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Motivation

e Example: Size asymmetric hard sphere mixture
* Model for colloid-polymer mixtures’

e Investigating long length-scales poses challenge for
molecular simulation

e Simulations are made possible by coarse-graining?

 Multilevel idea®: use model hierarchy to speed up
exact simulation
® coarse & fast «—— accurate & slow

'Roth, R., Evans, R., & Dietrich, S. (2000). Depletion potential in hard-sphere mixtures: Theory and applications. Phys.
Rev. E, 62, 5360.

2Noid, W. G., et al (2008). The multiscale coarse-graining method. I. A rigorous bridge between atomistic and
coarse-grained models. J. Chem. Phys., 128, 244114.

3Giles, M. B. (2008). Multilevel Monte Carlo path simulation. Oper. Res., 56, 607-617.
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Size-asymmetric hard-sphere mixture
We consider a grand-canonical ensemble of

* big particlesC = (N;Ry,...,Ryn),

e small particles 7 = (n;ry,...,rN),
with distribution

pe(C, F) = 1 _— enBN+psn—Up(C,F)
=F

¢ Goal: Compute ensemble average of A = A(C)

(A)F = f pe(C, F)A(C)dC dF

I & & 1
— _— C,F)A(C)dRy---dRydr;---r
= 2 X v [eic.FrA@ R - Ry ar,
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Model problem
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Coarse-grained model

e |Integrating out small particles gives intractable
marginal

1
pm(C) = f PE(C,F) dF = - ehsN+Uu(©),
Em

e Coarse-grained approximation

pc(C) = Hie#BN—UC(C)
=C

where

N-1 N
Uc(C) = NAp + Z Z Va(IRi — Ry ).

i=1 j=i+1

Paul Rohrbach Multilevel simulation of hard-sphere mixtures

3 May 2022

5/20



Coarse-grained model — Accuracy

* Coarse-grained model: RED potential*
— accurate, but not exact
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4Roth, R., Evans, R., & Dietrich, S. (2000). Depletion potential in hard-sphere mixtures: Theory and applications. Phys.
Rev. E, 62, 5360.
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Connecting coarse and fine

¢ Importance sampling:

(A = w(C)A(C))c

with importance weight

* Importance sampling still works if
* w(C)ocpm(C)/pc(C),

¢ w(C) is an unbiased estimator of the

unnormalised weight.
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Computing importance weights

* The marginal density is a partition function
pm(C)oc f etBN+psn=Us(C.F) 4 F

= e"PNE[C, ps].

o] directly

e For small py « pg, evaluate =[C
* Unbiased estimate of Z[C, us]/Z[C, o] via Annealed

Importance Sampling®
such that (@(C)) oc pm(C)/pc(C)

= w(C) =
( ) e_UC(C)
3 May 2022 8/20

5Neal, R.M. (2001). Annealed importance sampling. Stat. Comput. , 11(2), 125-139.




Two-level Monte Carlo

For coarse samples Cq,...,Cy ~ pc, We have
* A = 3 XL AC) ~ (A,
o Ap = 47 3L (CHA(C)) ~ (A,
where the weights are normalised to ; Zj”il w(Cj) = 1.

We can reduce the variance by computing a difference estimate
© A= 3 @(C)) — 1) AC)) ~ (A — (A,
® AF,A = AC + A.
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Applications and limitations 75|+ demixed fluids *
°
criticality

FM+C

e Critical point of demixing® fluid mixture
* system size L = 4op
e ¢=11/1, ng~0.301 0 pB

e Computation possible but substantial effort required
* Weight computations fully parallel

¢ Performance determined by

* Accuracy of coarse level D,z (pw | pc)
* Variance of weights @(C)

6Kobayashi, H., PBR, Scheichl, R., Wilding, N. B., & Jack, R. L. (2021). Critical point for demixing of binary hard spheres.
Phys. Rev. E, 104(4), 044603.
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Section 2

Three- and higher level methods
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Three-level method
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Three-level method Il

annealing

resampling

annealing




Algorithm

¢ Random-weight sequential Monte Carlo
* Repeat importance weighting — resampling steps for further levels

Buieauue

e Estimators
o AF = L3 ir(C2 FRACY) ~ (A
o AF, = Ac+ Af+ AR ~ (A
e CLT for final-level estimators as M — oo by adapting SMC results”

Bujdwesal

e Potential benefits of resampling
* Focus on relevant configurations
* Tapering of population
* Improved control variates for difference estimate

Buireauue

7Cappé, O., et al (2005). Inference in Hidden Markov Models. Springer-Verlag.
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Intermediate level
For fixed coarse configuation C:

1. Suppress small particle insertion

E(r) = E(dist(r,C))

2. Estimate restricted small particle partition function
3. Approximate missing factor

— square-gradient approximation

X
0.0-
S
(o))
~0.51
Accuracy: ~
~%— pc e p
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105 110 115  12.0
r
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Numerical example

Compare two- and three level method
* Intermediate level is halfway point
e Same annealing schedule
e What is the effect of resampling?

Buieauue

e Quantity of interest: coordination number

10.73 -
N, = 47rf r2g(r)pdr
10

g(r)

(N ~ 1.61, (N.)g ~ 1.56.

0 co 00000000000
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r

Paul Rohrbach Multilevel simulation of hard-sphere mixtures 3 May 2022 16/20




Numerical example |l
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What is the effect of resampling?

Final-level estimate only
Simplifying assumptions

* Cy,...,Cpy ~ pg id.

L4 <A>|: =0

* Equivalent annealing schedule

)
=]
=1
@
=
=]

Q

Two-level method Three-level method
* VMAr 2> N((AF, Zr) o VMAE 2) N (), T
* S =By | (@(Cae(C FIAC) || e S =By [ (e ELir(C F)] AC))’| +

Ey, | (ie(C%, F)A(CY)’|

e Tapering can balance two variance contributions
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Summary

¢ Three-level method makes efficient use of

intermediate information .%

e Application to hard-sphere mixture limited by
intermediate level

* Fitting 2 + 3-body potential expensive but more
accurate

Buireauue

e Further applications to models with natural
mutli-scale description

* Multiblob polymer models
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Questions?
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