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Def.
· (A. 3) : non-commutative Probability space lucps) if
A is a unital algelia over D & Y: A, K is linear st (1) = 1.

· Unital Anbalgelas (dilies of A is free if for all n 1.

i
.

.. ... In El
.

I, FinF--- FimFi
, Gjedij , 9(9j) = 0

.
then 9(a...--An) = 0.

· (kn)n21 : free Cumulants if Kn :" C is the multilinear functionals,
which is defined by the following relation

9)a, an .... an) = Rename ta, ..... and

where Kn[9, , ..... an)=wa .... As

W = [i,<12... is]



Remarks
· Probability distribution S > Moments C > free Cumulants

Carleman moment

Cumulant
condition

formula

· Ga(z)=a > Ra(z)=)-=a...aO zu+1

Cauchy transform R-transform Ga Id
Theorem (epeicher 1994)
(diliez are free Vanishing of mixed free Cumulants

Remark
Given a nops /A. 4) , a ,

b E A are free
> 8

kn(a+b
,

a+b...... a+b) = kn (a , a,... .

.. a) + kn(b
,
b

,
. .. .

.. b) + mixed free Cumulants

= Kn(a , a, .... a) + kn(b .
b

,
. . .

.
b)

Rab (2) = Ra(3) + Ry (3)



Def.
Given a= with 419) #0 then S-transform of a is defined by
Salz) = It(3) where Ma=Y193
TheoremI Voiculescu 1987

Given a nops (A. 4) ,
a .bed are free with 4(a) #0 & Y(b) #

then Sab(z) = Sa() · Sy(z).

Question

a be a are free .

Ratb = Ra +Ry ~ R1) = 20 Kuta .....az.,

Sab = SaS >???
Ans : Dykema 2007 (Popa 2010

,

Mastnak&Nica 2009 .
Nica 2010)

Tab = Ta .Tb Tale) = <tra...a,
"



Note

f(z) = <th & g(z)= Suz

Sn > tiv ... tive)) < g(z) f(z(1 + g(31)).
TENCIN)

T = [V ,
...

.VeS

Observation [Lemma 6. 2 in Mastnak&Nica 2009]
Given anops (d. 9) .

ad with 419) = 1

Then Rals) : < Kula, .... a)zn = z+na...

MaRao(3[ +Malzi)) -> Sale) & Bas < Rals
1

z Sa(Ra(z)

f(z):= -1= g= Ra()-n+ (a...., a)z satisfies

g(z) f(z(2 +g(2)) < Kula .....a)-Ne
i = EV, ,

. ... Ve3



Def.
· Let ne . E & F([n) : = [ 1

,
2, . . .

., n3

E & F are nearly disjoint if for all it ENF , one of the following holds :

(i) i = min(E) , IEK/@ ifmin(F)
(ii) it min(E) ,

i = min(F) & IF1 > 1.

Examples of nearly disjoint.
n =3 : (1 . 2) & (2 . 3) ; (1) & (2 ,

3) n = 4 : (1 .2) & (2 , 3
, 4) ; (1 .

2
.4) & (2 .3)

· & a es9

· it :Set of non-empty subeets of in
it is said to be a non-crossing linked partition of in] if the union of it is in)

and for all E & FE .
E & Fare non-crossing& nearly disjoint.

NC2IH) : the set of all non-crossing Linked partitions of in].



Examples
1: NC2(3)

(1 .
2

,
3) (1 . 2)(3) (12) (23) (13) (2) (1) (2 .3) (1)(2) (3)

-

T
-

↑
a

A : A : A :

%
:

2: NC2(4)

(1) (2 ,3) (3 .4) (1 . 2.3) 13 .4) (1 . 27 (2 .3)(4) (1 . 2) (2 . 4) (3) (1 . 3) (2) (3 .4)

... o ... o ... o ... o ... o

(1 . 2) (2 .
3 .4) (1 . 23(2 ,3) (3 .4) (1 .

2
.4) (2 .3) (1 .2) (3 .4)

vani etc

... o
a . o & oa o ... o



Notation
· Given E NC2(2),

Slit) : EKEin]/K is not a minimal element in any
blocks of it]

· Given a neps (A. 3)
,
A : = (a=d(y(a) + 03

Def.
The t-coefficients [An :A-n KSnzo is a sequence of maps that is
defined inductively by

4(9 , 92 .... an) =)-

where tala ..... an) = 11 try (9 .

...

.. dre) It to (92)
VETT

kES(π)V= En, . .i

Example
it : (1 .

2 .5) (2 . 4) (3) . Slit) = 5 4. 53

+ (9, . ...

. 95) = tz(91 ,
92 ,95) t , (92 ,94) to (94) to last

.....



Notation
· Given ~ ENC[(22),

insjif E blocks V..
. . .. Users it & jevs with Von#P ,

Vest).

· Given ENCIn)
, [T] : = [WENCLIN))in] <> iw] for all i :jeins]

Example
(1 . 2) (2 ,

3 .4) , (1 . 23(2 ,3) (3 .4)
,

(1 .
2

.4) (2 .3) ,
(1 . 2.3) (3 .4) E [14]

... o
a . o ... o

... o

property
For any

n
,

A..
. .. .. AnE

.

We have Kn(9 ... an)=ta .....a

property.
Unital Anhalgs (dilies are free) < vanishing of mixed t-coefficients.
property (single - variable care)

n-#(5) where Kn (a) : = Kn(a , .... a)
kn(a) = PENCI-) (trical) to (a) In (a) : = In la, . . .

., a)



Def.
· (A. 3.

4) : infinitesimal non-commutative probability space (incpss if
(d. 4) is a nops & Yd <C is linear with 5'(2) = 0.

· Unital Ankalgs (Ailicz are infinitesimally free if for all NEW . 2........ In EI
.

i, FinF ... Fin
, ajedij & Y19j) = 0 then

S Y(G, A2 --- An) = 0

319, 92 ... an)= 4),a. Aja

· (kn(n2 : infinitesimal free Cumulants if
Kn :" K is the multilinear functional that is defined by the equation
y(9, 92 --an)=a

where Skata ..... and=(a ...... Ais Il Kwilaj...
W =V

V = (i, c .. < ig] w = (j) . -. <j93Eπ



Theorem /Ferrier & Nica 2010)

Infinitesimal freeness) > Vanishing of mixed free & inf. free Cumulants.

Def.
Given an incps (1.

4
.
4) & xE, the infinitesimal S-transform of x is defined by

2Sx(z) = - (M12) . GMx)M(z)
where GM is the inf. moment generating function : GMa13)=
In additions,

the infinitesimal T-transform of x is given by GTx(y) =
- 2Sx()

Salz)

Theorem (Tseng 20231

&Yeo are inf. free<GSy(z) = 2Sx(z) · Sy(3)+S (d) - 2Sy(3)
Y(x) 7 0 . Y(y) 70. E

GTy (3) = GTx (3) ·Ty (3) + Tec (3) · 2 Ty 13).



Let (d. 3.
4's he an incps & it ENCL14)

: = [a =A/4(9) + 03 & SIT) : SKEIN)) 1) is not a minimal elt in any
blocks of it

Def.
The infinitesional t-coefficients [An: **', KSuzo is a sequence of maps
given via the following
where

3'(a , 92 .... an) =ena ..... an

atr(g ...... an)= (An, ...... Ais) I tv+ (9j, . . . ..jr)T toA
W +V

V= (i, c .. - is] w = Sj ,<<j3Eπ

+ s+ (ai.......Ais)to T toAllk'73
V =Si, . .. [s]

properties (Tseng 2024) YES(it)

· a, ,
. ... An EA

kn' (a. .
. . . . an) = ) Gt

+
(a , .

. . ... An)
E[1n]

· Infinitesimal freeness)) Vanishing of mixed t-weff. & inf. A-coeff.



property (single variable care)_ (Tseng 2024)
Given an inops (d. 9.% , and, +heu

u- #(π)

Elas =Fenc (Retivastim lasola +Iti(as (U-#) to(asto
W =Y

Application to Random Matix Theory
Complex Wishart matix Xi :=* G

*

G where G is a MXN Gaussian random Matrix

with N10,1) entries.

If assumeM & (M-NC) < c ,
then
y()
=MinTXI an incps (1. %.4)& EA such that Schs
=in. [EOT(X) - Yik,3

iMingozoiddeWishartMaticare
asymptotically info a



Properties (Jseng 2024)

·Ank = [&==T
·By are inf free with(Ie for all 2.

> (Ty(3) = ch +2z + yz

GTxy(z) = 2 +2 .

Question
·

.Ye A are free with 4( + 0
, 4(y) = 0.

Do we have an analogous process to study the law ofby in the care that I
Ans : Multiplication of free random variables & S-transform : the case of

vanishing mean (Speicher & Rao 2007.
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