending on the concrete choice of the defin-

ing equation (2.1)–(2.2) again illustrates the variability of complex manifolds provided by even a simple
deformation family such as

h
Pn 1
P1 m

i
. Even the simplest (F (2)

2  F
(2)

0 , see [22] and [19, § 3.1.2]) of such
discrete deformations has been known to affect superstring applications [23,24]. Another, phenomenolog-
ically relevant effect of such discrete deformations was explored in [25–27].

The Directrix: The homology class of the directrix is easy to represent as [Sm] = [J1]�[mJ2], so indeed

[Sm]n =


Pn 1 1 · · · 1
P1

m �m · · · �m

�
= m+ n(�m) = �(n�1)m. (2.8)

An irreducible holomorphic submanifold representative of [Sm] must be the zero-locus of a degree-
�

1
�m

�

global holomorphic section. No such section exist on A=Pn
⇥P1, but there does exist a unique such section

on F
(n)
m =F

(n)

m;0 and is easily constructed following the techniques introduced in [1, 2, 4]. To highlight
the novelty and more general uses of this explicit construction, we adapt from [2]: They key point is
to identify sections s(x, y) on the zero-locus {p~✏ =0} ⇢ A with the restriction of the equivalence class of
sections1, [s(x, y) (mod p~✏ )], on all of A. For example, a total degree-

�
1

�m

�
multiple of p0(x, y) is of the form

p0(x, y)

(y0 y1)m
=

⇣
x0

y1
m

+
x1

y0
m

⌘
, deg =

�
1

�m

�
, (2.9)

which serves the r0+r1=2m case of the more general:

Construction 2.1 Given a degree-( 1
m) hypersurface {p~✏ (x, y)0} ⇢ Pn

⇥P1
as in (2.2), construct

deg =
�

1
m�r0�r1

�
: s~✏ (x, y;�) := Flip

y0

h 1

y0
r0 y1

r1
p~✏ (x, y)

i
(mod p~✏ (x, y)),

progressively decreasing r0+r1=2m, 2m�1, · · · , and keeping only Laurent polynomials con-

taining both y0- and y1-denominators but no y0, y1-mixed ones. The “Flipyi” operator changes

the relative sign of the rational monomials with yi-denominators. For algebraically indepen-

dent such sections, restrict to a subset with maximally negative degrees that are not overall

(y0, y1)-multiples of each other.

In particular, the r0=r1=m and p0(x, y)= lim~✏!0 p~✏ (x, y) case produces the degree-
�

1
�m

�
directrix:

s(x, y)=s0(x, y)=
h⇣

x0

y1
m

�
x1

y0
m

⌘
+

�

(y0 y1)m
p0(x, y)

i
=

⇢
+2 x0

y1m
if y1 6= 0, � = +1,

�2 x1
y0m

if y0 6= 0, � = �1.
(2.10)

Designed to generalize this patch-wise feature, the mod-p~✏ equivalence class of sections has a well-defined
and holomorphic local representative everywhere on A. Since the difference s~✏ (x, y;�)�s~✏ (x, y;�

0) van-
ishes where p~✏ (x, y)=0, the two local representatives such as (2.10) define a single well-defined holomor-
phic sections (2.1) on the zero-locus F (n)

m;~✏ :={p~✏ (x, y)=0}. Moreover, @s0=
�

1
y1m

,�
1

y0m
, . . .

�
cannot vanish

1In physics, gauge potentials are a prime example, being defined only up to gauge transformations: Aµ'Aµ+@µ�. This
enables the Wu-Yang construction of a magnetic monopole [28].
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The same space of interest may well be constructed in a variety of ways, each construction
affording a different toolset for their detailed analysis. It then behooves us to take advan-
tage of this diversity, as we showcase by precisely identifying Hirzebruch hypersurfaces in
Pn⇥P1 with their toric counterparts. This precise isomorphism is then used to investigate
some of their special divisors of interest, and in particular their Calabi-Yau hypersurfaces.

�
x0y0

m+x1y1
m

| {z }
:=p(x,y;0)

= �
X

↵

✏↵�p↵(x, y)
 
= F (n)

m;✏ 2

Pn 1
P1 m

�

Topical plan: The original construction of mirror models [1–4] generalizes straightforwardly within the toric framework [5–
11]; see also [12,13]. It also provides for a straightforward generation of so-called “multiple mirror models”

1. Recall the fact that
P

i xi
5 and

P
i x[i mod 5]+1xi

4 are each other’s deformation, inducing a relation between their
mirrors. [some early paper by Philip et al.]

2. Given the pair (�?
F

(n)
m ,�F

(n)
m ),

(a) Chisel (reduce) �F
(n)
m to a 0-enclosing simplex in various possible ways, to construct multiple mirror models.

(b) Specify the fractional transformation [14,15] for all m.

(c) Showcase the A-discriminants [16,17] and verify that they are the same — up to a variable change.

(d) Explore if the Kähler structure A-discriminants exhibit the mirror multiple-ness and re-parametrization.

3. Do a different example, one where both (�
?
X and �X) admit different chiseling reduction.

1

[BH:1606.07420, 1611.10300 & 2205.12827] 
+more

Fractional Fugue
  is smooth p −1

0 (0) ∩ 𝔰−1(0)
dp0(x, y)∧d𝔰(x, y)≠0
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E.g.: 
 
 

where the number of exceptional contributions is, using the step-function #
b
a :={1 if a6b, 0 otherwise}:

�(n)

m;0 = #
m
1 (n�1)(m�1), for F

(n)

m,0 = {x0 y
m
0 +x1 y

m
1 =0} 2

h
Pn 1
P1 m

i
, (2.7b)

�(n)

m;✏ 6=0 < �(n)

m;0; for generic cases, �(n)

m;✏ 6=0 = 0. (2.7c)

As there always exist more local reparametrizations than local deformations of the complex structure,
dimH

0(F (n)
m , T )> dimH

1(F (n)
m , T ), the scrolls F

(n)
m are effectively rigid: their space of complex structure

deformations modulo reparametrizations is discrete [2].

This “jumping” (2.7) in the dimensions of H⇤(F (n)
m;✏, T ) depending on the concrete choice of the defin-

ing equation (2.1)–(2.2) again illustrates the variability of complex manifolds provided by even a simple
deformation family such as

h
Pn 1
P1 m

i
. Even the simplest (F (2)

2  F
(2)

0 , see [22] and [19, § 3.1.2]) of such
discrete deformations has been known to affect superstring applications [23,24]. Another, phenomenolog-
ically relevant effect of such discrete deformations was explored in [25–27].

The Directrix: The homology class of the directrix is easy to represent as [Sm] = [J1]�[mJ2], so indeed

[Sm]n =


Pn 1 1 · · · 1
P1

m �m · · · �m

�
= m+ n(�m) = �(n�1)m. (2.8)

An irreducible holomorphic submanifold representative of [Sm] must be the zero-locus of a degree-
�

1
�m

�

global holomorphic section. No such section exist on A=Pn
⇥P1, but there does exist a unique such section

on F
(n)
m =F

(n)

m;0 and is easily constructed following the techniques introduced in [1, 2, 4]. To highlight
the novelty and more general uses of this explicit construction, we adapt from [2]: They key point is
to identify sections s(x, y) on the zero-locus {p~✏ =0} ⇢ A with the restriction of the equivalence class of
sections1, [s(x, y) (mod p~✏ )], on all of A. For example, a total degree-

�
1

�m

�
multiple of p0(x, y) is of the form

p0(x, y)

(y0 y1)m
=

⇣
x0

y1
m

+
x1

y0
m

⌘
, deg =

�
1

�m

�
, (2.9)

which serves the r0+r1=2m case of the more general:

Construction 2.1 Given a degree-( 1
m) hypersurface {p~✏ (x, y)0} ⇢ Pn

⇥P1
as in (2.2), construct

deg =
�

1
m�r0�r1

�
: s~✏ (x, y;�) := Flip

y0

h 1

y0
r0 y1

r1
p~✏ (x, y)

i
(mod p~✏ (x, y)),

progressively decreasing r0+r1=2m, 2m�1, · · · , and keeping only Laurent polynomials con-

taining both y0- and y1-denominators but no y0, y1-mixed ones. The “Flipyi” operator changes

the relative sign of the rational monomials with yi-denominators. For algebraically indepen-

dent such sections, restrict to a subset with maximally negative degrees that are not overall

(y0, y1)-multiples of each other.

In particular, the r0=r1=m and p0(x, y)= lim~✏!0 p~✏ (x, y) case produces the degree-
�

1
�m

�
directrix:

s(x, y)=s0(x, y)=
h⇣

x0

y1
m

�
x1

y0
m

⌘
+

�

(y0 y1)m
p0(x, y)

i
=

⇢
+2 x0

y1m
if y1 6= 0, � = +1,

�2 x1
y0m

if y0 6= 0, � = �1.
(2.10)

Designed to generalize this patch-wise feature, the mod-p~✏ equivalence class of sections has a well-defined
and holomorphic local representative everywhere on A. Since the difference s~✏ (x, y;�)�s~✏ (x, y;�

0) van-
ishes where p~✏ (x, y)=0, the two local representatives such as (2.10) define a single well-defined holomor-
phic sections (2.1) on the zero-locus F (n)

m;~✏ :={p~✏ (x, y)=0}. Moreover, @s0=
�

1
y1m

,�
1

y0m
, . . .

�
cannot vanish

1In physics, gauge potentials are a prime example, being defined only up to gauge transformations: Aµ'Aµ+@µ�. This
enables the Wu-Yang construction of a magnetic monopole [28].
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ABSTRACT

The same space of interest may well be constructed in a variety of ways, each construction
affording a different toolset for their detailed analysis. It then behooves us to take advan-
tage of this diversity, as we showcase by precisely identifying Hirzebruch hypersurfaces in
Pn⇥P1 with their toric counterparts. This precise isomorphism is then used to investigate
some of their special divisors of interest, and in particular their Calabi-Yau hypersurfaces.

�
x0y0

m+x1y1
m

| {z }
:=p(x,y;0)

= �
X

↵

✏↵�p↵(x, y)
 
= F (n)

m;✏ 2

Pn 1
P1 m

�

Topical plan: The original construction of mirror models [1–4] generalizes straightforwardly within the toric framework [5–
11]; see also [12,13]. It also provides for a straightforward generation of so-called “multiple mirror models”

1. Recall the fact that
P

i xi
5 and

P
i x[i mod 5]+1xi

4 are each other’s deformation, inducing a relation between their
mirrors. [some early paper by Philip et al.]

2. Given the pair (�?
F

(n)
m ,�F

(n)
m ),

(a) Chisel (reduce) �F
(n)
m to a 0-enclosing simplex in various possible ways, to construct multiple mirror models.

(b) Specify the fractional transformation [14,15] for all m.

(c) Showcase the A-discriminants [16,17] and verify that they are the same — up to a variable change.

(d) Explore if the Kähler structure A-discriminants exhibit the mirror multiple-ness and re-parametrization.

3. Do a different example, one where both (�
?
X and �X) admit different chiseling reduction.

1

[BH:1606.07420, 1611.10300 & 2205.12827] 
+more

m=2

Fractional Fugue
  is smooth p −1

0 (0) ∩ 𝔰−1(0)
dp0(x, y)∧d𝔰(x, y)≠0

①

①

②

②
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E.g.: 
 
 

finds  ; ,  .𝔰(x, y)=( x0

y12
− x1

y02 ) mod(x0y 2
0 +x1y 2

1 ) deg=( 1
−2) [𝔰−1(0)]=[J1]−2[J2]

where the number of exceptional contributions is, using the step-function #
b
a :={1 if a6b, 0 otherwise}:

�(n)

m;0 = #
m
1 (n�1)(m�1), for F

(n)

m,0 = {x0 y
m
0 +x1 y

m
1 =0} 2

h
Pn 1
P1 m

i
, (2.7b)

�(n)

m;✏ 6=0 < �(n)

m;0; for generic cases, �(n)

m;✏ 6=0 = 0. (2.7c)

As there always exist more local reparametrizations than local deformations of the complex structure,
dimH

0(F (n)
m , T )> dimH

1(F (n)
m , T ), the scrolls F

(n)
m are effectively rigid: their space of complex structure

deformations modulo reparametrizations is discrete [2].

This “jumping” (2.7) in the dimensions of H⇤(F (n)
m;✏, T ) depending on the concrete choice of the defin-

ing equation (2.1)–(2.2) again illustrates the variability of complex manifolds provided by even a simple
deformation family such as

h
Pn 1
P1 m

i
. Even the simplest (F (2)

2  F
(2)

0 , see [22] and [19, § 3.1.2]) of such
discrete deformations has been known to affect superstring applications [23,24]. Another, phenomenolog-
ically relevant effect of such discrete deformations was explored in [25–27].

The Directrix: The homology class of the directrix is easy to represent as [Sm] = [J1]�[mJ2], so indeed

[Sm]n =


Pn 1 1 · · · 1
P1

m �m · · · �m

�
= m+ n(�m) = �(n�1)m. (2.8)

An irreducible holomorphic submanifold representative of [Sm] must be the zero-locus of a degree-
�

1
�m

�

global holomorphic section. No such section exist on A=Pn
⇥P1, but there does exist a unique such section

on F
(n)
m =F

(n)

m;0 and is easily constructed following the techniques introduced in [1, 2, 4]. To highlight
the novelty and more general uses of this explicit construction, we adapt from [2]: They key point is
to identify sections s(x, y) on the zero-locus {p~✏ =0} ⇢ A with the restriction of the equivalence class of
sections1, [s(x, y) (mod p~✏ )], on all of A. For example, a total degree-

�
1

�m

�
multiple of p0(x, y) is of the form

p0(x, y)

(y0 y1)m
=

⇣
x0

y1
m

+
x1

y0
m

⌘
, deg =

�
1

�m

�
, (2.9)

which serves the r0+r1=2m case of the more general:

Construction 2.1 Given a degree-( 1
m) hypersurface {p~✏ (x, y)0} ⇢ Pn

⇥P1
as in (2.2), construct

deg =
�

1
m�r0�r1

�
: s~✏ (x, y;�) := Flip

y0

h 1

y0
r0 y1

r1
p~✏ (x, y)

i
(mod p~✏ (x, y)),

progressively decreasing r0+r1=2m, 2m�1, · · · , and keeping only Laurent polynomials con-

taining both y0- and y1-denominators but no y0, y1-mixed ones. The “Flipyi” operator changes

the relative sign of the rational monomials with yi-denominators. For algebraically indepen-

dent such sections, restrict to a subset with maximally negative degrees that are not overall

(y0, y1)-multiples of each other.

In particular, the r0=r1=m and p0(x, y)= lim~✏!0 p~✏ (x, y) case produces the degree-
�

1
�m

�
directrix:

s(x, y)=s0(x, y)=
h⇣

x0

y1
m

�
x1

y0
m

⌘
+

�

(y0 y1)m
p0(x, y)

i
=

⇢
+2 x0

y1m
if y1 6= 0, � = +1,

�2 x1
y0m

if y0 6= 0, � = �1.
(2.10)

Designed to generalize this patch-wise feature, the mod-p~✏ equivalence class of sections has a well-defined
and holomorphic local representative everywhere on A. Since the difference s~✏ (x, y;�)�s~✏ (x, y;�

0) van-
ishes where p~✏ (x, y)=0, the two local representatives such as (2.10) define a single well-defined holomor-
phic sections (2.1) on the zero-locus F (n)

m;~✏ :={p~✏ (x, y)=0}. Moreover, @s0=
�

1
y1m

,�
1

y0m
, . . .

�
cannot vanish

1In physics, gauge potentials are a prime example, being defined only up to gauge transformations: Aµ'Aµ+@µ�. This
enables the Wu-Yang construction of a magnetic monopole [28].
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The same space of interest may well be constructed in a variety of ways, each construction
affording a different toolset for their detailed analysis. It then behooves us to take advan-
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�
x0y0

m+x1y1
m

| {z }
:=p(x,y;0)

= �
X

↵

✏↵�p↵(x, y)
 
= F (n)

m;✏ 2

Pn 1
P1 m

�

Topical plan: The original construction of mirror models [1–4] generalizes straightforwardly within the toric framework [5–
11]; see also [12,13]. It also provides for a straightforward generation of so-called “multiple mirror models”

1. Recall the fact that
P

i xi
5 and

P
i x[i mod 5]+1xi

4 are each other’s deformation, inducing a relation between their
mirrors. [some early paper by Philip et al.]

2. Given the pair (�?
F

(n)
m ,�F

(n)
m ),

(a) Chisel (reduce) �F
(n)
m to a 0-enclosing simplex in various possible ways, to construct multiple mirror models.

(b) Specify the fractional transformation [14,15] for all m.

(c) Showcase the A-discriminants [16,17] and verify that they are the same — up to a variable change.

(d) Explore if the Kähler structure A-discriminants exhibit the mirror multiple-ness and re-parametrization.

3. Do a different example, one where both (�
?
X and �X) admit different chiseling reduction.

1

⋅ y1, ⋅ y0

[BH:1606.07420, 1611.10300 & 2205.12827] 
+more

m=2

Fractional Fugue
  is smooth p −1

0 (0) ∩ 𝔰−1(0)
dp0(x, y)∧d𝔰(x, y)≠0

①

①

②

②

③

③



THE exceptional curve  in [S]2 = −1 F(2)
29

…with a meandering motif

  
 
 
 
 
 
 

E.g.: 
 
 

finds  ; ,  .𝔰(x, y)=( x0

y12
− x1

y02 ) mod(x0y 2
0 +x1y 2

1 ) deg=( 1
−2) [𝔰−1(0)]=[J1]−2[J2]

where the number of exceptional contributions is, using the step-function #
b
a :={1 if a6b, 0 otherwise}:

�(n)

m;0 = #
m
1 (n�1)(m�1), for F

(n)

m,0 = {x0 y
m
0 +x1 y

m
1 =0} 2

h
Pn 1
P1 m

i
, (2.7b)

�(n)

m;✏ 6=0 < �(n)

m;0; for generic cases, �(n)

m;✏ 6=0 = 0. (2.7c)

As there always exist more local reparametrizations than local deformations of the complex structure,
dimH

0(F (n)
m , T )> dimH

1(F (n)
m , T ), the scrolls F

(n)
m are effectively rigid: their space of complex structure

deformations modulo reparametrizations is discrete [2].

This “jumping” (2.7) in the dimensions of H⇤(F (n)
m;✏, T ) depending on the concrete choice of the defin-

ing equation (2.1)–(2.2) again illustrates the variability of complex manifolds provided by even a simple
deformation family such as

h
Pn 1
P1 m

i
. Even the simplest (F (2)

2  F
(2)

0 , see [22] and [19, § 3.1.2]) of such
discrete deformations has been known to affect superstring applications [23,24]. Another, phenomenolog-
ically relevant effect of such discrete deformations was explored in [25–27].

The Directrix: The homology class of the directrix is easy to represent as [Sm] = [J1]�[mJ2], so indeed

[Sm]n =


Pn 1 1 · · · 1
P1

m �m · · · �m

�
= m+ n(�m) = �(n�1)m. (2.8)

An irreducible holomorphic submanifold representative of [Sm] must be the zero-locus of a degree-
�

1
�m

�

global holomorphic section. No such section exist on A=Pn
⇥P1, but there does exist a unique such section

on F
(n)
m =F

(n)

m;0 and is easily constructed following the techniques introduced in [1, 2, 4]. To highlight
the novelty and more general uses of this explicit construction, we adapt from [2]: They key point is
to identify sections s(x, y) on the zero-locus {p~✏ =0} ⇢ A with the restriction of the equivalence class of
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�
1

�m

�
multiple of p0(x, y) is of the form

p0(x, y)

(y0 y1)m
=

⇣
x0

y1
m

+
x1

y0
m

⌘
, deg =

�
1

�m

�
, (2.9)

which serves the r0+r1=2m case of the more general:

Construction 2.1 Given a degree-( 1
m) hypersurface {p~✏ (x, y)0} ⇢ Pn

⇥P1
as in (2.2), construct

deg =
�

1
m�r0�r1

�
: s~✏ (x, y;�) := Flip

y0

h 1

y0
r0 y1

r1
p~✏ (x, y)

i
(mod p~✏ (x, y)),

progressively decreasing r0+r1=2m, 2m�1, · · · , and keeping only Laurent polynomials con-

taining both y0- and y1-denominators but no y0, y1-mixed ones. The “Flipyi” operator changes

the relative sign of the rational monomials with yi-denominators. For algebraically indepen-

dent such sections, restrict to a subset with maximally negative degrees that are not overall

(y0, y1)-multiples of each other.

In particular, the r0=r1=m and p0(x, y)= lim~✏!0 p~✏ (x, y) case produces the degree-
�

1
�m

�
directrix:

s(x, y)=s0(x, y)=
h⇣

x0

y1
m

�
x1

y0
m

⌘
+

�

(y0 y1)m
p0(x, y)

i
=

⇢
+2 x0

y1m
if y1 6= 0, � = +1,

�2 x1
y0m

if y0 6= 0, � = �1.
(2.10)

Designed to generalize this patch-wise feature, the mod-p~✏ equivalence class of sections has a well-defined
and holomorphic local representative everywhere on A. Since the difference s~✏ (x, y;�)�s~✏ (x, y;�

0) van-
ishes where p~✏ (x, y)=0, the two local representatives such as (2.10) define a single well-defined holomor-
phic sections (2.1) on the zero-locus F (n)

m;~✏ :={p~✏ (x, y)=0}. Moreover, @s0=
�

1
y1m

,�
1

y0m
, . . .

�
cannot vanish

1In physics, gauge potentials are a prime example, being defined only up to gauge transformations: Aµ'Aµ+@µ�. This
enables the Wu-Yang construction of a magnetic monopole [28].
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Topical plan: The original construction of mirror models [1–4] generalizes straightforwardly within the toric framework [5–
11]; see also [12,13]. It also provides for a straightforward generation of so-called “multiple mirror models”

1. Recall the fact that
P

i xi
5 and

P
i x[i mod 5]+1xi

4 are each other’s deformation, inducing a relation between their
mirrors. [some early paper by Philip et al.]

2. Given the pair (�?
F

(n)
m ,�F

(n)
m ),

(a) Chisel (reduce) �F
(n)
m to a 0-enclosing simplex in various possible ways, to construct multiple mirror models.

(b) Specify the fractional transformation [14,15] for all m.

(c) Showcase the A-discriminants [16,17] and verify that they are the same — up to a variable change.

(d) Explore if the Kähler structure A-discriminants exhibit the mirror multiple-ness and re-parametrization.

3. Do a different example, one where both (�
?
X and �X) admit different chiseling reduction.

1

⋅ y1, ⋅ y0

[BH:1606.07420, 1611.10300 & 2205.12827] 
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m=2

Fractional Fugue

THE exceptional section

  is smooth p −1
0 (0) ∩ 𝔰−1(0)

dp0(x, y)∧d𝔰(x, y)≠0

①

①

②

②

③

③



Fano!
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Deform:  p1(x, y)=x0y05+x1y15+x2y0y14

Now:   &   𝔰1,1(x, y)=
x0y0

y15
+ x2

y14
− x1

y14
𝔰1,2(x, y)=

x0

y1
− x2

y0
− x1y14

y05

& det [∂(p1, 𝔰1,1, 𝔰1,2, x3, ⋯; y0, y1)

∂(x0, x1, x2, x3, ⋯; y0, y1) ] = const.

Deform:  p2(x, y)=x0y05+x1y15+x2y02y13

Now:   &   𝔰2,1(x, y)=
x0y02

y15
+ x2

y13
− x1

y13
𝔰2,2(x, y)=

x0

y12
− x2

y02
− x1y13

y05

& det [∂(p2, 𝔰2,1, 𝔰2,2, x3, ⋯; y0, y1)

∂(x0, x1, x2, x3, ⋯; y0, y1) ] = const.

… and  p3(x, y)=x0y05+x1y15+x2y02y13+x3y03y12

→ toric  F(n)
(2,2,1,⋯)

toric  F(n)
(4,1,0,…)

again has a constant Jacobian, and produces the toric rendition:

X1 X2 X3 X4 X5

⌃
F

(3
)

5
;3

�1 1 0 0 �3
�1 0 1 0 �4

)

0 0 0 1 �1

Q
1 1 1 1 0 0

Q
2
�4 �1 0 1 1

⌫1

⌫2
⌫3

⌫4

⌫5

flat
non-convex

rectangle

F (3)

(4,1,0)

⌫1

⌫2
⌫3

⌫4

⌫5

(2.22)

where the Cox variables are X1=s1,1, X2=s1,2, X3=x3, X4=y0 and X5=y1.

Another Simple Deformation: Another simple deformation within the
h
P3 1
P1 5

i
deformation family,

(15) : p2(x, y) = x0 y0
5 + x1 y1

5 + x2 y1
3
y0

2 (2.23a)

admits two algebraically independent directrices:

�
1

�3

�
: s2,1(x, y) =

x0 y
2
0

y
5
1

+
x2

y
3
1

�
x1

y
3
0

(mod p2), (2.23b)

�
1

�2

�
: s2,2(x, y) =

x0

y
2
1

�
x2

y
2
0

�
x1y

3
1

y
5
0

(mod p2). (2.23c)

As above, the reparametrization

(x0, x1, x2, · · ·; y0, y1) ! (p2, s2,1, s2,2, · · ·; y0, y1), det
⇥@(p2, s2,1, s2,2, · · ·; y0, y1)
@(x0, x1, x2, · · ·; y0, y1)

⇤
= 4 (2.24)

again has a constant Jacobian and produces the toric rendition:

X1 X2 X3 X4 X5

⌃
F

(3
)

5
;2

�1 1 0 0 �1
�1 0 1 0 �3

)

0 0 0 1 �1

Q
1 1 1 1 0 0

Q
2
�3 �2 0 1 1

⌫1

⌫2
⌫3

⌫4

⌫5

F (3)

(3,2,0)

⌫1

⌫2
⌫3

⌫4

⌫5

(2.25)

where the Cox variables are X1=s2,1, X2=s2,2, X3=x3, X4=y0 and X5=y1.

A Double Deformation: Consider a further, P1-symmetrizing deformation of (2.23a):

deg =(15) : p3(x, y) = x0 y0
5 + x1 y1

5 + x2 y1
3
y0

2 + x3 y1
2
y0

3 (2.26a)

and admits three algebraically independent directrices:

deg =
�

1
�2

�
: s3,1(x, y) =

x0

y1
2
�

x2

y0
2
�

x3 y1

y0
3

�
x1 y1

3

y0
5

(mod p3), (2.26b)

deg =
�

1
�2

�
: s3,2(x, y) =

x0 y
3
0

y
5
1

+
x2 y0

y
3
1

+
x3

y
2
1

�
x1

y
2
0

(mod p3), (2.26c)
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5
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2
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⌫5
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⌫5
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�
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0
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5
1

+
x2
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3
1

�
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y
3
0

(mod p2), (2.23b)

�
1

�2

�
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2
1

�
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0

�
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3
1

y
5
0

(mod p2). (2.23c)
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where the Cox variables are X1=s2,1, X2=s2,2, X3=x3, X4=y0 and X5=y1.

A Double Deformation: Consider a further, P1-symmetrizing deformation of (2.23a):

deg =(15) : p3(x, y) = x0 y0
5 + x1 y1

5 + x2 y1
3
y0

2 + x3 y1
2
y0

3 (2.26a)

and admits three algebraically independent directrices:

deg =
�

1
�2

�
: s3,1(x, y) =

x0

y1
2
�

x2

y0
2
�

x3 y1

y0
3

�
x1 y1

3

y0
5

(mod p3), (2.26b)

deg =
�

1
�2

�
: s3,2(x, y) =

x0 y
3
0

y
5
1

+
x2 y0

y
3
1

+
x3

y
2
1

�
x1

y
2
0

(mod p3), (2.26c)
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toric  F(n)
(3,2,0,…)

X1 X2 X3 X4 X5 X6

1 1 1 1 0 0 ←ℙ4

−3 −2 0 0 1 1 ←ℙ1

for ,  n=3 F(3)
(2,2,1) ≈F(3)

(1,1,0)

deg =
�

1
�1

�
: s3,3(x, y) =

x0 y
2
0

y
3
1

+
x2

y1
�

x3

y0
�

x1 y
2
1

y
3
0

(mod p3). (2.26d)

These s3,i(x, y) have four monomials instead of just two in (2.12a). As before, the reparametrization

(x0, x1, x2, x3, · · ·; y0, y1) ! (p3, s3,1, s3,2, s3,3, · · ·; y0, y1), (2.27)

has a constant Jacobian, det
⇥@(p3,s3,1,s3,2,s3,3,···;y0,y1)

@(x0,x1,x2,x3,···;y0,y1)
⇤
=8. The 3-dimensional hypersurface p3(x, y)=0 has

the straightforward toric rendition with the Cox variables Xi=s3,i(x, y), X4=y0 and X5=y1:

X1 X2 X3 X4 X5

⌃
F

(3
)

5
;✏
3�1 1 0 0 0

�1 0 1 0 �1
0 0 0 1 �1

Q
1 1 1 1 0 0

eQ2
�2 �2 �1 1 1

⇡R

X1 X2 X3 X4 X5

⌃
F

(3
)

5
;✏
3�1 1 0 0 0

�1 0 1 0 �1

)

0 0 0 1 �1

Q
1 1 1 1 0 0

Q
2
�1 �1 0 1 1

⌫1

⌫2
⌫3

⌫4

⌫5

flat
convex

rectangle

F (3)

(1,1,0)

(2.28)

where the choice of Q-charges on the far left (bottom two rows) follows from the change of variables (2.27)
with (2.26), which simplifies to Q

2 = eQ2
�Q

1, reflecting the F
(3)

5 ⇡RF
(3)

2 diffeomorphism of Hirzebruch
scrolls. In turn, the ⌃F

(3)
5;✏3

<��
?
F

(3)
(1,1,0)

specification (2.28) unambiguously specifies this latter choice of 5-
vectors, (Q1

, Q
2), as the correct Mori vectors [29], consistent with a star-triangulation of the spanning

polytope and the corresponding simplicial unit subdivision of the fan. This type of discrete deformations
F

(n)
m  F

(n)

m (mod n) have been seen affect superstring applications since early on, notably in the simplest form,
F

(2)

2  F
(2)

0 [23, 24]. By effectively reducing the negativity of X1, X2 and the total twist from 5 to 2, the
resulting toric specification F

(3)
(1,1,0) in (2.28) no longer features directrices as negative as (2.26b)–(2.26c),

and deforms the non-Fano hypersurface (2.26d) into the almost Fano F
(3)
(1,1,0).

A Comparison: Two rather distinct-looking members of this deformation family of 3-folds, the y0$y1-
symmetrized versions of (2.20a), and an asymmetric deformation of (2.23a):


P3 1
P1 5

�
3

x0 y0
5+x1 y1

5 +x2 y0
4
y1+x3 y0 y1

4 = 0

x0 y0
5+x1 y1

5 +x2 y0
4
y1+x3 y0

3
y1

2 = 0

)

⇢ eQ1(x0, · · · , y1) = (1, 1, 1, 0, 0)
eQ2(x0, · · · , y1) = (�3,�1,�1, 1, 1)

)

X1 X2 X3 X4 X5

⌃
F

(3
)

(2
,0
,0
)

�1 1 0 0 �2
�1 0 1 0 �2
0 0 0 1 �1

Q
1 1 1 1 0 0

Q
2
�2 0 0 1 1

(2.29)

Each of them admits a (different) collection of one degree-
�

1
�3

�
and two independent degree-

�
1

�1

�
directri-

ces. Via analogous constant-Jacobian changes of variables, they both lead to the same toric F (3)

(3,1,1)⇡RF
(3)

(2,0,0),
where the last equivalence is again the toric rendition of Wall’s diffeomorphism [20]. This shows that there
exist rather nontrivial identifications within the coarse parameter space of

h
P3 1
P1 5

i
. For each n>2, F (n)

(2,0,··· )
is almost Fano: both its spanning and its Newton polytope is convex and reflexive, although �

?
F

(n)
(2,0··· )

has a
degree-2 edge, which is polar to a double (n�2)-face in �F

(n)
(2,0··· )

.

By modifying the spanning polytope and its central fan, �?
F

(n)
�!m

>�⌃F
(n)
�!m

, these and other deformations
also modify the Newton polytope, both its regular part and the extension, and thereby also the entire
anticanonical system.
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 modelϵ a,ℓ
=0

where ⌫i<��
?
X are the vertices of �?

X , i.e., the 1-cone generators of ⌃X , with N -lattice co-prime coordi-

nates specifying the Cox variables Xi, and M is the lattice dual to N . This yields

H
0(F (2)

m ,K
⇤) 3 X1X2

�
c
1
0X3

2 + c
1
1X3X4 + c

1
2X4

2
�

+X1
2
�
c
0
0X3

m+2 + c
0
1X3

m+1
X4 + · · ·+ c

0
m+1X3X4

m+1 + c
0
m+2X4

m+2
�
, (2.19)

exactly matching the n=2 case of (2.16) after renaming the variables as in (2.12b) and having simplified,

e.g., c10(X2) = c
1
0X2 and c

0
0(X2) = c

0
0, so the coefficients cn�k�1

i
in (2.19) are plain constants. These regular

polynomials indeed all have an overall factor of X1$s(x, y), and so fully agree with (2.16).

The “tuning” of q(x, y;�) in (2.16) to (2.1) builds the moduli space of generalized complete intersec-

tions such as (2.15) over the deformation space (even if discrete) of the general type ambient spaces such

as (2.1). While we defer a detailed study of this hierarchy, let us consider a few examples.

2.5 Discrete Deformations

Consider the Hirzebruch scroll F (3)

5;0={x0 y0
5+x1 y1

5} 2
h
P3 1
P1 5

i
, with its unique degree-

� 1
�5

�
directrix, s(x, y);

X1 X2 X3 X4 X5

⌃
F

(3
)

5

�1 1 0 0 �5

�1 0 1 0 �5

)

0 0 0 1 �1

Q
1 1 1 1 0 0

Q
2 �5 0 0 1 1

⌫1

⌫2

⌫3

⌫4
�?

F
(3)
(5,0,0)

⌫5

⌫1

⌫2⌫3

⌫4

⌫5

Figure 1: The toric specification of F (3)

5 (left) and its spanning polytope (middle and right)

see (2.11). The reparametrization (2.12a) leads to the toric rendition in Figure 1, its spanning polytope,

�
?
F

(3)

(5,0,0)
, depicted to the right of the tabulation from two vantage points for clarity. It is non-convex at the

saddle-point, ⌫1. The horizontal polygon spans the fan of the fibre-P2 and �
P3

i=1Q
2(Xi)=5 is the total

twist in this P2-bundle over P1.

A Simple Deformation: Consider deforming the n=3, m=5 central case (2.1) in the
h
P3 1
P1 5

i
deformation

family, which corresponds to the toric specification of F (3)

5 in Figure 1:

p1(x, y) = x0 y0
5 + x1 y1

5 + x2 y1
4
y0
1
.

(2.20a)

It admits two algebraically independent directrices:

� 1
�4

�
: s1,1(x, y) =

x0 y0

y
5
1

+
x2

y
4
1

�
x1

y
4
0

(mod p1),
(2.20b)

� 1
�1

�
: s1,2(x, y) =

x0

y1
�

x2

y0
�

x1 y
4
1

y
5
0

(mod p1).
(2.20c)

As above, the reparametrization

(x0, x1, x2, · · ·;
y0, y1) ! (p1, s1,1, s1,2, · ·

·; y0, y1), det
⇥@(p1, s1,1, s1,2, · · ·; y0,

y1)

@(x0, x1, x2, · · ·;
y0, y1)

⇤
= 4 (2.21)

7

not convex

[~Veronese]
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Fractional Fugue
Table 2: Several particular Hirzebruch scrolls within the (n;m) = (3; 5) deformation family (3.1)–(3.2).

Deg. Biprojective Defining Section Name, GLSM Charges

p0(x, y)=x0 y
5
0 + x1 y

5
1 F (3)

5

)︄
1

→5

[︄
: s0(x, y)=

]︄⌊︄
x0
y5
1
→ x1

y5
0

⌋︄⌈︄
p0(x, y)

⌉︄ X1 X2 X3 X4 X5

1 1 1 0 0
→5 0 0 1 1

p1(x, y)= p0(x, y) + x2 y
4
0y1 F (3)

4,1

)︄
1

→2

[︄
: s1a(x, y)=

]︄⌊︄
x0 y0
y5
1

→ x1
y4
0
+ x2

y4
1

⌋︄⌈︄
p1(x, y)

⌉︄
X1 X2 X3 X4 X5

1 1 1 0 0
→4 →1 0 1 1

)︄
1

→2

[︄
: s1b(x, y)=

]︄⌊︄
x0
y1

→ x1 y4
1

y5
0

→ x2
y0

⌋︄⌈︄
p1(x, y)

⌉︄

p2(x, y)= p0(x, y) + x2 y
3
0 y

2
1 F (3)

3,2

)︄
1

→3

[︄
: s2a(x, y)=

]︄⌊︄
x0 y2

0
y5
1

→ x1
y3
0
+ x2y0

y4
1

+ x3
y3
1

⌋︄⌈︄
p3(x, y)

⌉︄
X1 X2 X3 X4 X5

1 1 1 0 0
→3 →2 0 1 1

)︄
1

→1

[︄
: s2b(x, y)=

]︄⌊︄
x0
y2
1
→ x1y

3
1

y5
0

→ x2
y2
0

⌋︄⌈︄
p2(x, y)

⌉︄

p3(x, y)= p0(x, y) + x2y
4
0y

1
1 + x3y

1
0y

4
1 F (3)

3,1,1a ↑R F (3)
2

)︄
1

→3

[︄
: s3a(x, y)=

]︄⌊︄
x0y0
y4
1

→ x1y1
y4
0

+ x2
y3
1
→ x3

y3
0

⌋︄⌈︄
p3(x, y)

⌉︄

X1 X2 X3 X4 X5

1 1 1 0 0
→3 →1 →1 1 1

)︄
1

→1

[︄
: s3b(x, y)=

]︄⌊︄
x0
y1

→ x1y
4
1

y5
0

→ x2
y0

→ x3y
3
1

y4
0

⌋︄⌈︄
p3(x, y)

⌉︄

)︄
1

→1

[︄
: s3c(x, y)=

]︄⌊︄
x0y

4
0

y5
1

→ x1
y0

+
x2y

3
0

y4
1

+ x3
y1

⌋︄⌈︄
p3(x, y)

⌉︄

p4(x, y)= p0(x, y) + x2 y
4
0y1 + x3 y

3
0 y

2
1 F (3)

3,1,1b ↑R F (3)
2

)︄
1

→3

[︄
: s4a(x, y)=

]︄⌊︄
x0 y2

0
y5
1

→ x1
y3
0
+ x2y0

y4
1

+ x3
y3
1

⌋︄⌈︄
p4(x, y)

⌉︄
X1 X2 X3 X4 X5

1 1 1 0 0
→3 →1 →1 1 1
equivalent to p3(x, y)

)︄
1

→1

[︄
: s4b(x, y)=

]︄⌊︄
x0
y1

→ x1y
4
1

y5
0

→ x2
y0

→ x3y1
y2
0

⌋︄⌈︄
p4(x, y)

⌉︄

)︄
1

→1

[︄
: s4c(x, y)=

]︄⌊︄
x0y0
y2
1

→ x1y
3
1

y4
0

+ x2
y1

→ x3
y0

⌋︄⌈︄
p4(x, y)

⌉︄

p5(x, y)= p0(x, y) + x2y
3
0y

2
1 + x3y

2
0y

3
1 F (3)

2,2,1 ↑R F (3)
1,1

)︄
1

→2

[︄
: s5a(x, y)=

]︄⌊︄
x0
y2
1
→ x1y

3
1

y5
0

→ x2
y2
0
→ x3y1

y3
0

⌋︄⌈︄
p5(x, y)

⌉︄

X1 X2 X3 X4 X5

1 1 1 0 0
→2 →2 →1 1 1

)︄
1

→2

[︄
: s5b(x, y)=

]︄⌊︄
x0y

3
0

y5
1

→ x1
y2
0
+ x2y0

y3
1

+ x3
y2
1

⌋︄⌈︄
p5(x, y)

⌉︄

)︄
1

→1

[︄
: s5c(x, y)=

]︄⌊︄
x0y

2
0

y3
1

→ x1y
2
1

y3
0

+ x2
y1

→ x3
y0

⌋︄⌈︄
p5(x, y)

⌉︄

and

15

where ⌫i<��
?
X are the vertices of �?

X , i.e., the 1-cone generators of ⌃X , with N -lattice co-prime coordi-

nates specifying the Cox variables Xi, and M is the lattice dual to N . This yields

H
0(F (2)

m ,K
⇤) 3 X1X2

�
c
1
0X3

2 + c
1
1X3X4 + c

1
2X4

2
�

+X1
2
�
c
0
0X3

m+2 + c
0
1X3

m+1
X4 + · · ·+ c

0
m+1X3X4

m+1 + c
0
m+2X4

m+2
�
, (2.19)

exactly matching the n=2 case of (2.16) after renaming the variables as in (2.12b) and having simplified,

e.g., c10(X2) = c
1
0X2 and c

0
0(X2) = c

0
0, so the coefficients cn�k�1

i
in (2.19) are plain constants. These regular

polynomials indeed all have an overall factor of X1$s(x, y), and so fully agree with (2.16).

The “tuning” of q(x, y;�) in (2.16) to (2.1) builds the moduli space of generalized complete intersec-

tions such as (2.15) over the deformation space (even if discrete) of the general type ambient spaces such

as (2.1). While we defer a detailed study of this hierarchy, let us consider a few examples.

2.5 Discrete Deformations

Consider the Hirzebruch scroll F (3)

5;0={x0 y0
5+x1 y1

5} 2
h
P3 1
P1 5

i
, with its unique degree-

� 1
�5

�
directrix, s(x, y);

X1 X2 X3 X4 X5

⌃
F

(3
)

5

�1 1 0 0 �5

�1 0 1 0 �5

)

0 0 0 1 �1

Q
1 1 1 1 0 0

Q
2 �5 0 0 1 1

⌫1

⌫2

⌫3

⌫4
�?

F
(3)
(5,0,0)

⌫5

⌫1

⌫2⌫3

⌫4

⌫5

Figure 1: The toric specification of F (3)

5 (left) and its spanning polytope (middle and right)

see (2.11). The reparametrization (2.12a) leads to the toric rendition in Figure 1, its spanning polytope,

�
?
F

(3)

(5,0,0)
, depicted to the right of the tabulation from two vantage points for clarity. It is non-convex at the

saddle-point, ⌫1. The horizontal polygon spans the fan of the fibre-P2 and �
P3

i=1Q
2(Xi)=5 is the total

twist in this P2-bundle over P1.

A Simple Deformation: Consider deforming the n=3, m=5 central case (2.1) in the
h
P3 1
P1 5

i
deformation

family, which corresponds to the toric specification of F (3)

5 in Figure 1:

p1(x, y) = x0 y0
5 + x1 y1

5 + x2 y1
4
y0
1
.

(2.20a)

It admits two algebraically independent directrices:

� 1
�4

�
: s1,1(x, y) =

x0 y0

y
5
1

+
x2

y
4
1

�
x1

y
4
0

(mod p1),
(2.20b)

� 1
�1

�
: s1,2(x, y) =

x0

y1
�

x2

y0
�

x1 y
4
1

y
5
0

(mod p1).
(2.20c)

As above, the reparametrization

(x0, x1, x2, · · ·;
y0, y1) ! (p1, s1,1, s1,2, · ·

·; y0, y1), det
⇥@(p1, s1,1, s1,2, · · ·; y0,

y1)

@(x0, x1, x2, · · ·;
y0, y1)

⇤
= 4 (2.21)

7

again has a constant Jacobian, and produces the toric rendition:

X1 X2 X3 X4 X5

⌃
F

(3
)

5
;3

�1 1 0 0 �3
�1 0 1 0 �4

)

0 0 0 1 �1

Q
1 1 1 1 0 0

Q
2
�4 �1 0 1 1

⌫1

⌫2
⌫3

⌫4

⌫5

flat
non-convex

rectangle

F (3)

(4,1,0)

⌫1

⌫2
⌫3

⌫4

⌫5

(2.22)

where the Cox variables are X1=s1,1, X2=s1,2, X3=x3, X4=y0 and X5=y1.

Another Simple Deformation: Another simple deformation within the
h
P3 1
P1 5

i
deformation family,

(15) : p2(x, y) = x0 y0
5 + x1 y1

5 + x2 y1
3
y0

2 (2.23a)

admits two algebraically independent directrices:

�
1

�3

�
: s2,1(x, y) =

x0 y
2
0

y
5
1

+
x2

y
3
1

�
x1

y
3
0

(mod p2), (2.23b)

�
1

�2

�
: s2,2(x, y) =

x0

y
2
1

�
x2

y
2
0

�
x1y

3
1

y
5
0

(mod p2). (2.23c)

As above, the reparametrization

(x0, x1, x2, · · ·; y0, y1) ! (p2, s2,1, s2,2, · · ·; y0, y1), det
⇥@(p2, s2,1, s2,2, · · ·; y0, y1)
@(x0, x1, x2, · · ·; y0, y1)

⇤
= 4 (2.24)

again has a constant Jacobian and produces the toric rendition:

X1 X2 X3 X4 X5

⌃
F

(3
)

5
;2

�1 1 0 0 �1
�1 0 1 0 �3

)

0 0 0 1 �1

Q
1 1 1 1 0 0

Q
2
�3 �2 0 1 1

⌫1

⌫2
⌫3

⌫4

⌫5

F (3)

(3,2,0)

⌫1

⌫2
⌫3

⌫4

⌫5

(2.25)

where the Cox variables are X1=s2,1, X2=s2,2, X3=x3, X4=y0 and X5=y1.

A Double Deformation: Consider a further, P1-symmetrizing deformation of (2.23a):

deg =(15) : p3(x, y) = x0 y0
5 + x1 y1

5 + x2 y1
3
y0

2 + x3 y1
2
y0

3 (2.26a)

and admits three algebraically independent directrices:

deg =
�

1
�2

�
: s3,1(x, y) =

x0

y1
2
�

x2

y0
2
�

x3 y1

y0
3

�
x1 y1

3

y0
5

(mod p3), (2.26b)

deg =
�

1
�2

�
: s3,2(x, y) =

x0 y
3
0

y
5
1

+
x2 y0

y
3
1

+
x3

y
2
1

�
x1

y
2
0

(mod p3), (2.26c)
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again has a constant Jacobian, and produces the toric rendition:

X1 X2 X3 X4 X5

⌃
F

(3
)

5
;3

�1 1 0 0 �3
�1 0 1 0 �4

)

0 0 0 1 �1

Q
1 1 1 1 0 0

Q
2
�4 �1 0 1 1

⌫1

⌫2
⌫3

⌫4

⌫5

flat
non-convex

rectangle

F (3)

(4,1,0)

⌫1

⌫2
⌫3

⌫4

⌫5

(2.22)

where the Cox variables are X1=s1,1, X2=s1,2, X3=x3, X4=y0 and X5=y1.

Another Simple Deformation: Another simple deformation within the
h
P3 1
P1 5

i
deformation family,

(15) : p2(x, y) = x0 y0
5 + x1 y1

5 + x2 y1
3
y0

2 (2.23a)

admits two algebraically independent directrices:

�
1

�3

�
: s2,1(x, y) =

x0 y
2
0

y
5
1

+
x2

y
3
1

�
x1

y
3
0

(mod p2), (2.23b)

�
1

�2

�
: s2,2(x, y) =

x0

y
2
1

�
x2

y
2
0

�
x1y

3
1

y
5
0

(mod p2). (2.23c)

As above, the reparametrization

(x0, x1, x2, · · ·; y0, y1) ! (p2, s2,1, s2,2, · · ·; y0, y1), det
⇥@(p2, s2,1, s2,2, · · ·; y0, y1)
@(x0, x1, x2, · · ·; y0, y1)

⇤
= 4 (2.24)

again has a constant Jacobian and produces the toric rendition:

X1 X2 X3 X4 X5

⌃
F

(3
)

5
;2

�1 1 0 0 �1
�1 0 1 0 �3

)

0 0 0 1 �1

Q
1 1 1 1 0 0

Q
2
�3 �2 0 1 1

⌫1

⌫2
⌫3

⌫4

⌫5

F (3)

(3,2,0)

⌫1

⌫2
⌫3

⌫4

⌫5

(2.25)

where the Cox variables are X1=s2,1, X2=s2,2, X3=x3, X4=y0 and X5=y1.

A Double Deformation: Consider a further, P1-symmetrizing deformation of (2.23a):

deg =(15) : p3(x, y) = x0 y0
5 + x1 y1

5 + x2 y1
3
y0

2 + x3 y1
2
y0

3 (2.26a)

and admits three algebraically independent directrices:

deg =
�

1
�2

�
: s3,1(x, y) =

x0

y1
2
�

x2

y0
2
�

x3 y1

y0
3

�
x1 y1

3

y0
5

(mod p3), (2.26b)

deg =
�

1
�2

�
: s3,2(x, y) =

x0 y
3
0

y
5
1

+
x2 y0

y
3
1

+
x3

y
2
1

�
x1

y
2
0

(mod p3), (2.26c)

8

deg =
�

1
�1

�
: s3,3(x, y) =

x0 y
2
0

y
3
1

+
x2

y1
�

x3

y0
�

x1 y
2
1

y
3
0

(mod p3). (2.26d)

These s3,i(x, y) have four monomials instead of just two in (2.12a). As before, the reparametrization

(x0, x1, x2, x3, · · ·; y0, y1) ! (p3, s3,1, s3,2, s3,3, · · ·; y0, y1), (2.27)

has a constant Jacobian, det
⇥@(p3,s3,1,s3,2,s3,3,···;y0,y1)

@(x0,x1,x2,x3,···;y0,y1)
⇤
=8. The 3-dimensional hypersurface p3(x, y)=0 has

the straightforward toric rendition with the Cox variables Xi=s3,i(x, y), X4=y0 and X5=y1:

X1 X2 X3 X4 X5

⌃
F

(3
)

5
;✏
3�1 1 0 0 0

�1 0 1 0 �1
0 0 0 1 �1

Q
1 1 1 1 0 0

eQ2
�2 �2 �1 1 1

⇡R

X1 X2 X3 X4 X5

⌃
F

(3
)

5
;✏
3�1 1 0 0 0

�1 0 1 0 �1

)

0 0 0 1 �1

Q
1 1 1 1 0 0

Q
2
�1 �1 0 1 1

⌫1

⌫2
⌫3

⌫4

⌫5

flat
convex

rectangle

F (3)

(1,1,0)

(2.28)

where the choice of Q-charges on the far left (bottom two rows) follows from the change of variables (2.27)
with (2.26), which simplifies to Q

2 = eQ2
�Q

1, reflecting the F
(3)

5 ⇡RF
(3)

2 diffeomorphism of Hirzebruch
scrolls. In turn, the ⌃F

(3)
5;✏3

<��
?
F

(3)
(1,1,0)

specification (2.28) unambiguously specifies this latter choice of 5-
vectors, (Q1

, Q
2), as the correct Mori vectors [29], consistent with a star-triangulation of the spanning

polytope and the corresponding simplicial unit subdivision of the fan. This type of discrete deformations
F

(n)
m  F

(n)

m (mod n) have been seen affect superstring applications since early on, notably in the simplest form,
F

(2)

2  F
(2)

0 [23, 24]. By effectively reducing the negativity of X1, X2 and the total twist from 5 to 2, the
resulting toric specification F

(3)
(1,1,0) in (2.28) no longer features directrices as negative as (2.26b)–(2.26c),

and deforms the non-Fano hypersurface (2.26d) into the almost Fano F
(3)
(1,1,0).

A Comparison: Two rather distinct-looking members of this deformation family of 3-folds, the y0$y1-
symmetrized versions of (2.20a), and an asymmetric deformation of (2.23a):


P3 1
P1 5

�
3

x0 y0
5+x1 y1

5 +x2 y0
4
y1+x3 y0 y1

4 = 0

x0 y0
5+x1 y1

5 +x2 y0
4
y1+x3 y0

3
y1

2 = 0

)

⇢ eQ1(x0, · · · , y1) = (1, 1, 1, 0, 0)
eQ2(x0, · · · , y1) = (�3,�1,�1, 1, 1)

)

X1 X2 X3 X4 X5

⌃
F

(3
)

(2
,0
,0
)

�1 1 0 0 �2
�1 0 1 0 �2
0 0 0 1 �1

Q
1 1 1 1 0 0

Q
2
�2 0 0 1 1

(2.29)

Each of them admits a (different) collection of one degree-
�

1
�3

�
and two independent degree-

�
1

�1

�
directri-

ces. Via analogous constant-Jacobian changes of variables, they both lead to the same toric F (3)

(3,1,1)⇡RF
(3)

(2,0,0),
where the last equivalence is again the toric rendition of Wall’s diffeomorphism [20]. This shows that there
exist rather nontrivial identifications within the coarse parameter space of

h
P3 1
P1 5

i
. For each n>2, F (n)

(2,0,··· )
is almost Fano: both its spanning and its Newton polytope is convex and reflexive, although �

?
F

(n)
(2,0··· )

has a
degree-2 edge, which is polar to a double (n�2)-face in �F

(n)
(2,0··· )

.

By modifying the spanning polytope and its central fan, �?
F

(n)
�!m

>�⌃F
(n)
�!m

, these and other deformations
also modify the Newton polytope, both its regular part and the extension, and thereby also the entire
anticanonical system.
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…in well-tempered counterpoint
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F (n)
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, e.g., F (n)

(4,1,··· )

F (n)
�!m2
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, e.g., F (n)

(3,1,1,··· )

e.g., F (n)

5

F (n)
m

F (n)

[m (mod n)]

(least negative, most generic)


Pn 1
P1

m

�

36
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…and a web 
of connected 
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F (n)
�!m1

, e.g., F (n)

(4,1,··· )

F (n)
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
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1951, 
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group D3 acting along the (ê1, ê2)-plane in the N -lattice. This induces a corresponding D3-action in the
→!m := (m1,m2)-space, so that F (3)

→!m ↑ F (3)
→!m→ with →!m↑ = D·→!m, where D is an element of the dihedral group D3

acting as a mapping class group. This permits limiting the (m1,m2)-range, e.g., to
)︄
F (3)
m1,m2

: 0↭m1↭m1
[︄
, where F (3)

m,0
def= F (3)

m , and F (3)
m,m = F (3)

→m. (3.25)

This specifies a fundamental domain of Z2/D3 in the (m1,m2)-plane, as shown in Figure 4. This shows

R3

120↑
ω1 = (1, 0)

ω2 = (0, 1)

ω3 = (→1,→1)

ωP2 , fiber m2

m1

F (3)
1,1

F (3)
0,0 F (3)

1,0 F (3)
2,0

F (3)
2,2 F (3)

3,2 F (3)
4,2 F (3)

5,2 F (3)
6,2

F (3)
2,1 F (3)

3,1 F (3)
4,1

· · · · · · · · · · · · · · · · · ·
F (3)
3,3 F (3)

4,3 F (3)
5,3 F (3)

6,3 F (3)
7,3 F (3)

8,3 · · ·

F (3)
7,2 · · ·

F (3)
5,1 F (3)

6,1 · · ·

F (3)
3,0 F (3)

4,0 F (3)
5,0 · · ·

Figure 4: Left: the triangle spanning the fan of P2, presented in a 120→-oblique coordinate system; right: the
induced dihedral fundamental domain of (m1,m2)-twisted Hirzebruch 3-fold scrolls

the starting corner of the dihedrally reduced range 0↭m2↭m1 for convenience. The remainder of the
(m1,m2)-plane is populated by the dihedral group action: R3 reflects this upper-right 60↓-wedge displayed
in Figure 4 to the upward vertical 60↓-wedge, and the two are then jointly 120↓-rotated CCW, and once
more to fill the plane.

3.3 The Anticanonical System

With the U(1;C)2-charges for any given GLSM, such as presented in Table 2, one can address the choice
of appropriate superpotentials, following the template in item 4, discussing the key requirement (1.6) and
reorganizing the deformation-theoretic development in Ref. [62, §2].

We start with the anticanonical monomials of the p0(x, y)-defined “standard” Hirzebruch scroll F (3)
m ,

and we then specialize to m = 5 to discuss its variants in Table 2.

The multiply motivated (see Remark 1.1) key condition (1.6) always has an obvious solution, the so-
called “fundamental monomial” [128] !X :=

]︄
iXi, so that the “defining function” f(X) in the superpo-

tential X0 f(X) may be regarded as a deformation of !X. This, the simplest of all F (3)
m [c1] superpotentials

W (X) = X0X1X2X3X4X5, produces the F -term in (1.7) that is combinatorially and geometrically very
simple, being the (indexed) union of Xi-hyperplanes,

⌊︄
i{Xi = 0} ↓ F (n)

m (in full generality). However,
this space is also singular, and already in co-dimension-1, where two distinct hyperplanes intersect, which
location is itself singular where three distinct hyperplanes intersect. In our three-dimensional showcasing
examples, this is where the hierarchy stops; in the physics-wise more interesting four-dimensional case
there is one more stratum of singularity in the so-obtained polyhoron. Since multiple intersections are
restricted by the Stanley–Reisner ideal [33], which for F (n)

m (in full generality) differs from that of Pn,
this is not the literal but the conceptual analogue of the familiar regular pentahoron at infinity of the
so-called Dwork pencil of P4[5] hypersurfaces [158]; for relevance to string theory and to “enumerative
mirror symmetry”, see [84,85,88].

Whereas standard non-renormalization properties of worldsheet (2, 2)-supersymmetric GLSMs protect
the superpotential from being changed by renormalization, we seek to smooth the zero-locus of its F -term
by following the standard practice in QFT: we deform !X in W (X) = X0!X by replacing one-by-one
each Xi in !X with a monomial, mi(X), independent of Xi but such that qa(mi(X)) = qa(Xi). Formally,
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~ Gross [alg-geom/9402014] 
	 & Ruan [DMJ 83.2 (1996) 461]

~ Wall & Veronese: m ⇝ m mod n

F(n)
3,1,1 ⇝F(n)

2,0,0

F(4)
2,1,1,0 ⇝ F(4)

0,0,0,0



they form a poset

CY: ,  i.e.,  ,  i.e.,  need  F(n)
m [c1] F(n)

m ∈[ℙn

ℙ1
1
m

n
2−m ] deg=( n

2−m)
  f0(X)=ΠX := (X1 =𝔰(x, y))⋯(Xn =xn)(Xn+1 =y0)(Xn+2 =y1)

is not transverse &    is singular (“ -horon”){ΠX=0} (n+1)

Deform:  ,    
where    &  

f0(X)=ΠX ⇝ ΠX + ϵiδiΠX δiΠX := 𝔪i(X)(∂iΠX)
deg[𝔪i(X)]=deg[Xi] ∂i𝔪i(X)=0

in QM,  ;  also,   |n⟩(1) = Σm≠n cm |m⟩(0) ⟨Xi⟩=0 /⇒ ⟨δiΠX⟩=0
 are - and -independent and delimit  &   

so ;  etc.
(δiΠX)∩(δjΠX) Xi Xj [δiΠX] [δjΠX]

⟨Xi⟩, ⟨Xj⟩=0 /⇒ ⟨[δiΠX]∩[δjΠX]⟩=0

Meromorphic March
…back to the main motif [BH:1606.07420,… 2605.06998]
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The union of these collections with the fundamental monomial,22

(!X) →
⊎

i[ωi!X] (4.6)

has, astoundingly, an overall combinatorial structure that is well-nigh identical to the zero locus of !X

itself, the polyhoron mentioned above!

The deformation-organizing structure outlined in the above six points is in fact perfectly

Poset and Multitope. In fact, the total collection (4.6) has the structure of a poset, depicted in Figure 4,

simplified for clarity by denoting the linear combination X2↑X3 ↓↔ X2,3, as they have the same charges;

similarly for X4↑X5 ↓↔ X4,5. In turn, X2|3 stands for “either X2 or X3” and X4|5 for “either X4 or X5.” For

!X

X3
2,3X

2→m
4,5Xk

1X
3→k
2|3 X2+(k→1)m

4,5Xk
1X

3→k
2,3 X2+(k→1)m

4|5

X3
2,3X

2→m
4|5X3

2|3X
2→m
4,5[X3

2,3]
only
m=2X3

1X
2+2m
4,5Xk

1X
3→k
2|3 X2+(k→1)m

4|5

X3
2|3X

2→m
4|5X3

1X
2(m+1)
4|5 [X3

2|3]
only
m=2

ω1

ω2|3
ω4|5

m = 2

Figure 4: The poset structure of the collections (ωi!X), simplified by compressing (X2↑X3) ↓↔ X2,3,

writing X2|3 for “either X2 or X3,” etc.; for exceptional [X3
2,3]

only

m=2
and [X3

2|3]
only

m=2
, see text

F (3)
m , the 5-variable anticanonical monomials are restricted by the q1- and q2-cancellation conditions (1.17),

and so occupy a portion of a 3-dimensional lattice. In this lattice of monomials, each Xi-independent

subset, [ωi!X], forms a “pane,” each Xi, Xj-independent subset forms a “line” where two “panes” adjoin,

and each Xi, Xj , Xk-independent subset is a corner where those three “panes” adjoin. Since “panes” of

monomials are delimited by the “lines” of monomials that are shared with another “pane,” non-lattice

(“fractional”) intersections of lattice planes containing the monomial “panes” do not in fact delimit any of

the combinatorial strata of the poset.

Already from the qa-charges (3.6c), it is immediate that there can exist no X1, X2, X3-independent

deg-
(

3
2→m

)
monomials—which in fact reflects a generator of the so-called Stanley-Reisner ideal [29]. In

turn, rendering any of the monomials in Figure 4 X4, X5-independent can only happen for the exceptional

value, m = 2: Reading from the left in the 2nd layer from below:

Xk
1X

3→k
2,3 X2+(k→1)m

4|5
2+(k→1)m=0

↗↗↗↗↗↗↗↗↔ X1→2/m
1

X2+2/m
2,3 , (4.7)

22By slight abuse of notation, “→” is herein used to indicate that the overall union retains the complete subset-generated

poset structure, such as depicted in Figure 4.
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Combinatorially,      ΠX ⊔ ⨆i [δiΠX] ▿≃ {ΠX=0}

Also,    &  generate a dual poset  ∂i ⊥ δiΠX

Meromorphic March
…back to the main motif [BH:1606.07420,… 2605.06998]



Meromorphic March
…back to the main motif [BH:1606.07420,… 2605.06998]

Monomial collections 
with -charges of 

 form posets, 
with “fronts” = 
facets

U(1)2

ΠX

The shape changes 
in the -space 
indicating that 
convexity is not 

strictly necessary

ϵik

In all deformed models, 
there exist transverse regular 

polynomials
For , rational monomials are neededF(3)

5

X1 X2 · · · Xn Xn+1 Xn+2

P1
x→ 1 1 · · · 1 0 0

P1
y→ ↑m 0 · · · 0 1 1

ωik-prostor

F (n)
↑→m1

, npr. F (n)

4,1,···

F (n)
↑→m2

, npr. F (n)

3,2,···
F (n)
↑→m3

, npr. F (n)

3,1,1,···F (n)
↑→m4

F (n)
↑→m5

, npr. F (n)

(2,2,1,··· )

F (n)
↑→m6

npr. F (n)

5

F (n)
m

F (n)
↑→m (mod (1,1··· 1))

(najmanje svijen, najčešći)x0ym0 +x1ym1 + !n
i=0!

m↑1
k=1 ωikxi y0

k y1m↑k

↭

εF
(3)
5

εω
F

(3)
5

↭

εF
(3)
4,1

εω
F

(3)
4,1

↭

εF
(3)
3,2

εω
F

(3)
3,2

↭

εF
(3)
3,1,1

εω
F

(3)
3,1,1

↭

εF
(3)
2,2,1

εω
F

(3)
2,2,1

2

  transpolar (face-wise polar) 
images of fan-spanning polytopes
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δ 2
Π

X

δ1 Π
X

δ
4 Π

X

δ3ΠX



 X 2
1 X 0

2 (X3⊕X4)2+1m

Transpolar (  dual):≈
  ;Δ→ ⋃i (convex Θi)
Compute Θi →Θ ∘

i :={v: ⟨v|∀u∈Θi⟩+1>0}
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Xi ↔YI

16

—2D Proof-of-Concept—& Non-Convex Mirrors

Mirror Minuet
⊕X 1

1 X 1
2 (X3⊕X4)2+0m ⊕X 0

1 X 2
2 (X3⊕X4)2−1m

X1 X2 X3 X4 X5 X6

1 1 1 1 0 0 ←ℙ4

−m 0 0 0 1 1 ←ℙ1

universal 
X1X2X3X4

BH

(pre)complex 
algebraic 
geometry

transpolar

transpolar

🙂

m=3

’92: Khovanskii 
+Pukhlikov 

’93: Karshon 
+Tolman 

’99: Hattori 
+Masuda 

+lots of  
(pre)symplectic geometry

X2

X3

X1

X4

ΔFm

Δ⋆
Fm Y2

Y1

Y4

Y3

=Δ⋆
▿Fm

=Δ▿Fm

Fm[c1]
MM⟷ ▿Fm[c1]

X 2
1 X 5

3

X 2
1 X 5

4

Y 5
1

Y3

Y 2
3 Y 2

4

conVEX 
polytopes

🙂

🙂

1611.10300 & 2205.12827 

  2403.07139 & more

𝔈ij =⟨ui, vj⟩+1
ui ∈Δ⋆

X, vj ∈ΔX



What of self-crossing multifans & multitopes that span them?

Good question!
“sandwiched” 
btw. toric varieties 
& torus mflds.

-equivariant(S1)n

ℂ× ≈S1×ℝ+
topological torus mflds.?

Top cone orientation ↔︎ rel. orientation btw.  & …M cpx[TM⊗ℝ2k]
They have cohomology rings generated by Cox-like coords & “ ”𝒦*M

Guess: obverse top-cones obstruct global cpx. structure 
& break supersymmetry…

—2D Proof-of-Concept—& Non-Convex Mirrors

Mirror Minuet
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Figure 11: Collapsing an exceptional P1-like cell in a toric space corresponding to a flip-folded multitope

would be required in standard complex-algebraic toric geometry. Consequently, ↭F (2)

3 is not a standard
blowup of the toric variety Z; nevertheless, the difference between the two manifolds is localizable to
the ε3-encoded exceptional P1-like set—which then (with its normal space) obstructs a complex structure
on ↭F (2)

3 . This makes ↭F (2)

3 (and all UTMs corresponding to flip-folded self-crossing multitopes) a priori
pre-complex [60–62]—so-called mirroring pre-symplectic manifolds, wherein the symplectic structure may
degenerate at real co-dimension-2 locations [165].

In turn, the UTM corresponding to the multifan spanned by the multitope ωF
(2)
3

in Figure 11 may also
be regarded as a “blowdown” of a UTM, Z, which is almost complex by [68] (Thm. 5.1), as it corresponds
to the double-winding multifan spanned by the star-shaped double-winding/wrapping multitope in Fig-
ure 12. With the Todd genus = 2, this almost complex UTM, Z, cannot possibly be a complex-algebraic
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Figure 12: Collapsing an exceptional P1-like cell in a toric space corresponding to a double-winding multitope

toric variety, which resonates with one of Danilov’s prescient remarks (see fotnote 32). The sequence of
blowdown-like local surgeries in Figures 11–12,35 Z↫↫↬

↭F (2)

3 ↫↫↬Z, should aid in determining the geom-
etry of ↭F (2)

3 in terms of the almost complex UTM Z and the non-weak-Fano toric variety Z. With its
geometry determined, even partially, this local surgery sequence would provide a template and a general
prescription to describe the geometry of all UTMs corresponding to flip-folded multitopes and multifans.
However, I defer this analysis to a subsequent endeavor.

In conclusion , this note examines the worldsheet (2, 2)-supersymmetric GLSM constructions featur-
ing explicitly continuous deformation families of Hirzebruch scrolls with (secondary) deformation fami-
lies of Calabi–Yau hypersurfaces in each scroll. When those ambient scrolls are not even weak-Fano, the
transposition-mirrors of the Calabi–Yau hypersurfaces are by a transposed-GLSM construction nevertheless

35The precise geometry of these surgeries is far from clear, although the relevant cell decomposition would seem to be straight-
forward.
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CY -folds in Hirzebruch -folds,  (n−1) n X (n−1)
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A deformation family picture

 

   [~Veronese]

F (3)(2,2,1) ≈
ℝ F (3)(1,1,0)

CY is smooth

⊃
CY is 

Tyurin- 
degenerate

⊃
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“unsmoothable”
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A deformation family picture

 

   [~Veronese]

F (3)(2,2,1) ≈
ℝ F (3)(1,1,0)

regular defo Laurent defoϵ→0

of CY hypersurfaces

all 
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Constructing CY  Some “Nice” Ambient Space⊂
How Hard Can it Be?

Reduce to 0 dimensions:  ℙ4[5] → ℙ3[4] → ℙ2[3] → ℙ1[2]

19

👍

🧐

🤗



1611.10300 
2205.12827 
2403.07139 
2501.11684 
2502.08002 
2605.06998 
2605.24724 
to be cont’d

Constructing CY  Some “Nice” Ambient Space⊂
How Hard Can it Be?

Reduce to 0 dimensions:  ℙ4[5] → ℙ3[4] → ℙ2[3] → ℙ1[2]

19

👍

🧐

🤗

Just add 

more dimensions

🤓

Eldorado Ho!

Counting with multiplicity 😇 
𝒳 ∈ A[c1]



Thank You!

1611.10300 
2205.12827 
2403.07139 
2501.11684 
2502.08002 
2605.06998 
2605.24724 
to be cont’d

Eldorado Ho!


