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§1. Introduction
To do

Construct the BV and BFV formalism of the H-twisted Poisson
sigma model

Purpose

Geometry and quantization of the twisted Poisson and the Dirac
structure (and higher structures)

Generalization of the AKSZ sigma models



Plan of Talk

(H-)twisted Poisson sigma model
BV Lagrangian formalism
Generalization of AKSZ formalism

(BFV Hamiltonian formalism)



§2. (H-)twisted Poisson sigma model (HPSM)

Twisted Poisson structure Klimcik-Strobl. Park, Severa-Weinstein

Definition 1. Let M be a smooth manifold. = € T'(A*TM) and
H € Q3(M) is a closed 3-form. (M,n,H) is a twisted Poisson
structure if

Smrl=(r@ren, H).

Note : It is a Dirac structure on T'M & T*M.

Theorem 1. Let (M, m, H) be a twisted Poisson structure. Then,
a Lie algebroid is defined on 1™ M.



Define

p = _ﬂ-ﬁa
o, Bl = Lit(a)B — Luspyr — d(w(a, 8)) + H(m*(a), 7%(8), —).

Here 7 : T*M — TM and o, 3 € QY(M). Then, (p,[—, —],) is a
Lie algebroid on 1™ M,

Definition 2. A Lie algebroid (F,|-,'],p) is a vector bundle
E — M together with a bundle morphism p: E — T M as well
as a Lie algebra (I'(E), |-,]), satisfying the Leibniz rule |s, fs'| =
fls,s'| + p(s)fs" foralls,s" € '(F) and f € C>*°(M).



Twisted Poisson sigma model Klimcik-Strobl, Park
(M, m, H): twisted Poisson manifold.

N: 3D manifold with a 2D boundary > = ON.

Fields: (X, A).

X:N—->M

A = A,do*: 1-form on X taking a value on X*T"M. (ot) =
(09, 01) are coordinates on X.

(X, A) is regarded as a local coordinate of maps, a : T — T*M.



The classical action functional is

N=8N N
Note : If H =0, it reduces to the Poisson sigma model (PSM).
Equations of motion are (7%, = O7% /0x")

F .= dXi+7TijAj =0,
Gi = dAZ + %ij,i Aj /\Ak + %Hwkde /\ka =0.



Hamiltonian formalism

Let X = Rx S'or T?. Let p; = Ay;, which is the spatial component
of A;. The symplectic form is

W= 7{ do (6X" A Opi + 5 Hj(X) 0X6X7 A 6X") |
Sl

where o = o! is the spatial coordinate and 9 = 9/00. This gives
the following fundamental classical Poisson brackets

{X'(0),X7(0")} = 0, {X'(0),p;(0")} =d";d(c — o),
{pi(0),pj(0")} = —Hiju(X)0X 6(0 — o).



The Hamiltonian is

H = dO-AOiJi,
g1

where J* = F} = 01 X" + 7 (X)p; is a constraint.

Theorem 2. If (m,H) is a twisted Poisson structure, J* consists
of a closed Lie algebra,

{J(0), 7 (0")} = = [ (X(0)) J*(0)d(0 — o).

where f,ij are the structure functions of the Lie algebroid induced
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from the twisted Poisson structure,

The mechanics is consistent with the twisted Poisson structure on
M. J* are called first class constraints.



Gauge transformation

Theorem 3. [If (w, H) is a twisted Poisson structure, the action
functional S is invariant under the following gauge transformation,
Kotov-Salnikov-Strobl

5 X! = —7Tij€j,
0A; = de; + ijn' Ajek —+ %ijHijl(Xm — WlmAm)Ek.
= de; + fgkAjek -+ %ijHiﬂ F! €L,

where F* = dX"+ 7Y A; and ¢; € C°(N, X*T*M).
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§3. Geometry of BV formalism
Gauge transformation
(SXZ = —7Tij€j,
5142 — dEZ' + fzjkAJGk -+ %ijHijl Fl €k.
Meaning of the third term in 0 A; becomes clear by introducing a
target space connection.
Gauge transformation with connection

The the action S of the HPSM is also invariant under the target
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space covariant gauge transformation with a connection,
O i g
0" X" = —m'e,
\Y% k k '
0VA; = de+ f] Aje—175 F7 €.

Here the Christoffel symbol of an affine connection V on the target
space M is

O
k _prk 1 _km N

®) O
with a torsion © = (7, H) and I'},=I'};. Nonzero H introduces the
torsion.
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BRST transformation

We consider on-shell closed BRST transformations. Replace
gauge parameters € by odd and anti-commuting ghost fields

c € C%(%, X *T*[1|M).

sX' = —m¢y,

sA; de; + fz-jkAjck — F,’lelck.

We put the BRST transformation of c,

ik
sc; = —ile,cly = =2 f1"cicp .
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Then, s? are

However s?A4; # 0,
Lemma 1. [I-Strobl] s?A, = —%Sijlejckcl,

where Mayer-Strobl, Abad-Crainic, Blaom, Kotov-Strobl
S = VT + 2Alt(1,Ry) € T(A*TM @ S*T*M).
IS a basic curvature.
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Here Ry € Q*(M,EndTM) is the curvature of the affine
connection V.

p € I'(T*M ® TM) is the anchor map, and Alt denotes an
antisymmetrization over 1M ® 1™ M.

T € T'(A*TM ® T*M) is the E-torsion of the Lie algebroid
covariant derivative,

T(e,e') = =V € + Ve + e €].

e,e/ e '(TM).
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Space of fields in BV
The space with classical fields and ghosts (fields in BRST) is

Mprst ={(X: X = M, A€ Q' (S, X*"T*M), c € C®(Z, X "T*[1]M))}.
The space of fields of the BV formulation is
Mpy :=T"|-1|MpRrsT.
Mgy is equipped with a degree —1 BV symplectic form,

Wwpy = /(5X?:/\(5X,L-+—|—(5Ai/\5A+i—|—5Ci/\(56+i).
>
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Bigrading fdeg is the form degree. gh is the ghost number.

fdeg(®™) = 2 — fdeg(®), gh(®1) = —1 — gh(P).
fdeg(X") =0, gh(X") =0,
fdeg(Ai) =1, gh(A;) =0,
fdeg(cs) = 0, gh(ci) = 1,
fdeg(X,") = 2, gh(X,;") = —1,
fdeg(AT") =1, gh(A1") = —1,
fdeg(ct") = 2, gh(c™) = -2
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BV functional

We construct a BV action functional which satisfies the classical
master equation,

(Spv,SBv) =0,

where (—, —) is a BV bracket defined from wpy . The BV functional
Is determined by the addition of further contributions to the minimal
BRST extension of the classical action:

Spv = Spv + Shv + S +

18



where (k) is the order of antifields .

Sg)\)/ — Scla
s = / (—1)e" )Pt sp = / (X sX'+ AT sA; — ¢ sqy)
> by

where ® denotes all fundamental fields in Mpggrsr. In general, the
expansion does not terminate.

Proposition 1. [I-Strobl] /n the HPSM, it does at level two,

SBV = Sj(gox)/ + S(Bl\)/ + 51(32‘)/,
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where
S(B2\)/ — / iSnkm (X)A+nA+kCiCj .
>

Proof. (Spv,Spy) = 0 is proven using the expansion Sy =
Sg)‘)/ + Sg‘)/ + Sg‘)/ and the BV brackets of fields.

A nontrivial identity is (Sg‘)/,S](__—?‘)/) = 0, which comes from the
Bianchi identity of the basic curvature:

Wm[lvmsnkij] 4 TT[;yb'lSnki]m 4 T;Zz[ismkjl] 4+ T];n[lsnmij] — 0.
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The resulting BV action functional is
Spy = / (Az AdX* —|—%7TZ‘7AZ /\Aj) —|—/ H
> N
+/Z [—Win;Lcj + ATEA (dci + fgkAjck — F,]ijjck) + ) ,iijrkcicj

- / 1S AT AR
>
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Manifestly target space covariant form

We define the covariantized antifield of X*:
XV =X +TH (AT AN Ap + cHey).

The manifestly covariant BV action is
SHy = /E (A, dX) + (1m0 X)(4,A)] +/NX*H
+/E (A%, De— (T o X)(A,¢)) — (10 X)(X Y, ¢)

e T o X )] + [ HAT (S0 X) (AT er0))

2
by
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§4. Superfield formalism

We consider an AKSZ-like formulation on a graded manifold. Here

we put I'Y;/= 0. (Even in the PSM, the AKSZ construction works in
this case.) Setting '}, — —3m" H,j,

Sy = / (AZ AdX* + %Wiin /N\ AJ> + / H
by N
—I—/ [—winjcj + AT A (dci + fgkAjck + %ﬂ'leilejCk)
by
—I‘l 1 +kCiCj —1 ( gj,k —|—%7TCi7Tja7deHnakacd) A—l_n A A+kCiC]} .

2JK € 1
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Mapping space of graded manifolds

All the fields in the BV phase space can be combined into elements
of the space of (not necessarily degree-preserving) maps:

Mpy = Hom(T[1]S, T*[1]M).

Let (o#,6") be coordinates on T'[1]X of degree (0,1). Superfields
are

X'(0,0) = X% o)—AT0,0)+c(0,0)

= X'(o) — H”A:z( )+ %9“9”07[5(0),
Ai(0,0) = —ci(o)+ Ai(0,0) + X{(0,0)

= —c;(0) + 0*Au(0) + 3070V X (o).

urt

/\/\
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deg(¢) := fdeg(¢) + gh(¢).
deg(X") = 0 and deg(A;) = 1,

The BV symplectic form is combined into the natural symplectic
form:

W= / d’cd?0 5 X6 A,;.
T[]

Note : Mpy and w are the same as the AKSZ construction of the
PSM.
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AKSZ procedure does not work

In the case of the PSM (H = 0), the BV functional S is simply
obtained from the classical action, S,;, by the replacements X — X,
A — A, the derivatives to the superdrerivatives, and the integration
on X to T[l]Z: S.1 — Spv. Alexandrov-Kontsevich-Schwartz-Zaboronsky

This procedure does not work in the case H # 0. In fact,

Spy = / d*od*0 [A;dX" + ir7(X) AAj] + / d’cd*0 H(X)
T[]z T[1]N

does not satisfy the classical master equation, (Spy, Spy) # 0.
Park, I-X.Xu
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Theorem 4. [I-Strobl] The BV action functional in terms of the
superfields X and A is ( € is the Euler vector field, € = 9“%. )

Spy = / d*od* [A;dX" + i7Y(X) A Aj] + / d’od’0 H(X)
T[] T[N
+/ d*od?0 {%(Wélﬂ'ijlmk)(X) A,L-AjeXk
T[]
3 Hypa) (X) Ai(dX7)e X ]
—I—/ d*od*0 {%(ﬂ'imﬂ'jnﬂ'qumqunpk)(X) A;A(eXMeX! .
T[]
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Proof. The expansion of Spy coincides with the BV action
functional Sy in Section 3. O
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Generalized AKSZ sigma model

Let > be a d dimensional manifold and M is a graded manifold.
Assume the BV symplectic form w of degree —1 on the mapping
space,

Mpy = Hom(T'[1]3, M).
The BV action functional Spgy, which is a homological function
(SBv,Spy) = 0 is constructed by

d
Spv = Y Sev(
k=0

where Spy (i) is the k-th order part of the Euler vector field €.
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Here Sy (o) is simply the replacement of fields to superfields in the
classical action S,;.

1. Spy k) =0 for k > 1 is the normal AKSZ formulation,

2. In the HPSM, SBV(k) =0 for k > 3.
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§5. BFV formalism

The BFV formalism is a pair of odd and even functions
(SBFV7HBFV) with a BFV symplectic form wppy such that

{Serv,SBrv} ={SBFv,HBrv} ={HBFVv,Hprv} =0,

where {—, —} is a Poisson bracket induced from wgpy .
Hpgry is an extension of the Hamiltonian.

SBry Is an extension of the 'charge’ of the symmetry.
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BFV formulation of twisted Poisson sigma models

We introduce two odd fields c;(0) € C°°(S', X*T*[1]M) and
b'(0) € C°(St, X*T[—1]M), such that the fundamental Poisson
brackets are {c;(c), (')} = 6;76(c — o).

The BFV symplectic form is
WBFV = % do (5Xz A op; + 0c; N 5b’ -+ %szk(X)aXz5Xj /N\ (SXk) :
g1

HBFV ~ 0 in the HPSM.
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SBFV
SBFV — % dU (Cz JZ 2 k; C’Lcjbk)
Sl
— 7{ do [Q’(@Xi —|—7Tijpj) -|—%( g+ 7T‘7m]7[klfm)b C’LCJ}
Sl

From the Poisson bracket

{J(0), 7 (0")} = =1/ (X(0)) J*(0)5(0 — ).

we obtain {SBF\/, SBFV} = 0.
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Superfield formalism

We reformulate Sgry using superfields.

S! is extended to a super-circle T[1]S! parametrized by the

coordinates (o, #) of degree zero and one, respectively. We consider
the super BFV phase space,

Mpry = Hom(T[1]S*, T*[1]M) .

Coordinates are the following superfields of degree 0 and 1,
respectively:

~

X¥0,0) := X'(0) 4+ 0b'(c),  Ai(0,0) := —c;(c) + Opi(o).
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Now the BFV symplectic form and the BFV-BRST charge become

WBFY = / dodd (55{’%’ ASA; + THij(X)dX 6 X9 A 55@) ,
T[1

]St

Spry = / dodd (A’ia)?wgwij()?)ﬁiﬁj
T[1]S?t

—I—%Wilﬂijklm(j(:) gzgj é’f(/k) :

where d = 00 is a super-derivative on T[1]S?, and & denotes the

Euler vector field, € = 9%.
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§9. Conclusions

e \We have constructed the BV formalism of the twisted Poisson
sigma model (HPSM).

e \We analyzed geometric structures of the BFV and BV formalisms
by introducing a target space connection. They are described by
geometry of a Lie algebroid.

e The superfield formulation is a generalization of the AKSZ sigma
models.

e We constructed the BFV formalism of the twisted PSM.
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Further work

[I-Strobl arXiv:2007.15912] We applyed the formula of Grigoriev-
Damgaard to construct the BV action from the Hamiltonian-BFV
formalism to the HPSM. A generalization of GD formalism is needed.

Outlook

e Quantization (a generalization of the deformation quantization)
Kontsevich, Cattaneo-Felder

e A generalization to the Dirac structure or higher structures. (a

Dirac sigma model, Kotov-Schaller-Strobl etc.)

e Generalized AKSZ sigma models?
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Thank you for your attention!
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