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Setting

m F:=F, a finite field, s.t. |F'| = ¢ and CharF' = p.

m [ ::ForFozF\/a.
m V: a finite dimensional e-Hermitian space over F.
m U(V) the isometry group of V.
m (V, V') dual pair of Hermitian spaces (e - ¢ = —1)
\ Uv) \ uv’) \
(A) unitary gp. unitary gp.
(B) | odd orthogonal gp. “metaplectic” gp.
(D) | even orthogonal gp. symplectic gp. pF£ 2
(C) symplectic gp. even orthogonal gp.
(5) “metaplectic” gp. | odd orthogonal gp.
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Theta lifting

m U(V)xUWV) — UV @p V')

m wygy Weil representationo of U(V ®@p V') (by Gérardin)
m £ the quadratic character of F'*

m (modified) Weil representation

WyepV! type (A)'
1 3: !
wpyr =4 ((Eodety)2dmrV ®1) @ wyg,vr type (B) (D),
1X (€o detvf)%dimFV Quwygpv  type (C) (5)
m Orthogonal gp. acts geometrically in Schrodinger model.
m Theta lifting

Ovyr: Rep(U(V)) — Rep(U(V))
o = Homy (o, wy,v)

3/19



Certain parabolic induction

m V; =V @ H (H the hyperbolic space)
m Fix a parabolic subgp. P, of U(V}) with Levi

L;=GL1(F)x--xGL1(F) xU(V)

Vv
I-terms

m Character of GL;(F): B
X := & in type (C), or 1 otherwise.

m For o € Rep(U(V)),

Ji(o) = Indp* xR - K x Ko

I-terms

o is O-cuspidal

< o dose not occur in J,(og) for any r and og
where V 2V, @ H" and o € Rep(U(V))).

m cuspdial = f-cuspidal
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f-cuspdial representation

V' a Witt tower

First occurence index

nyy (o) :=min{dim V' | Oy /(o) #0,V € V'}

m Assume o is 6-cuspidal.

Arguments in Mceglin-Vignéras-Waldspurger =

Oy (o) is irreducible and O-cuspidal at  first occurrence.

Oy (o) is irreducible and non-f-cuspidal after first occurrence.
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Conservation relation |

m Assume o is 6-cuspidal.

Theorem (Conservation relation) Let V' be the companion Witt tower.
nyy (o) +ny 3 (o) = 2dim V + 6

Type (A): § =1, parity of V' # parity of V.

Type (C),(C): 6 = 2, parity of~]~2’ = parity of V'
disc. of V' # disc. of V'.

m Type (B),(D): 6 =0, V' =V, but define

Ny 30 (0) == min { dim V' | Homyyy (o, wy,y @ det) # 0, V' € V')

By Sun-Zhu, ¢ is the max. dim. of an anisotropic ¢-Hermition space.
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Hekce algebra attached to o (f-cuspidal)

m H := Endyy;)(Ji(0)) acts on HomU(W)(\?l(U)»Ww,VZ’,) by right
composition.

We prefer left action!

m Ho={f:G— Endc(o)) | f(prgp2) = o) (p1) f(g)e) (p2) }.
m W = Normyy;)(L;)/Li £ W, =S x {1}
m Tits’ lifting: W — Normyy;) (L), w = .
m A basis of H (as a vector space):
{Ty | we W } such that

Supp(Tw) = P P

Tyw(w) = idolv

Howlett-Lehrer: H is isomorphic to the Hecke algebra of W,
with unequal parameters

BB

upto a 2-cocycle (from the extension of o; to Normyy; (L))
Lusztig (unipotent repn.), Geck (in general)
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Hecke algebra

A 2-cocycle
Howlett-Lehrer (Lemma 6.5):

‘H has a 1-dim repn. = 2-cocycle is trivial.

@ HomU(Vl)XU(V/) (Ji(o) ® U/,le’V/) is 1-dim,
if o/ is the first occurrence lifting of o.
parameters of H?

The quadratic relation (s is a simple reflection)
(Ts — C1)(Ts — C2) =0

can be determined if we consider two different 1-dim repn. of H.

@ 3 another 1-dim repn. by changing Witt tower!
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Hecke algebra of W,

m Dynkin diagram

q q q qg "
oO—0O---- Oo—0O—=0
51 52 Si—2 Si-1 1

m Hecke algebra H;(q, ¢*) is the algebra over C with

1. basis {7, | w € W, } such that
2. 7:u1w2 = 7:1,17:”2 when l(wlwg) = l(wl) + l(wg),
4 (T + 1)(Ty, — ¢*) = 0.

m generic Hecke algebra 7 (v, v*) (free over Z[l/%, v

N[

)

replace g by an indeterminant v.
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H-action

= Assume o <25 o/, o and o’ f-cuspidal
m M :=Homp, (o1 ® o', wy,v7)
m Ty (recall Ty (w) =id,y) and ¢ € M

Tw-¢= E ut o @, UwZHUa
u€lw a>0
wa<0
q q q q q*
O—Or------- O—O—
51 52 S1—2 Si1—1 t

B Ty = Ty T, if lwiwe) = (wy) + 1(w2)
] (T5k+1)(Tsk —q) :Ofork:1727... 7[_1
u (Ttl)Q - CTkl —A

A=—x(-1|Uy| = —x(—l)qdimv+%5
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Fourier Transform

V=V eVaeV .
m Mixed model:
wy v = C[Homp(V;H, V)] @ wyyr (%)

Ioe M C (C[HOHIF(V'Z—'_, V/)] ® HomU(V)XU(V/) (0’ & O'/,wV’V/).
SuppZy ={0} C HomF(VlJr, V7.

wy.v(£) acts on (x) by partial Fourier transform.

Ttl . IO = Z Wy, v (u) WW,V’(il)IO = 01 IO

uely Fourier

truncation

—LdimVv’
Ci= v |Uylg 2™
~—~
Weil index
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Normalization of H

m V the first occurrence of o w.r.t. the companion Witt tower V.
Cy = 1| Uy g2 4V
Co = 75 Uy g7 0V

W /v = —1

C1Cy = A = —x(=1)|Uy | = —x(~1)g"™V*2?

= Conservation relation

nV,V’(U) —|—nv1~),(a) =2dimV + 9

m Normalization: T;, := —Cl_l T;,.
m p=p(o) = 5(nvy(0) = ny5(0))
=
MoTsddm g {21} o {£1)

(s,(a1,-,a1)) = ar1--q
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Main theorem of the general case

M= Homplxpl//(al ® U;’vaz,Vl’,)
Goal Understand M as H x H'-module
m = (v,v") an algebra free over R := Z[l/%, 1/_%].
m specialization of J#-module .# at q := . # ®r C, (v — q).

Main Theorem

There is an J x #'-module .#, free over R (constructed explicitly)
such that

® specialization of .# at g = M

min{ 1,I’ }
® specialization of .Z at 1 =2 Ind Wi x Wiy el—r Xep Xep
p = Wi X AW x W, El—k k I'—k-
k=0

m + Adams-Moy = Aubert-Michel-Rouquier and Pan
m Lusztig/AMR’s normalization: p(o), u(o’) >0
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Conservation relation in the general case

m Suppose o € Irr(U(V)).
m c(o) =max{l>0|3o"s. t. o occursin J(o’) }
m ¢(0) =0« o is f-cuspidal

Conservation relation

nyy (o) +ny (o) + (o) = 2dim V + 4

m Obtained by Pan (2019) via a reduction to the unipotent case.
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Kudla's filtration

m Assume o <25 o/, o and o’ f-cuspidal

B M= Homplxpl/,(al ® Uffvaz,Vl’,)

Vi=ViteVeV adV, =V oV oV,

Mixed model: M C C[Hom(V;*,V}))] ® Home(o ® o' wyvr)

Im A is isotropic
2= { AeHom(V V) | 1amvr—o }

Z, = ZN{rank k maps}
B Borel subgroup of GL(V;"), H" := C[B"\GL(V;")/B"].
Kudla's filtration =

@ C(B" x Py)\Zy] =22 @, Fip = M

m M isa H" x Hj-module «~ " x -module .#

_ SlXWl/
] %y:l = @k Indsl—kXASkXWl/,k 1l—k X ]-k: X el —k
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Get hands dirty

m Aj; the minimal dim. orbit in (B” x P/)\Z;
o~ generater 7y, of Fj under H” x Hj,-action (Supp Z = Ax).
mtp= (11,1, 1,1, ,1) eW; =S x { £1}".
m Compute the T, 7;2 and T;,_, -actions on Zj,
To T = — q(dim v'—dimV+1~c—l’—%5)7;/;c T

+ (1 —q ') (terms in Fyq + Fr + Fr1)

7;l7k 'Ik - _ q2k—l/Ik
+ (¢ — 1)(terms in Fy)
+ terms in Fiq

m all coefficients are in Z[q%,q*%}
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Specialization at v = 1

m o is in a family of repn. (q varies), see Reeder.
= replace ¢ by v gives a 7 x #’'-module ./ .

m Specialize at v = 1 ~ a filtration of W; x Wy-module
0=Fort1 CF>r CF>p1 C-- CF>1 CFp=M
(r =min{l,l'}) whose graded piece

WZXWl/
Y
fzk/f2k+l = IndWl,kxAWkXWlliké—l*k X Ek X el —_k-
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