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Unipotent support of representations of finite groups of Lie type

o IF, finite field with g elements, g = p™, p prime number.

° ﬁq algebraic closure of IF,.

o G connected reductive group defined over Fy, defined over F.

o F: G — G Frobenius endomorphism.

o Gf:={g€G: F(g) =g} =:G(q) =: G is a finite group of Lie
type.

o Irr(GF) set of (isomorphism classes of ) complex irreducible
representations of GF.

o C an F-stable unipotent conjugacy class of G. Then CF is a union

of conjugacy classes of G'.
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Unipotent support of representations of finite groups of Lie type

Let m € Irr(G). If p and q are sufficiently large, then
Q there is a unique unipotent class C; in G which has the property that

AV(m, C) = Z 7(g) #0,
geckt

and has maximal dimension among classes with this property; the
class C; is called the of 7;

Q if g € G is such that 7(g) # 0 then the unipotent part of g lies in
C or in a conjugacy class of dimension < dim(C,).
Thus there is a canonical map

Irr(G) — {F-stable unipotent classes of G}
m = Cy. (1)
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Unipotent support of representations of finite groups of Lie type

The characteristic p is said to be good for G if
o no condition for G of type A,;
o p# 2 for G of type B,,, C, or D, ;
o p#2,3for G of type Gy, Fu, Eg, E7;
o p#2,3,5 for G of type Eg.
@ The existence of the unipotent support was established for p good
by Geck (1996), and for any p by Geck and Malle (2000).

Q For G of type G, and p = 3, there exist unipotent representations of
G, which are non-zero on some element in Cr”;g but whose average
value on Cf, is zero, where G,y the class of regular unipotent
elements.
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Kawanaka wave front set

Kawanaka has shown that, assuming p is good for G, one can associate
to any unipotent element u € G a so-called

', (GGR for short), obtained by inducing certain
representations from unipotent radicals of parabolic subgroups of G.

I is the regular representations of G.

©

Iy is the ordinary Gelfand-Graev representation if u € Ceg.

©

o B = TU Borel subgroup of G, where T is maximal torus and U the
unipotent radical of B. We suppose B and T F-stable.

o ®C Hom(T,F:) root system of G, with @ set of positive roots
and A set of simple roots.
0o G=(T,U, : a€®) and U=]],co: Ua


https://perso.imj-prg.fr/annemarie-aubert/

Kawanaka wave front set

o To each unipotent class of G, is attached a weighted Dynkin
diagram, that is, an additive map d: & — Z such that
d(a) € {0,1,2} for any @ € A.

o We write

Lg:=(T,Uy: a€d,d(@)=0) and Us;i:= [] Ua,
acdt d(a)>i

for i =1,2,3,... Then Py := LyUyq 1 is a parabolic subgroup of G,
with Levi subgroup Ly and unipotent radical Ug 1. There is a unique
unipotent class C in G such that CN Uy, is dense in Ug ».
Moreover, C N Uy, is a single P4-conjugacy class, and Cg(u) C Py
for any u € CNUg2. The class C is called the unipotent classe
associated to d.
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Kawanaka wave front set

©

1: Fq — C a fixed non-trivial additive character.

©

g Lie algebra of G. It is defined over F, and we still denote by
F: g — g the corresponding Frobenius map.

o t C g Lie algebra of T.
o k: g xg— Fy Killing form (G-invariant, non-degenerate bilinear

form).

o We have g = t ® Fye,, where F(t) =t and F(e,) = e, for any
o€ P

o x — x* anti-Fg-automorphism of g such that t* =t and ¢} € Fge,
for any a € O.
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Let v € CN Ug2. Write

u= H ua(aa) | - Ussz where a, € Fg.
aEd d(a)=2
Define ¢, : Ugo — C* by
Pu H Uoc()/oc) = Z 5(627 ea)aaya ,
Q€D d(0)>2 aEdt d(a)=2

where Yo € Fq.

The map ¢, is a linear character of U and [Uy1 : Uy ] is a power of g2
We have

Indgd-?((pu) = [Udal : Ud,2]1/2 : rua
where I, is the of G.
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Kawanaka wave front set

For any unipotent element v € G, let C, denote the G-conjugacy class
containing v. Let 7 € Irr(G). The of m, if it
exists, is an F-stable unipotent conjugacy class C of G satisfying :

Q ([,,m) #0 for some u € C;

Q if v is a unipotent element of G such that (I',,m) # 0 then C, C C,
where C denotes the Zariski closure of C.

If the Kawanaka wave front set exists, it is clearly unique.

We suppose that p and g are sufficiently large. For every 7 € Irr(G)
there exists an F-stable unipotent conjugacy class C of G satisfying :

Q ([,,m) #0 for some u € C;

Q if v is a unipotent element of G such that (I',, ) # 0 then
dimC, <dimC.
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Kawanaka wave front set

Lusztig's result was extended to
o the case p good for G assuming that the center of G is connected
[Shoji, 1996] ;
o the case p “acceptable for G”, with G arbitrary [Taylor, 2016]. We
have : p very good for G = p acceptable for G = p good for G.

The Kawanaka wave front set WF(7) exists for every m € Irr(G).

The wave front set of any irreducible representation of G coincides with
the unipotent support of its Alvis-Curtis dual, that is :

WEF(7) = G+, for any 7 € Irr(G),

where 1 := +Dg(7) € Irr(G), with Dg := Zch(—l)miLGI o rfl.
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Theta correspondence for classical groups

There are pairs (G, G') of subgroups of Sp,,(q) for some integer N > 1
such that each of them is the centralizer of the other in Sp,,(q), where ¢
is odd.

Irreducible pairs :

o Type l:

o (SP2,(q), O (q)) with nm’ = d.;
o (Un(q),Un(q)) with mm' = 2d;

o Typell:
e (GL’"(q)vGLm’(q)) with nn’ = 2d.
A pair (G, G') is in the (with G’ smaller) if the defining

vector space for G has a totally isotropic subspace of dimension greater
or equal than the dimension the defining vector space for G’, e.g. the
pairs (Sp,,(g), O2,(q)) such that n > 2n’.
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Theta correspondence for classical groups

The restriction of the Weil representation w¥ of Sp,y(q) to G x G’ is

we,6r = Z mult, 7 ® 7', where my . € Z>o.
7 €lrr(G)
! €lrr(G’)
Define ©¢/: ZIrr(G(q)) — ZIrr(G’) by
O¢/(m) :={n" € Irr(G’) : mult, »» # 0}, for w € Irr(G).

From now on, we suppose m’ is even. We write 2n’ := m’ and

(G, Gw) == (G, G).

The occurrence of a irreducible representation 7 of G, in the Theta
correspondence for (G,, G/, ) with n" minimal (i.e., such that
O¢ (m) = 0 for any n’ < n.;) is referred to as the
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Theta correspondence for classical groups

Between members of a dual pair, the only ones having cuspidal unipotent
representations are : GL1(q), Spak(k4+1)(), Uz +k)/2 (which have a
I

unique such representation, say o), and O2(q) (which has two : o,
and ol = o} ®sign). From now on, we will only consider pairs formed by
a symplectic group and an orthogonal group.

Q If 7 is a cuspidal irreducible representation of G,, then ¢ (7) is a
singleton {x’} with 7’ cuspidal irreducible. .
Q If 7 € Irr(G) is unipotent then any ' € ©¢/(7) is unipotent.

Q The representation ok of Spyy(x11)(q) corresponds to o' if € is the
sign of (—1) and to o}, otherwise.

The Theta correspondence between cuspidal unipotent representations is
describe by the function 6: N — N, defined by oy(x) := (o).
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Theta correspondence for classical groups

The Theta correspondence for unipotent representations induces a
correspondence between parabolically induced representations

-Sp2,(q) 05,/ (a)
ISpik(Ml)(q)@T(gk ®1) and 10; T )®T,(00(k) ® 1), where

O’le(k) € {aé(k),oél(k)}, and T, T’ are products of GL1(q)’s

It induces a correspondence QNk,NL between irreducible representations of
Weyl groups of types By, and By,, where Ny := n — k(k + 1) and
Nj :=n—0(k)>.

o Formulated in [A-Michel-Rouquier, Duke Math. J. 1996].
o Established by Pan in 2019.
o New proof by Ma-Qiu-Zhou (see Jiajun's talk on Thursday).
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Theta correspondence for classical groups

In general, there exist m € Irr(G) such that ©¢/(7) contains more than

one element. Hence, a natural question : can we extract a
?

o Definition of the for dual pairs (Sp,,(q), On/(q))
in the stable range,[Gurevich-Howe, 2017 and 2020].

o Construction of a one-to-one correspondence for unipotent
representations of pairs of type Il and of pairs in stable rangle of the
form (O%2. 5 SPagiz 1 41n) (7)) OF (SPo(k2442)(9): O34z ()
[A-Kraskiewicz-Przebinda, 2016].

o Construction of a one-to-one correspondence 6 for unipotent
representations of irreducible pairs of type | in stable rangle
[Epequin, 2019].

o Extension of both n and 6 correspondences to all irreducible pairs of
type | [Pan, 2020].
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Theta correspondence for classical groups

o A= (A1 > N2> > \) where \; € Z>g is called a partition of n
|f/\1—|—)\2++/\/:n

o P(n) set of partitions of n.
o AU u partition of n+ m with parts Ay,..., Ay, a1, ... 1y
o Usual order on P(n) :

A< ifandonlyif A4+ A <X +---+ N, foralli €N

o Another order on partitions : for A, \’ partitions of possibly different
integers, we write

A=) ifandonlyif X, <X <\, forallieN.

From now on, we suppose that 2n" < n. We write Ny (¢) := N — |C] if ¢
is a partition such that |¢]| < Ng.
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Theta correspondence for classical groups

Then we have :
@ Cases (Sp,,, OF.,) with k even and (Sp,,, O5,,) with k odd :

min Nk,Nk)

QNk,NL - Z Z Zpé n ® P’

r=0  (£§,Q)€Pa(r) n1’

where the third sum is over the partitions n 4 Nk (&) and " 4 N, (§)
such that ( < nand ¢ = 7'.

Q Cases (Sp,,, O4,) with k odd and (Sp,,, O3,,) with k even :

min(Ni,Ny;)

ueny = . D D pem®peu

r=0  (£§,Q)ePa(r) €1’

where the third sum is over the partitions & 4 Ni(n) and ' 4 N, (&)
such that £ < ¢ and n < 7/'.



https://perso.imj-prg.fr/annemarie-aubert/

Theta correspondence for classical groups

Let (£',17) € Pa(Nj).

o We write
O¢r yy 1= {(5,7)) € Pa(Nk) : pen ® per sy occurs in QNk,N;} :
o We say that pey iy € Ocry is if

>‘§ﬂ7 < )‘fM-,nM for all (7775) € ef’,ﬁ/'

Since the order is not total, it is not clear a priori that a maximal
representation exists, and if so, that it is unique.
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Theta correspondence for classical groups

Similarly, we say that p¢_ . € Og v is if
A < Ae Forall (n, &) € Ocr .

A representation is said to be if it is either maximal or minimal.

Let (&',1') € Pa(N).
@ There exists a unique maximal representation pg, ny € O¢/ p, it is
given by

Evm =& and v o= (N — N+ 1+ 15,05, .-, mp)-

O There exists a unique minimal representation pg, ,. € O¢ ., it is
given by
Em =& and my = (N — N U7
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Theta correspondence for classical groups

Let ' € Irr"(G’) that belongs to the principal series of G’. Then there is
a unique representation mprr of G such that :

Tpret € Og(7') and  WEF(1) < WF(mpref) for any m € O¢(n').

In the stable range case, =7yt is the image by the Alvis-Curtis duality
D¢ of the representation of G which is parametrized by the minimal
representation pg n..
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Theta correspondence for classical groups

Thank you very much for your attention
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Theta correspondence for classical groups

Theta correspondence and wave front set 22 /22
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