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Introduction



Freely-acting CY symmetries

CY 3-fold     with freely acting discrete symmetry  
<latexit sha1_base64="o1/8BwoRBuq94hOUYA4YY/bZXe4=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqseCF48t2A9oQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJ3dzvPKHSPJYPZpqgH9GR5CFn1Fip2R2UK27VXYCsEy8nFcjRGJS/+sOYpRFKwwTVuue5ifEzqgxnAmelfqoxoWxCR9izVNIItZ8tDp2RC6sMSRgrW9KQhfp7IqOR1tMosJ0RNWO96s3F/7xeasJbP+MySQ1KtlwUpoKYmMy/JkOukBkxtYQyxe2thI2poszYbEo2BG/15XXSvqp6tWqteV2p1/M4inAG53AJHtxAHe6hAS1ggPAMr/DmPDovzrvzsWwtOPnMKfyB8/kDuLGM5Q==</latexit>

X
<latexit sha1_base64="5RHlz5XfRxxfbv4rqLvMl6Gpdgo=">AAAB7XicbVDLSgNBEOyNrxhfUY9eBoPgKeyKRI8BD3qMYB6QLGF2MpuMmccyMyuEJf/gxYMiXv0fb/6Nk2QPmljQUFR1090VJZwZ6/vfXmFtfWNzq7hd2tnd2z8oHx61jEo1oU2iuNKdCBvKmaRNyyynnURTLCJO29H4Zua3n6g2TMkHO0loKPBQspgRbJ3U6t1iIXC/XPGr/hxolQQ5qUCORr/81RsokgoqLeHYmG7gJzbMsLaMcDot9VJDE0zGeEi7jkosqAmz+bVTdOaUAYqVdiUtmqu/JzIsjJmIyHUKbEdm2ZuJ/3nd1MbXYcZkkloqyWJRnHJkFZq9jgZMU2L5xBFMNHO3IjLCGhPrAiq5EILll1dJ66Ia1Kq1+8tKvZ7HUYQTOIVzCOAK6nAHDWgCgUd4hld485T34r17H4vWgpfPHMMfeJ8/WOOO/g==</latexit>

�

Then, the quotient       is a CY 3-fold.   
<latexit sha1_base64="dVmbiHPHM4G7xXreNkYv+okYyeE=">AAAB73icbVBNS8NAEJ34WetX1aOXxSJ4qolI9VjwoMcK9gPaUCbbTbt0N4m7G6GE/gkvHhTx6t/x5r9x2+agrQ8GHu/NMDMvSATXxnW/nZXVtfWNzcJWcXtnd2+/dHDY1HGqKGvQWMSqHaBmgkesYbgRrJ0ohjIQrBWMbqZ+64kpzePowYwT5kscRDzkFI2V2u3z7i1Kib1S2a24M5Bl4uWkDDnqvdJXtx/TVLLIUIFadzw3MX6GynAq2KTYTTVLkI5wwDqWRiiZ9rPZvRNyapU+CWNlKzJkpv6eyFBqPZaB7ZRohnrRm4r/eZ3UhNd+xqMkNSyi80VhKoiJyfR50ueKUSPGliBV3N5K6BAVUmMjKtoQvMWXl0nzouJVK9X7y3KtlsdRgGM4gTPw4ApqcAd1aAAFAc/wCm/Oo/PivDsf89YVJ585gj9wPn8Acu6PmQ==</latexit>

X/�

<latexit sha1_base64="ZHIZdmNsaNZD2BLgEf/h9/9DWJ0=">AAAB73icbVBNS8NAEJ34WetX1aOXxSLUS0lEqseCF48VbBtoQ9lsJ+3SzSbuboRS+ie8eFDEq3/Hm//GbZuDtj4YeLw3w8y8MBVcG9f9dtbWNza3tgs7xd29/YPD0tFxSyeZYthkiUiUH1KNgktsGm4E+qlCGocC2+Hodua3n1BpnsgHM04xiOlA8ogzaqzkd1Pe8yr+Ra9UdqvuHGSVeDkpQ45Gr/TV7Scsi1EaJqjWHc9NTTChynAmcFrsZhpTykZ0gB1LJY1RB5P5vVNybpU+iRJlSxoyV39PTGis9TgObWdMzVAvezPxP6+TmegmmHCZZgYlWyyKMkFMQmbPkz5XyIwYW0KZ4vZWwoZUUWZsREUbgrf88ippXVa9WrV2f1Wu1/M4CnAKZ1ABD66hDnfQgCYwEPAMr/DmPDovzrvzsWhdc/KZE/gD5/MH7pOPQQ==</latexit>

⇡1(X)
<latexit sha1_base64="DW7s8V7sXSW3g5X91Gsd45/6GMI=">AAACA3icbZDLSgMxFIYz9VbrbdSdboJFqJs6I1JdFlzosoK9QGcYMmmmDc1lSDJCKQU3voobF4q49SXc+Tam7Sy0+kPg4z/ncHL+OGVUG8/7cgpLyyura8X10sbm1vaOu7vX0jJTmDSxZFJ1YqQJo4I0DTWMdFJFEI8ZacfDq2m9fU+UplLcmVFKQo76giYUI2OtyD0IUhr5lc5pcI04RycBlqI/58gte1VvJvgX/BzKIFcjcj+DnsQZJ8JghrTu+l5qwjFShmJGJqUg0yRFeIj6pGtRIE50OJ7dMIHH1unBRCr7hIEz9+fEGHGtRzy2nRyZgV6sTc3/at3MJJfhmIo0M0Tg+aIkY9BIOA0E9qgi2LCRBYQVtX+FeIAUwsbGVrIh+Isn/4XWWdWvVWu35+V6PY+jCA7BEagAH1yAOrgBDdAEGDyAJ/ACXp1H59l5c97nrQUnn9kHv+R8fAOI35bW</latexit>

⇡1(X/�) ⇠= �If         is trivial, then                .  

Why are we interested?

•                         -> 3-folds with smaller Euler/Hodge numbers 
<latexit sha1_base64="0Zm4RTrahdeAFCebBEpe4cOiykE=">AAACCHicbVDLSsNAFJ3UV62vqEsXBovQbtpEpLoRCi50WcE+oC3lZjpph84kYWYilLRLN/6KGxeKuPUT3Pk3TpsstPXAhTPn3Mvce9yQUals+9vIrKyurW9kN3Nb2zu7e+b+QUMGkcCkjgMWiJYLkjDqk7qiipFWKAhwl5GmO7qe+c0HIiQN/Hs1DkmXw8CnHsWgtNQzjztEQaFV7twA51C8Sp7F8iQRJj0zb5fsOaxl4qQkj1LUeuZXpx/giBNfYQZSth07VN0YhKKYkWmuE0kSAh7BgLQ19YET2Y3nh0ytU630LS8QunxlzdXfEzFwKcfc1Z0c1FAuejPxP68dKe+yG1M/jBTxcfKRFzFLBdYsFatPBcGKjTUBLKje1cJDEICVzi6nQ3AWT14mjbOSUylV7s7z1WoaRxYdoRNUQA66QFV0i2qojjB6RM/oFb0ZT8aL8W58JK0ZI505RH9gfP4An+iYeQ==</latexit>

⌘(X/�) = ⌘(X)/|�|

• non-trivial            means we can have flat bundles (Wilson lines) 
<latexit sha1_base64="OAJmQbaJpHkZi2lPOyGVnL1Bq/8=">AAAB+HicbVBNS8NAEJ3Ur1o/GvXoJViEeqmJSPVY8KDHCvYDmhA22027dHcTdjdCLf0lXjwo4tWf4s1/47bNQVsfDDzem2FmXpQyqrTrfluFtfWNza3idmlnd2+/bB8ctlWSSUxaOGGJ7EZIEUYFaWmqGemmkiAeMdKJRjczv/NIpKKJeNDjlAQcDQSNKUbaSKFd9lMaetXuuX+LOEdnoV1xa+4czirxclKBHM3Q/vL7Cc44ERozpFTPc1MdTJDUFDMyLfmZIinCIzQgPUMF4kQFk/nhU+fUKH0nTqQpoZ25+ntigrhSYx6ZTo70UC17M/E/r5fp+DqYUJFmmgi8WBRnzNGJM0vB6VNJsGZjQxCW1Nzq4CGSCGuTVcmE4C2/vEraFzWvXqvfX1YajTyOIhzDCVTBgytowB00oQUYMniGV3iznqwX6936WLQWrHzmCP7A+vwBMN+SJg==</latexit>

⇡1(X/�)

• Wilson lines are crucial to construct physical heterotic models



Slight detour: standard model of particle physics from strings

group representation

<latexit sha1_base64="uxfQRdhYgvTHpa6QXFHDdx3fGYU=">AAACBXicbZC7SgNBFIZn4y3G26qlFoNBSJqwGyVaScDGMqKbCMkSZiezyZDZCzNnhbCksfFVbCwUsfUd7HwbJ8kKmvjDwMd/zuHM+b1YcAWW9WXklpZXVtfy64WNza3tHXN3r6miRFLm0EhE8s4jigkeMgc4CHYXS0YCT7CWN7yc1Fv3TCoehbcwipkbkH7IfU4JaKtrHt44pZNyB3jAFNZc/WGnZJe7ZtGqWFPhRbAzKKJMja752elFNAlYCFQQpdq2FYObEgmcCjYudBLFYkKHpM/aGkOiN7np9IoxPtZOD/uR1C8EPHV/T6QkUGoUeLozIDBQ87WJ+V+tnYB/7qY8jBNgIZ0t8hOBIcKTSHCPS0ZBjDQQKrn+K6YDIgkFHVxBh2DPn7wIzWrFrlVq16fF+kUWRx4doCNUQjY6Q3V0hRrIQRQ9oCf0gl6NR+PZeDPeZ605I5vZR39kfHwDyNiWNA==</latexit>

SU(3)⇥ SU(2)⇥ U(1)SM
<latexit sha1_base64="xJnIEWaL5S3pR8uP50Ektw42mBw="></latexit>

3⇥ [(3, 2)1 � (3̄, 1)�4 � (3̄, 1)2�
<latexit sha1_base64="BQVO310tSvFT5dYxHntseWw3hd0=">AAACEXicbVDLSgNBEJyNr7i+oh4FGRQhAQ27EaInCXjxGMEkQnZZZiezyZDZBzO9QljyC1486Xd48aCIV2/e/Bsnj4MmFjQUVd10d/mJ4Aos69vILSwuLa/kV8219Y3NrcL2TlPFqaSsQWMRy1ufKCZ4xBrAQbDbRDIS+oK1/P7lyG/dMal4HN3AIGFuSLoRDzgloCWvUDRNR7AAykX7uFLyspPToRMnIlVYC3bJq5Ycybs9cL3CoVW2xsDzxJ6Sw9r+4whPda/w5XRimoYsAiqIUm3bSsDNiAROBRuaTqpYQmifdFlb04iETLnZ+KMhPtJKBwex1BUBHqu/JzISKjUIfd0ZEuipWW8k/ue1UwjO3YxHSQosopNFQSowxHgUD+5wySiIgSaESq5vxbRHJKGgQzR1CPbsy/OkWSnb1XL1WqdxgSbIoz10gIrIRmeohq5QHTUQRffoGb2iN+PBeDHejY9Ja86YzuyiPzA+fwCz9Z42</latexit>

(1, 2)�3 � (1, 1)6)]

GUT2
<latexit sha1_base64="nWpcNmAkYXRO5GKrNWTv17Q2LE4=">AAAB73icbVDLSgNBEOzxGeMr6lGQwSDES9j1ED1JwIvHiOYByRJmJ7PJkNnZdWZWCEt+wov4QLz6O978G2eTHDSxoKGo6qa7y48F18ZxvtHS8srq2npuI7+5tb2zW9jbb+goUZTVaSQi1fKJZoJLVjfcCNaKFSOhL1jTH15lfvOBKc0jeWdGMfNC0pc84JQYK7VuYy5LrnPaLRSdsjMBXiTujBSrR88ZXmrdwlenF9EkZNJQQbRuu05svJQow6lg43wn0SwmdEj6rG2pJCHTXjq5d4xPrNLDQaRsSYMn6u+JlIRaj0LfdobEDPS8l4n/ee3EBBdeymWcGCbpdFGQCGwinD2Pe1wxasTIEkIVt7diOiCKUGMjytsQ3PmXF0njrOxWypUbm8YlTJGDQziGErhwDlW4hhrUgYKAR3iFN3SPntA7+pi2LqHZzAH8Afr8AQobkw4=</latexit>

Spin(10)
<latexit sha1_base64="zXXXCb/2DQ2TNovZzK1bghV+M7Y=">AAAB8XicbVA9SwNBEJ2LRmP8ilraLAYhVbgzEK0kYGMZwXxgEsLeZi9Zsrd37M4JIeRf2FgoYmtv71+w0n/j5qPQxAcDj/dmmJnnx1IYdN1vJ7W2nt7YzGxlt3d29/ZzB4d1EyWa8RqLZKSbPjVcCsVrKFDyZqw5DX3JG/7wauo37rk2IlK3OIp5J6R9JQLBKFrprtRGEXJDvHI3l3eL7gxklXgLkq+kS4X3L/VR7eY+272IJSFXyCQ1puW5MXbGVKNgkk+y7cTwmLIh7fOWpYraPZ3x7OIJObVKjwSRtqWQzNTfE2MaGjMKfdsZUhyYZW8q/ue1EgwuOmOh4gS5YvNFQSIJRmT6PukJzRnKkSWUaWFvJWxANWVoQ8raELzll1dJ/azolYvlG5vGJcyRgWM4gQJ4cA4VuIYq1ICBggd4gmfHOI/Oi/M6b005i5kj+APn7Qfxo5N2</latexit>

3⇥ 16

<latexit sha1_base64="sb9HXXt6fBL2dwMpf6Lap7sfOI4=">AAAB63icbZDLSgMxFIbP1Futt6pLN8EiuCozCq0rLbhxWcFeoB1KJs20oUlmSDJCGfoKblwo4tYn8Q3c+TZmpl1o6w+Bj/8/h5xzgpgzbVz32ymsrW9sbhW3Szu7e/sH5cOjto4SRWiLRDxS3QBrypmkLcMMp91YUSwCTjvB5DbLO49UaRbJBzONqS/wSLKQEWwyq09wPChX3KqbC62Ct4DKzedlruag/NUfRiQRVBrCsdY9z42Nn2JlGOF0VuonmsaYTPCI9ixKLKj203zWGTqzzhCFkbJPGpS7vztSLLSeisBWCmzGejnLzP+yXmLCKz9lMk4MlWT+UZhwZCKULY6GTFFi+NQCJorZWREZY4WJsecp2SN4yyuvQvui6tWqtXu30riGuYpwAqdwDh7UoQF30IQWEBjDE7zAqyOcZ+fNeZ+XFpxFzzH8kfPxA/l7kGk=</latexit>\
<latexit sha1_base64="+WAhql68OG3KYfSgIVgYnTeuAPQ=">AAAB73icbVC7SgNBFL0bXzG+ohYWNoNBsAq7FtEqBGwsI5gHJEuYncwmQ2Zn1plZJSz5CRsLRWz9Fjs7O7/Axh9w8ig08cCFwzn3cu89QcyZNq774WSWlldW17LruY3Nre2d/O5eXctEEVojkkvVDLCmnAlaM8xw2owVxVHAaSMYXIz9xi1VmklxbYYx9SPcEyxkBBsrNdtJjJWSd518wS26E6BF4s1IoXLw9fn9Vm5UO/n3dleSJKLCEI61bnlubPwUK8MIp6NcO9E0xmSAe7RlqcAR1X46uXeEjq3SRaFUtoRBE/X3RIojrYdRYDsjbPp63huL/3mtxITnfspEnBgqyHRRmHBkJBo/j7pMUWL40BJMFLO3ItLHChNjI8rZELz5lxdJ/bTolYqlK5tGGabIwiEcwQl4cAYVuIQq1IAAh3t4hCfnxnlwnp2XaWvGmc3swx84rz9y1ZSx</latexit>

"

GUT1
<latexit sha1_base64="jI8XOBEHi9FwqQQd7Ow8ed77PUE=">AAAB7nicbVBNS8NAEJ34WeNX1aMgi0Wol5IIVk9S8OKxomkLbSib7aZdutmE3Y1QQn+EF8GKePX3ePPfuGl70NYHA4/3ZpiZFyScKe0439bK6tr6xmZhy97e2d3bLx4cNlScSkI9EvNYtgKsKGeCepppTluJpDgKOG0Gw9vcbz5RqVgsHvUooX6E+4KFjGBtpKZtP3jly/NuseRUnCnQMnHnpFQ7ec0xqXeLX51eTNKICk04VqrtOon2Myw1I5yO7U6qaILJEPdp21CBI6r8bHruGJ0ZpYfCWJoSGk3V3xMZjpQaRYHpjLAeqEUvF//z2qkOr/2MiSTVVJDZojDlSMco/x31mKRE85EhmEhmbkVkgCUm2iRkmxDcxZeXSeOi4lYr1XuTxg3MUIBjOIUyuHAFNbiDOnhAYAjPMIE3K7FerHfrY9a6Ys1njuAPrM8fS2+R+g==</latexit>

SU(5)
<latexit sha1_base64="vg3Eb6IwcQEir5VoLOmuQ9DIMb4=">AAACDHicbVDLSgMxFM34rPVVdSlIsAiuyoxidSUFNy4r2Ad0hpJJM21oJhmSO0IZ+gFu3OtPuHGhiFs/wJ1/Y/pYaOuBwOHcc2/uPWEiuAHX/XYWFpeWV1Zza/n1jc2t7cLObt2oVFNWo0oo3QyJYYJLVgMOgjUTzUgcCtYI+1ejeuOOacOVvIVBwoKYdCWPOCVgpXaheOoDj5nxBYug5bm+SkRq/JDo7Gzoa97tQWBdbskdA88Tb0qKlYPHEZ6q7cKX31E0jZkEKogxdm4CQUY0cCrYMO+nhiWE9kmXtSyVxC4QZONjhvjIKh0cKW2fBDxWf3dkJDZmEIfWGRPomdnaSPyv1kohuggyLpMUmKSTj6JUYFB4lAzucM0oiIElhGpud8W0RzShYPPL2xC82ZPnSf2k5JVL5RubxiWaIIf20SE6Rh46RxV0jaqohii6R8/oFb05D86L8+58TKwLzrRnD/2B8/kDZcWfmQ==</latexit>

3⇥ [10� 5̄]

<latexit sha1_base64="sb9HXXt6fBL2dwMpf6Lap7sfOI4=">AAAB63icbZDLSgMxFIbP1Futt6pLN8EiuCozCq0rLbhxWcFeoB1KJs20oUlmSDJCGfoKblwo4tYn8Q3c+TZmpl1o6w+Bj/8/h5xzgpgzbVz32ymsrW9sbhW3Szu7e/sH5cOjto4SRWiLRDxS3QBrypmkLcMMp91YUSwCTjvB5DbLO49UaRbJBzONqS/wSLKQEWwyq09wPChX3KqbC62Ct4DKzedlruag/NUfRiQRVBrCsdY9z42Nn2JlGOF0VuonmsaYTPCI9ixKLKj203zWGTqzzhCFkbJPGpS7vztSLLSeisBWCmzGejnLzP+yXmLCKz9lMk4MlWT+UZhwZCKULY6GTFFi+NQCJorZWREZY4WJsecp2SN4yyuvQvui6tWqtXu30riGuYpwAqdwDh7UoQF30IQWEBjDE7zAqyOcZ+fNeZ+XFpxFzzH8kfPxA/l7kGk=</latexit>\
<latexit sha1_base64="+WAhql68OG3KYfSgIVgYnTeuAPQ=">AAAB73icbVC7SgNBFL0bXzG+ohYWNoNBsAq7FtEqBGwsI5gHJEuYncwmQ2Zn1plZJSz5CRsLRWz9Fjs7O7/Axh9w8ig08cCFwzn3cu89QcyZNq774WSWlldW17LruY3Nre2d/O5eXctEEVojkkvVDLCmnAlaM8xw2owVxVHAaSMYXIz9xi1VmklxbYYx9SPcEyxkBBsrNdtJjJWSd518wS26E6BF4s1IoXLw9fn9Vm5UO/n3dleSJKLCEI61bnlubPwUK8MIp6NcO9E0xmSAe7RlqcAR1X46uXeEjq3SRaFUtoRBE/X3RIojrYdRYDsjbPp63huL/3mtxITnfspEnBgqyHRRmHBkJBo/j7pMUWL40BJMFLO3ItLHChNjI8rZELz5lxdJ/bTolYqlK5tGGabIwiEcwQl4cAYVuIQq1IAAh3t4hCfnxnlwnp2XaWvGmc3swx84rz9y1ZSx</latexit>

"

In geometric string models

counted by an index (cohomology)

Wilson line:

preserves index



CY hyper-surfaces in toric four-folds

based on half a billion (473800776) reflexive 4d polytopes, as 
classified by Kreuzer and Skarke. M. Kreuzer, H. Skarke, hep-th/0002240 


freely-acting toric symmetries classified by Kreuzer and Batyrev:

only 16 cases among the half a billion! V. Batyrev, M. Kreuzer, math/0505432 


simplest example: quintic in    , coordinates              , 
                     generated by              , where  

<latexit sha1_base64="9pPQ2elaKI2eD4K3tHDXevKBbUA=">AAAB83icbVDLSgMxFL1TX7W+qi7dBIvgqsxIqS4LblxWsA/ojCVJM21oJjMkGaEM/Q03LhRx68+482/MtLPQ1gOBwzn3ck8OSQTXxnW/ndLG5tb2Tnm3srd/cHhUPT7p6jhVlHVoLGLVJ1gzwSXrGG4E6yeK4YgI1iPT29zvPTGleSwfzCxhQYTHkoecYmMl34+wmRCSteePjWG15tbdBdA68QpSgwLtYfXLH8U0jZg0VGCtB56bmCDDynAq2Lzip5olmE7xmA0slThiOsgWmefowiojFMbKPmnQQv29keFI61lE7GSeUa96ufifN0hNeBNkXCapYZIuD4WpQCZGeQFoxBWjRswswVRxmxXRCVaYGltTxZbgrX55nXSv6l6z3rxv1Fqtoo4ynME5XIIH19CCO2hDBygk8Ayv8Oakzovz7nwsR0tOsXMKf+B8/gDtFJGf</latexit>

P4
<latexit sha1_base64="NQ20J/6PBvphw3tQVACeENEgM2M=">AAAB+nicbVDLSgMxFM3UV62vqS7dBItQoZQZKdVlwY3LCvYB7TBkMmkbmkmGJKMtYz/FjQtF3Pol7vwb03YW2nrgwuGce7n3niBmVGnH+bZyG5tb2zv53cLe/sHhkV08biuRSExaWDAhuwFShFFOWppqRrqxJCgKGOkE45u533kgUlHB7/U0Jl6EhpwOKEbaSL5dLE98p9JnodAKViZ+7cK3S07VWQCuEzcjJZCh6dtf/VDgJCJcY4aU6rlOrL0USU0xI7NCP1EkRniMhqRnKEcRUV66OH0Gz40SwoGQpriGC/X3RIoipaZRYDojpEdq1ZuL/3m9RA+uvZTyONGE4+WiQcKgFnCeAwypJFizqSEIS2puhXiEJMLapFUwIbirL6+T9mXVrVfrd7VSo5HFkQen4AyUgQuuQAPcgiZoAQwewTN4BW/Wk/VivVsfy9aclc2cgD+wPn8AR/eSuw==</latexit>

(x0, . . . , x4)
<latexit sha1_base64="+toB0gwwwh/PNiWM6VQiYnqjsJw=">AAACAHicbVDLSsNAFJ34rPUVdeHCzWARXJVEtLosuNBlBfvAJoTJdNIOnZmEmYlQQjb+ihsXirj1M9z5N07aLLT1wIXDOfdy7z1hwqjSjvNtLS2vrK6tVzaqm1vbO7v23n5HxanEpI1jFsteiBRhVJC2ppqRXiIJ4iEj3XB8XfjdRyIVjcW9niTE52goaEQx0kYK7EPvBnGOPByLoceRHoVh9pAHF4Fdc+rOFHCRuCWpgRKtwP7yBjFOOREaM6RU33US7WdIaooZyateqkiC8BgNSd9QgThRfjZ9IIcnRhnAKJamhIZT9fdEhrhSEx6azuJGNe8V4n9eP9XRlZ9RkaSaCDxbFKUM6hgWacABlQRrNjEEYUnNrRCPkERYm8yqJgR3/uVF0jmru4164+681myWcVTAETgGp8AFl6AJbkELtAEGOXgGr+DNerJerHfrY9a6ZJUzB+APrM8fy1WWjA==</latexit>
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↵ = exp(2⇡i/5)

however: quintic in     has freely-acting symmetry                ,

            generated by               and 
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xa 7! x(a+1)mod 5

Can we classify all freely-acting symmetries of CY hyper-surfaces

(which `descend’ from the ambient space) in toric four-folds?



Case study: Complete intersections in products of projective spaces

there are 7890 topological types of complete CY intersections in 
products of projective spaces (CICYs)

Green, Hübsch, CMP 109, 99–108 (1987)

Candelas, Dale, Lütken, Schimmrigk, NPB 298 (1988) 493 


Their freely-acting symmetries which descent from linear actions

on the ambient space (cover) have been classified by Volker Braun.

Braun, arXiv:1003.3235 


There are 1695 symmetries on 195 CICYs (on 2.5% of CICYs).
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Notation and set-up
face fan    of 4d reflexive polytope        
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�� ⇢ N ⌦ R

Toric Automorphisms and Free Symmetries of
Toric Calabi-Yau hypersurfaces.

July 5, 2026

1 Some background on toric varieties

1.1 Notation and Setup

For a toric variety P⌃ defined via a fan ⌃, we denote the primitive ray gener-
ators by vi and the associated homogeneous coordinates by zi. We take the
(real) dimension of the vector space N⌦R to be 4 as this is our case of inter-
est. We shall assume that ⌃ is a simplicial fan, i.e. all cones of dimension k

in ⌃ are generated by k rays. In Cox’s homogeneous coordinate construction,
P⌃ is given by

P⌃ =
Ck

� Z

G
. (1)

where G = (C⇤)k�n
⇥ � for a finite abelian group �.

As in Batyrev’s construction, we assume that ⌃ is a refinement of the
face fan of the reflexive N-lattice polytope �� (which equals the normal fan
of its polar dual M-lattice polytope �) that is obtained by a fine regular star
triangulation of ��. As such, it is determined by a triangulation T of the
boundary of ��, and we can uniquely label simplices of T by a set of ray
generators, e.g. a 1-simplex labelled by sij is strechted between vi and vj.

Polar duality implies that there is a bijective map

p : ⇥�[`]
$ ⇥[3�`] (2)

between faces of dimension ` on � and faces of dimension 3� ` on �.

1
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G = (C⇤)k�4 ⇥ (finiteAbelian)
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(vi)i=1,...,kray generators               with associated coordinates  
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z = (z1, . . . , zk) 2 Ck

zero set

charge matrix 
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Q = (q1, . . . , qk)

CY            defined as zero locus of polynomial
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X ⇢ P⌃

linear relations
nX

i=1

qri vi = 0 (2.4)

between the generators vi. The coe�cients qri in these relations form a (n � 4) ⇥ n matrix Q, the

so-called charge matrix, whose columns we denote by qi. The continuous part of the toric group can

then be written as

Gcont = {(sq1 , . . . , s
qn) | s 2 (C⇤)n�4

} ⇠= (C⇤)n�4
, (2.5)

where s = (s1, . . . , sn�4) are the group parameters and we have used the short-hand notation s
qi =Qn�4

r=1 s
qri
r .

The toric variety A = P⌃ associated to the fan ⌃ can now be constructed as the quotient

A =
B

G
=

Cn
� Z(⌃)

G
. (2.6)

With the ambient space in hand, the family of polynomials defining the TCY manifolds X ⇢ A is finally

given by

p =
X

m2�\M
cm

Y

vi2��\N\{0}

x
hm,vii+1
i . (2.7)

for a choice of complex constants cm. The sum in this expression runs over all lattice point of the

Newton polytope � which can be obtained from �� using Eq. (2.1). The Hodge numbers h
1,1(X)

and h
2,1(X) of X can also be computed from the data encoded by the polytopes � and �� using the

well-known results from Ref. [14].

The following is an example of a global TCY construction, following the route outlined above. This

example will also be useful in order to illustrate our procedure for classifying symmetries and we will

repeatedly come back to it as we go along.

Example: Let us consider a polytope �� with five vertices v1, . . . ,v5 given by the columns of the

matrix

(v1, . . . ,v5) =

0

BBB@

�1 �1 1 �1 �1

0 0 �1 0 4

0 0 0 2 �2

0 1 0 0 �1

1

CCCA
. (2.8)

Furthermore, this polytope also contains the integral points v6 = (�1, 2,�1, 0) and v7 = (�1, 0, 1, 0),

which are interior to one-dimensional faces, the origin (0, 0, 0, 0), which is the unique interior point, as

well as the integral point v8 = (�1, 1, 0, 0), which is interior to a three-dimensional face and can, hence,

be neglected. The triangulation is unique and reads explicitly

tr(��) = {[v5,v6,v1,v7] , [v5,v6,v1,v3] , [v5,v6,v7,v4] , [v5,v6,v4,v3] ,

[v5,v1,v7,v3] , [v5,v7,v4,v3] , [v6,v1,v7,v2] , [v6,v1,v2,v3] ,

[v6,v7,v4,v2] , [v6,v4,v2,v3] , [v1,v7,v2,v3] , [v7,v4,v2,v3]} (2.9)

It follows that the zero set associated to this triangulation is described by the index set

I = {{1, 4}, {2, 5}, {3, 6, 7}} (2.10)
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Q: What is the symmetry group    of      which descends from           ?  
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H =
O

K2K
GL(K,C)
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G = P n H

G

blocks with

same chargespermutation of blocks
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Ambient space symmetry



Example for ambient space symmetry
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(v1, . . . , v5, v6, v7) =
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�1 �1 1 �1 �1 �1 �1
0 0 �1 0 4 2 0
0 0 0 2 �2 �1 1
0 1 0 0 �1 0 0

1

CCA
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) Q =

0

@
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0 1 0 0 1 �2 0
0 0 2 0 0 1 1

1

A
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where CGl(n,Cn)(G) is the centralizer of G in Gl(n,Cn). As before, we can write RA as the semi-direct

product

RA = PA n SA , PA = RA/SA . (2.33)

In other words, the group RA consists of all the elements of r 2 R which normalize G, that is, all r 2 R

for which the equations

s
qr(i) = s̃

qi (2.34)

have solutions s̃ 2 (C⇤)n�4 for all s 2 (C⇤)n�4. Then PA contains permutations in RA which preserve

the order of indices within each block K 2 K but permute the blocks with one another. Hence, PA can

also be viewed as a sub-group of S(K), the permutation group of the blocks K 2 K. With this notation

the symmetry group of the toric space A can be written as

GA = PA n (HA/G) , HA =
O

K2K
Gl(K,C) . (2.35)

As usual, the above semi-direct product is defined by the multiplication rule

(p, h)(p̃, h̃) := (pp̃, p̃�1
hp̃h̃) (2.36)

for p, p̃ 2 PA and h, h̃ 2 HA/G. Evidently, this symmetry group has the same structure as its upstairs

counterpart. There is a continuous part, HA/G, with blocks of general linear groups acting on the

homogeneous coordinates in a way that is consistent with the structure of A, and a discrete part, PA,

which permutes these blocks. For our example, following the above steps leads to the following.

Example: The charge matrix (2.12) for our example shows that the index set K is given by

K = {{1, 4}, {2, 5}, {3}, {6}, {7}} . (2.37)

This is indeed merely a refinement of the index set J in Eq. (2.19) so that the intersection of J and

K does indeed not lead to a new index set, in line with our earlier claim. If we write the charge

vectors (2.12) as

q{1,4} =

0

B@
1

0

0

1

CA , q{2,5} =

0

B@
0

1

0

1

CA , q{3} =

0

B@
0

0

2

1

CA , q{6} =

0

B@
0

�2

1

1

CA , q{7} =

0

B@
�2

0

1

1

CA , (2.38)

then, from Eq. (2.31), the toric group can be written as

G = Gq{1,4}({1, 4})⇥ Gq{2,5}({2, 5})⇥ Gq{3}({3})⇥ Gq{6}({6})⇥ Gq{7}({7}) . (2.39)

In practice, adopting the coordinate ordering ((1, 4), (2, 5), (3), (6), (7)) as before, the elements of G are

given by the 7⇥ 7 matrices

g = diag(sq{1,4} , s
q{1,4} , s

q{2,5} , s
q{2,5} , s

q{3} , s
q{6} , s

q{7}) , (2.40)

with s = (s1, s2, s3) the three parameters of the toric group. From Eq. (2.35), we also find

HA = Gl({1, 4})⇥Gl({2, 5})⇥Gl({3})⇥Gl({6})⇥Gl({7}) , (2.41)

12
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G = P n H

G where 

where CGl(n,Cn)(G) is the centralizer of G in Gl(n,Cn). As before, we can write RA as the semi-direct

product

RA = PA n SA , PA = RA/SA . (2.33)

In other words, the group RA consists of all the elements of r 2 R which normalize G, that is, all r 2 R

for which the equations

s
qr(i) = s̃

qi (2.34)

have solutions s̃ 2 (C⇤)n�4 for all s 2 (C⇤)n�4. Then PA contains permutations in RA which preserve

the order of indices within each block K 2 K but permute the blocks with one another. Hence, PA can

also be viewed as a sub-group of S(K), the permutation group of the blocks K 2 K. With this notation

the symmetry group of the toric space A can be written as

GA = PA n (HA/G) , HA =
O

K2K
Gl(K,C) . (2.35)

As usual, the above semi-direct product is defined by the multiplication rule

(p, h)(p̃, h̃) := (pp̃, p̃�1
hp̃h̃) (2.36)

for p, p̃ 2 PA and h, h̃ 2 HA/G. Evidently, this symmetry group has the same structure as its upstairs

counterpart. There is a continuous part, HA/G, with blocks of general linear groups acting on the

homogeneous coordinates in a way that is consistent with the structure of A, and a discrete part, PA,

which permutes these blocks. For our example, following the above steps leads to the following.

Example: The charge matrix (2.12) for our example shows that the index set K is given by

K = {{1, 4}, {2, 5}, {3}, {6}, {7}} . (2.37)

This is indeed merely a refinement of the index set J in Eq. (2.19) so that the intersection of J and

K does indeed not lead to a new index set, in line with our earlier claim. If we write the charge

vectors (2.12) as

q{1,4} =
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then, from Eq. (2.31), the toric group can be written as

G = Gq{1,4}({1, 4})⇥ Gq{2,5}({2, 5})⇥ Gq{3}({3})⇥ Gq{6}({6})⇥ Gq{7}({7}) . (2.39)

In practice, adopting the coordinate ordering ((1, 4), (2, 5), (3), (6), (7)) as before, the elements of G are

given by the 7⇥ 7 matrices

g = diag(sq{1,4} , s
q{1,4} , s

q{2,5} , s
q{2,5} , s

q{3} , s
q{6} , s

q{7}) , (2.40)

with s = (s1, s2, s3) the three parameters of the toric group. From Eq. (2.35), we also find

HA = Gl({1, 4})⇥Gl({2, 5})⇥Gl({3})⇥Gl({6})⇥Gl({7}) , (2.41)
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where CGl(n,Cn)(G) is the centralizer of G in Gl(n,Cn). As before, we can write RA as the semi-direct

product

RA = PA n SA , PA = RA/SA . (2.33)

In other words, the group RA consists of all the elements of r 2 R which normalize G, that is, all r 2 R

for which the equations

s
qr(i) = s̃

qi (2.34)

have solutions s̃ 2 (C⇤)n�4 for all s 2 (C⇤)n�4. Then PA contains permutations in RA which preserve

the order of indices within each block K 2 K but permute the blocks with one another. Hence, PA can

also be viewed as a sub-group of S(K), the permutation group of the blocks K 2 K. With this notation

the symmetry group of the toric space A can be written as

GA = PA n (HA/G) , HA =
O

K2K
Gl(K,C) . (2.35)

As usual, the above semi-direct product is defined by the multiplication rule

(p, h)(p̃, h̃) := (pp̃, p̃�1
hp̃h̃) (2.36)

for p, p̃ 2 PA and h, h̃ 2 HA/G. Evidently, this symmetry group has the same structure as its upstairs

counterpart. There is a continuous part, HA/G, with blocks of general linear groups acting on the

homogeneous coordinates in a way that is consistent with the structure of A, and a discrete part, PA,

which permutes these blocks. For our example, following the above steps leads to the following.

Example: The charge matrix (2.12) for our example shows that the index set K is given by

K = {{1, 4}, {2, 5}, {3}, {6}, {7}} . (2.37)

This is indeed merely a refinement of the index set J in Eq. (2.19) so that the intersection of J and

K does indeed not lead to a new index set, in line with our earlier claim. If we write the charge

vectors (2.12) as
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then, from Eq. (2.31), the toric group can be written as

G = Gq{1,4}({1, 4})⇥ Gq{2,5}({2, 5})⇥ Gq{3}({3})⇥ Gq{6}({6})⇥ Gq{7}({7}) . (2.39)

In practice, adopting the coordinate ordering ((1, 4), (2, 5), (3), (6), (7)) as before, the elements of G are

given by the 7⇥ 7 matrices

g = diag(sq{1,4} , s
q{1,4} , s

q{2,5} , s
q{2,5} , s

q{3} , s
q{6} , s

q{7}) , (2.40)

with s = (s1, s2, s3) the three parameters of the toric group. From Eq. (2.35), we also find

HA = Gl({1, 4})⇥Gl({2, 5})⇥Gl({3})⇥Gl({6})⇥Gl({7}) , (2.41)
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P ⇠= Z2 generated by 

with associated matrices h 2 HA of the form

h =

0

BBBBB@

h2 0 0 0 0

0 h̃2 0 0 0

0 0 h1 0 0

0 0 0 h̃1 0

0 0 0 0 h
0
1

1

CCCCCA
, (2.42)

where h2, h̃2 are general linear 2 ⇥ 2 matrices and h1, h̃1, h
0
1 2 C⇤. The permutation part PA can be

determined by solving the Eqs. (2.34) for this case, using the charge matrix (2.12). The result is that

PA is generated by the matrix

p̃ =

0

BBBBB@

0 2 0 0 0

2 0 0 0 0

0 0 1 0 0

0 0 0 0 1

0 0 0 1 0

1

CCCCCA
, (2.43)

which simultaneously permutes the blocks (1, 4) with (2, 5) and (6) with (7). Hence PA
⇠= S2.

2.4 Construction of representations

Having determined the symmetry group GA of the toric ambient space, our next step is to study group

monomorphisms R : � ! GA from a finite group �. Given the structure of GA in Eq. (2.35), for � 2 �,

we can always write

R(�) = (⇡(�), r(�)) where ⇡ : � ! PA , r : � ! HA/G . (2.44)

The multiplication rule (2.36) in GA means that the maps ⇡ and r must satisfy

⇡(��̃) = ⇡(�)⇡(�̃) , r(��̃) = ⇡(�̃)�1
r(�)⇡(�̃)r(�̃) , (2.45)

and, hence, ⇡ : � ! PA is a group homomorphism (indeed a permutation representation given that PA

can be viewed as a sub-group of the permutation group S(K) and r : � ! HA/G is a ⇡-homomorphism.

Therefore, we proceed by first generating the permutation representations ⇡ and then, for each ⇡, the

corresponding ⇡-representations r.

Permutation representations can be obtained by a standard method available in the Mathematics lit-

erature, see for example Ref. [16], particularly Section 2, for details. Broadly, this method works as

follows. For a permutation representation ⇡ : � ! S(K), where S(K) is the permutation group of the

blocks K 2 K, the set K splits into subsets Ki on each of which ⇡ acts transitively. For an x 2 Ki we

denote by Hi ⇢ � the stabiliser sub-group of x. Then the coset �/Hi and Ki can be identified via the

map Hi� ! �x for � 2 �. The action of the permutation representation ⇡ on Ki can now be described,

via this identification, by a right-multiplication on the cosets in �/Hi. Hence, in essence, all that is

required to construct the permutation representations ⇡ : � ! S(K) is knowledge of all the sub-groups

of �, something that can be worked out by standard group theory methods. From those representations

⇡ we then have to select the ones whose image is contained in PA ⇢ S(K). Note that, while we are

asking for the full representation R to be injective, this does not necessarily have to be the case for ⇡.
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CY symmetry

We are looking for group (mono-)morphisms               such that 
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R : � ! G

•         leaves     (for suitable choices of   ) invariant   
<latexit sha1_base64="ojpOwDWjg2Qn7chHtYOyX4c+2y8=">AAAB8HicbVBNSwMxEM3Wr1q/qh69BItQL2VXpHqSggc9VrEf0i5lNs22oUl2SbJCWforvHhQxKs/x5v/xrTdg7Y+GHi8N8PMvCDmTBvX/XZyK6tr6xv5zcLW9s7uXnH/oKmjRBHaIBGPVDsATTmTtGGY4bQdKwoi4LQVjK6nfuuJKs0i+WDGMfUFDCQLGQFjpcf7cvcGhIDTXrHkVtwZ8DLxMlJCGeq94le3H5FEUGkIB607nhsbPwVlGOF0UugmmsZARjCgHUslCKr9dHbwBJ9YpY/DSNmSBs/U3xMpCK3HIrCdAsxQL3pT8T+vk5jw0k+ZjBNDJZkvChOOTYSn3+M+U5QYPrYEiGL2VkyGoIAYm1HBhuAtvrxMmmcVr1qp3p2XaldZHHl0hI5RGXnoAtXQLaqjBiJIoGf0it4c5bw4787HvDXnZDOH6A+czx/EG4+9</latexit>

R(�)
<latexit sha1_base64="mD1sP3Mnft0t/MlLvPlAVoyrK0M=">AAAB6HicbVBNS8NAEJ34WetX1aOXxSJ4KolI9SQFLx5bsB/QhrLZTtq1m03Y3Qgl9Bd48aCIV3+SN/+N2zYHbX0w8Hhvhpl5QSK4Nq777aytb2xubRd2irt7+weHpaPjlo5TxbDJYhGrTkA1Ci6xabgR2EkU0igQ2A7GdzO//YRK81g+mEmCfkSHkoecUWOlRqdfKrsVdw6ySryclCFHvV/66g1ilkYoDRNU667nJsbPqDKcCZwWe6nGhLIxHWLXUkkj1H42P3RKzq0yIGGsbElD5urviYxGWk+iwHZG1Iz0sjcT//O6qQlv/IzLJDUo2WJRmApiYjL7mgy4QmbExBLKFLe3EjaiijJjsynaELzll1dJ67LiVSvVxlW5dpvHUYBTOIML8OAaanAPdWgCA4RneIU359F5cd6dj0XrmpPPnMAfOJ8/uBeM4w==</latexit>

X <latexit sha1_base64="Sf90BmAMeCF6hSkbAVcH3AgskII=">AAAB6HicbVBNS8NAEJ34WetX1aOXxSJ4KolI9SQFLx5bsB/QhrLZTtq1m03Y3Qgl9Bd48aCIV3+SN/+N2zYHbX0w8Hhvhpl5QSK4Nq777aytb2xubRd2irt7+weHpaPjlo5TxbDJYhGrTkA1Ci6xabgR2EkU0igQ2A7GdzO//YRK81g+mEmCfkSHkoecUWOlRtIvld2KOwdZJV5OypCj3i999QYxSyOUhgmqdddzE+NnVBnOBE6LvVRjQtmYDrFrqaQRaj+bHzol51YZkDBWtqQhc/X3REYjrSdRYDsjakZ62ZuJ/3nd1IQ3fsZlkhqUbLEoTAUxMZl9TQZcITNiYgllittbCRtRRZmx2RRtCN7yy6ukdVnxqpVq46pcu83jKMApnMEFeHANNbiHOjSBAcIzvMKb8+i8OO/Ox6J1zclnTuAPnM8f3HeM+w==</latexit>p

•         does not have fix points on  
<latexit sha1_base64="ojpOwDWjg2Qn7chHtYOyX4c+2y8=">AAAB8HicbVBNSwMxEM3Wr1q/qh69BItQL2VXpHqSggc9VrEf0i5lNs22oUl2SbJCWforvHhQxKs/x5v/xrTdg7Y+GHi8N8PMvCDmTBvX/XZyK6tr6xv5zcLW9s7uXnH/oKmjRBHaIBGPVDsATTmTtGGY4bQdKwoi4LQVjK6nfuuJKs0i+WDGMfUFDCQLGQFjpcf7cvcGhIDTXrHkVtwZ8DLxMlJCGeq94le3H5FEUGkIB607nhsbPwVlGOF0UugmmsZARjCgHUslCKr9dHbwBJ9YpY/DSNmSBs/U3xMpCK3HIrCdAsxQL3pT8T+vk5jw0k+ZjBNDJZkvChOOTYSn3+M+U5QYPrYEiGL2VkyGoIAYm1HBhuAtvrxMmmcVr1qp3p2XaldZHHl0hI5RGXnoAtXQLaqjBiJIoGf0it4c5bw4787HvDXnZDOH6A+czx/EG4+9</latexit>

R(�)
<latexit sha1_base64="mD1sP3Mnft0t/MlLvPlAVoyrK0M=">AAAB6HicbVBNS8NAEJ34WetX1aOXxSJ4KolI9SQFLx5bsB/QhrLZTtq1m03Y3Qgl9Bd48aCIV3+SN/+N2zYHbX0w8Hhvhpl5QSK4Nq777aytb2xubRd2irt7+weHpaPjlo5TxbDJYhGrTkA1Ci6xabgR2EkU0igQ2A7GdzO//YRK81g+mEmCfkSHkoecUWOlRqdfKrsVdw6ySryclCFHvV/66g1ilkYoDRNU667nJsbPqDKcCZwWe6nGhLIxHWLXUkkj1H42P3RKzq0yIGGsbElD5urviYxGWk+iwHZG1Iz0sjcT//O6qQlv/IzLJDUo2WJRmApiYjL7mgy4QmbExBLKFLe3EjaiijJjsynaELzll1dJ67LiVSvVxlW5dpvHUYBTOIML8OAaanAPdWgCA4RneIU359F5cd6dj0XrmpPPnMAfOJ8/uBeM4w==</latexit>

X

•     is smooth
<latexit sha1_base64="mD1sP3Mnft0t/MlLvPlAVoyrK0M=">AAAB6HicbVBNS8NAEJ34WetX1aOXxSJ4KolI9SQFLx5bsB/QhrLZTtq1m03Y3Qgl9Bd48aCIV3+SN/+N2zYHbX0w8Hhvhpl5QSK4Nq777aytb2xubRd2irt7+weHpaPjlo5TxbDJYhGrTkA1Ci6xabgR2EkU0igQ2A7GdzO//YRK81g+mEmCfkSHkoecUWOlRqdfKrsVdw6ySryclCFHvV/66g1ilkYoDRNU667nJsbPqDKcCZwWe6nGhLIxHWLXUkkj1H42P3RKzq0yIGGsbElD5urviYxGWk+iwHZG1Iz0sjcT//O6qQlv/IzLJDUo2WJRmApiYjL7mgy4QmbExBLKFLe3EjaiijJjsynaELzll1dJ67LiVSvVxlW5dpvHUYBTOIML8OAaanAPdWgCA4RneIU359F5cd6dj0XrmpPPnMAfOJ8/uBeM4w==</latexit>

X

->            is a smooth CY three-fold
<latexit sha1_base64="lWRLR6VtRGhTwTlCzII0sdLpWUQ=">AAAB8nicdVDLSsNAFJ34rPVVdelmsAh1E9O0pnUjBRe6rGIfkIYymU7aoTNJmJkIJfQz3LhQxK1f486/cdJWUNEDFw7n3Mu99/gxo1JZ1oextLyyurae28hvbm3v7Bb29tsySgQmLRyxSHR9JAmjIWkpqhjpxoIg7jPS8ceXmd+5J0LSKLxTk5h4HA1DGlCMlJbc7ultqXeFOEcn/ULRMs/rjn1mQ8u0rJpdcTJi16p2BZa1kqEIFmj2C++9QYQTTkKFGZLSLVux8lIkFMWMTPO9RJIY4TEaElfTEHEivXR28hQea2UAg0joChWcqd8nUsSlnHBfd3KkRvK3l4l/eW6igrqX0jBOFAnxfFGQMKgimP0PB1QQrNhEE4QF1bdCPEICYaVTyusQvj6F/5O2bZYd07mpFhsXizhy4BAcgRIogxpogGvQBC2AQQQewBN4NpTxaLwYr/PWJWMxcwB+wHj7BEK/kJw=</latexit>

X/R(�)

K is a refinement of J , so HA = Gs. Furthermore, as shown in [3] [Theorem
A.12], only vertices of �� appear in non-trivial sets of K. This fits with the
fact that only vertices of �� have Demazure roots, see Proposition 1.9 above.

PA are permutations of coordinates which respect the defining data of P⌃

modulo permutations within the blocks defined by K, i.e. the Weyl group
W (N,⌃) of GA. Comparing this with 1.16 shows that

PA =
Aut(N,⌃)

W (N,⌃)
. (27)

Modulo W (N,⌃), PA is hence given by automorphisms of the fan ⌃. As
shown in 1.6 these form a subgroup of automorphism of the polytope.

[AB: argue that checking for GL part using Demazure root im-
plies polytope symmetry exists if GL part non-trivial, so only need
to scan for those]

1.6 Constraints on the order of symmetry groups

The order |�| of any group � of freely acting symmetries needs to divide
certain indices, which for faithful actions can in turn be used to constrain
which groups can appear [7]. Here, we are interested in describing these in
a way that is convenient for our setup and determine their dependence on
triangulations of ��.

Let TX and NX be the tangent and normal bundle of X. The following
indices then need to be divisible by |�|:

�k,` :=

Z

X

td(TX) ^ ch(NX
k
⌦ TX

`) (28)

with td the Todd class and

�k,` :=

Z

X

L(TX) ^ c̃h(NX
k
⌦ TX

`) (29)

with L the L-genus and c̃h the Chern character with the curvature rescaled
by a factor of 2.

Let us work out more concrete expressions in the present context. Using
the properties of the Chern characters and their relation to Chern classes,
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<latexit sha1_base64="DEYL6vh7oQlj6V/Sv9+EEVYAokU=">AAAB7XicbVDLSgNBEOz1GeMr6tHLYBA8hV2R6EkCHvQYwTwgWcLsZDYZM49lZlYIS/7BiwdFvPo/3vwbJ8keNLGgoajqprsrSjgz1ve/vZXVtfWNzcJWcXtnd2+/dHDYNCrVhDaI4kq3I2woZ5I2LLOcthNNsYg4bUWjm6nfeqLaMCUf7DihocADyWJGsHVSs3uLhcC9Utmv+DOgZRLkpAw56r3SV7evSCqotIRjYzqBn9gww9oywumk2E0NTTAZ4QHtOCqxoCbMZtdO0KlT+ihW2pW0aKb+nsiwMGYsItcpsB2aRW8q/ud1UhtfhRmTSWqpJPNFccqRVWj6OuozTYnlY0cw0czdisgQa0ysC6joQggWX14mzfNKUK1U7y/Ktes8jgIcwwmcQQCXUIM7qEMDCDzCM7zCm6e8F+/d+5i3rnj5zBH8gff5A1hJjvw=</latexit>

�
<latexit sha1_base64="dsAYJ0rcPna9JBy6zYSy23pWVFo=">AAAB73icbVDLSgNBEOz1GeMr6tHLYhA8hV2R6EkCHvQYwTwgWULvZDYZMjO7zswKIclPePGgiFd/x5t/4yTZgyYWNBRV3XR3hQln2njet7Oyura+sZnbym/v7O7tFw4O6zpOFaE1EvNYNUPUlDNJa4YZTpuJoihCThvh4GbqN56o0iyWD2aY0EBgT7KIETRWao7btygEjjuFolfyZnCXiZ+RImSodgpf7W5MUkGlIRy1bvleYoIRKsMIp5N8O9U0QTLAHm1ZKlFQHYxm907cU6t03ShWtqRxZ+rviREKrYcitJ0CTV8velPxP6+VmugqGDGZpIZKMl8Updw1sTt93u0yRYnhQ0uQKGZvdUkfFRJjI8rbEPzFl5dJ/bzkl0vl+4ti5TqLIwfHcAJn4MMlVOAOqlADAhye4RXenEfnxXl3PuatK042cwR/4Hz+AB/IkAg=</latexit>

|�|The group    is constrained since its order     has to divide the indices  
Candelas, Lutken, Schimmrigk, NPB 306, 1988.



Algorithm to find CY symmetries

•  Constrain the group order     from indices 
<latexit sha1_base64="dsAYJ0rcPna9JBy6zYSy23pWVFo=">AAAB73icbVDLSgNBEOz1GeMr6tHLYhA8hV2R6EkCHvQYwTwgWULvZDYZMjO7zswKIclPePGgiFd/x5t/4yTZgyYWNBRV3XR3hQln2njet7Oyura+sZnbym/v7O7tFw4O6zpOFaE1EvNYNUPUlDNJa4YZTpuJoihCThvh4GbqN56o0iyWD2aY0EBgT7KIETRWao7btygEjjuFolfyZnCXiZ+RImSodgpf7W5MUkGlIRy1bvleYoIRKsMIp5N8O9U0QTLAHm1ZKlFQHYxm907cU6t03ShWtqRxZ+rviREKrYcitJ0CTV8velPxP6+VmugqGDGZpIZKMl8Updw1sTt93u0yRYnhQ0uQKGZvdUkfFRJjI8rbEPzFl5dJ/bzkl0vl+4ti5TqLIwfHcAJn4MMlVOAOqlADAhye4RXenEfnxXl3PuatK042cwR/4Hz+AB/IkAg=</latexit>

|�|

•  Generate all finite groups    with these allowed group orders   
<latexit sha1_base64="DEYL6vh7oQlj6V/Sv9+EEVYAokU=">AAAB7XicbVDLSgNBEOz1GeMr6tHLYBA8hV2R6EkCHvQYwTwgWcLsZDYZM49lZlYIS/7BiwdFvPo/3vwbJ8keNLGgoajqprsrSjgz1ve/vZXVtfWNzcJWcXtnd2+/dHDYNCrVhDaI4kq3I2woZ5I2LLOcthNNsYg4bUWjm6nfeqLaMCUf7DihocADyWJGsHVSs3uLhcC9Utmv+DOgZRLkpAw56r3SV7evSCqotIRjYzqBn9gww9oywumk2E0NTTAZ4QHtOCqxoCbMZtdO0KlT+ihW2pW0aKb+nsiwMGYsItcpsB2aRW8q/ud1UhtfhRmTSWqpJPNFccqRVWj6OuozTYnlY0cw0czdisgQa0ysC6joQggWX14mzfNKUK1U7y/Ktes8jgIcwwmcQQCXUIM7qEMDCDzCM7zCm6e8F+/d+5i3rnj5zBH8gff5A1hJjvw=</latexit>

�

•  Determine the ambient space symmetry group   
<latexit sha1_base64="LjWh+lY/wYWAgq2RrqgGIru5fPY=">AAAB6HicbVDLSgNBEOyNrxhfUY9eBoPgKeyKRE8S8KDHBMwDkiXMTnqTMbOzy8ysEEK+wIsHRbz6Sd78GyfJHjSxoKGo6qa7K0gE18Z1v53c2vrG5lZ+u7Czu7d/UDw8auo4VQwbLBaxagdUo+ASG4Ybge1EIY0Cga1gdDvzW0+oNI/lgxkn6Ed0IHnIGTVWqt/1iiW37M5BVomXkRJkqPWKX91+zNIIpWGCat3x3MT4E6oMZwKnhW6qMaFsRAfYsVTSCLU/mR86JWdW6ZMwVrakIXP198SERlqPo8B2RtQM9bI3E//zOqkJr/0Jl0lqULLFojAVxMRk9jXpc4XMiLEllClubyVsSBVlxmZTsCF4yy+vkuZF2auUK/XLUvUmiyMPJ3AK5+DBFVThHmrQAAYIz/AKb86j8+K8Ox+L1pyTzRzDHzifP55TjNI=</latexit>

G

•  Find all group embeddings   
<latexit sha1_base64="KTBFHNQlUnvLDA1ntiY0PFmijZ0=">AAAB/nicbVBNS8NAEN3Ur1q/ouLJy2IRPJVEpIoHKXioxyr2A5pQJtttu3Q3CbsbpYSCf8WLB0W8+ju8+W/ctjlo64OBx3szzMwLYs6UdpxvK7e0vLK6ll8vbGxube/Yu3sNFSWS0DqJeCRbASjKWUjrmmlOW7GkIAJOm8HweuI3H6hULArv9SimvoB+yHqMgDZSxz64u/SqIAR4kvUHGqSMHnG1YxedkjMFXiRuRoooQ61jf3ndiCSChppwUKrtOrH2U5CaEU7HBS9RNAYyhD5tGxqCoMpPp+eP8bFRurgXSVOhxlP190QKQqmRCEynAD1Q895E/M9rJ7p34acsjBNNQzJb1Es41hGeZIG7TFKi+cgQIJKZWzEZgASiTWIFE4I7//IiaZyW3HKpfHtWrFxlceTRITpCJ8hF56iCblAN1RFBKXpGr+jNerJerHfrY9aas7KZffQH1ucPvmiVWw==</latexit>

R : � ! G

<latexit sha1_base64="Sf90BmAMeCF6hSkbAVcH3AgskII=">AAAB6HicbVBNS8NAEJ34WetX1aOXxSJ4KolI9SQFLx5bsB/QhrLZTtq1m03Y3Qgl9Bd48aCIV3+SN/+N2zYHbX0w8Hhvhpl5QSK4Nq777aytb2xubRd2irt7+weHpaPjlo5TxbDJYhGrTkA1Ci6xabgR2EkU0igQ2A7GdzO//YRK81g+mEmCfkSHkoecUWOlRtIvld2KOwdZJV5OypCj3i999QYxSyOUhgmqdddzE+NnVBnOBE6LvVRjQtmYDrFrqaQRaj+bHzol51YZkDBWtqQhc/X3REYjrSdRYDsjakZ62ZuJ/3nd1IQ3fsZlkhqUbLEoTAUxMZl9TQZcITNiYgllittbCRtRRZmx2RRtCN7yy6ukdVnxqpVq46pcu83jKMApnMEFeHANNbiHOjSBAcIzvMKb8+i8OO/Ox6J1zclnTuAPnM8f3HeM+w==</latexit>p
<latexit sha1_base64="ojpOwDWjg2Qn7chHtYOyX4c+2y8=">AAAB8HicbVBNSwMxEM3Wr1q/qh69BItQL2VXpHqSggc9VrEf0i5lNs22oUl2SbJCWforvHhQxKs/x5v/xrTdg7Y+GHi8N8PMvCDmTBvX/XZyK6tr6xv5zcLW9s7uXnH/oKmjRBHaIBGPVDsATTmTtGGY4bQdKwoi4LQVjK6nfuuJKs0i+WDGMfUFDCQLGQFjpcf7cvcGhIDTXrHkVtwZ8DLxMlJCGeq94le3H5FEUGkIB607nhsbPwVlGOF0UugmmsZARjCgHUslCKr9dHbwBJ9YpY/DSNmSBs/U3xMpCK3HIrCdAsxQL3pT8T+vk5jw0k+ZjBNDJZkvChOOTYSn3+M+U5QYPrYEiGL2VkyGoIAYm1HBhuAtvrxMmmcVr1qp3p2XaldZHHl0hI5RGXnoAtXQLaqjBiJIoGf0it4c5bw4787HvDXnZDOH6A+czx/EG4+9</latexit>

R(�)•  Find all defining polynomial   invariant under     

•  Check that the fix point set of        does not intersect CY       
<latexit sha1_base64="ojpOwDWjg2Qn7chHtYOyX4c+2y8=">AAAB8HicbVBNSwMxEM3Wr1q/qh69BItQL2VXpHqSggc9VrEf0i5lNs22oUl2SbJCWforvHhQxKs/x5v/xrTdg7Y+GHi8N8PMvCDmTBvX/XZyK6tr6xv5zcLW9s7uXnH/oKmjRBHaIBGPVDsATTmTtGGY4bQdKwoi4LQVjK6nfuuJKs0i+WDGMfUFDCQLGQFjpcf7cvcGhIDTXrHkVtwZ8DLxMlJCGeq94le3H5FEUGkIB607nhsbPwVlGOF0UugmmsZARjCgHUslCKr9dHbwBJ9YpY/DSNmSBs/U3xMpCK3HIrCdAsxQL3pT8T+vk5jw0k+ZjBNDJZkvChOOTYSn3+M+U5QYPrYEiGL2VkyGoIAYm1HBhuAtvrxMmmcVr1qp3p2XaldZHHl0hI5RGXnoAtXQLaqjBiJIoGf0it4c5bw4787HvDXnZDOH6A+czx/EG4+9</latexit>

R(�)
<latexit sha1_base64="xD35u45eE1Ju2kz5Z9xN8pbB54I=">AAAB8HicbVBNSwMxEJ2tX7V+VT16CRbBU9kVqV4qBS8eK9gP6S4lm2bb0CS7JFmhLP0VXjwo4tWf481/Y9ruQVsfDDzem2FmXphwpo3rfjuFtfWNza3idmlnd2//oHx41NZxqghtkZjHqhtiTTmTtGWY4bSbKIpFyGknHN/O/M4TVZrF8sFMEhoIPJQsYgQbKz12636W1F1/2i9X3Ko7B1olXk4qkKPZL3/5g5ikgkpDONa657mJCTKsDCOcTkt+qmmCyRgPac9SiQXVQTY/eIrOrDJAUaxsSYPm6u+JDAutJyK0nQKbkV72ZuJ/Xi810XWQMZmkhkqyWBSlHJkYzb5HA6YoMXxiCSaK2VsRGWGFibEZlWwI3vLLq6R9UfVq1dr9ZaVxk8dRhBM4hXPw4AoacAdNaAEBAc/wCm+Ocl6cd+dj0Vpw8plj+APn8wcmHo/9</latexit>

X = {p = 0}

•  Check that    is smooth for a generic invariant        
<latexit sha1_base64="mD1sP3Mnft0t/MlLvPlAVoyrK0M=">AAAB6HicbVBNS8NAEJ34WetX1aOXxSJ4KolI9SQFLx5bsB/QhrLZTtq1m03Y3Qgl9Bd48aCIV3+SN/+N2zYHbX0w8Hhvhpl5QSK4Nq777aytb2xubRd2irt7+weHpaPjlo5TxbDJYhGrTkA1Ci6xabgR2EkU0igQ2A7GdzO//YRK81g+mEmCfkSHkoecUWOlRqdfKrsVdw6ySryclCFHvV/66g1ilkYoDRNU667nJsbPqDKcCZwWe6nGhLIxHWLXUkkj1H42P3RKzq0yIGGsbElD5urviYxGWk+iwHZG1Iz0sjcT//O6qQlv/IzLJDUo2WJRmApiYjL7mgy4QmbExBLKFLe3EjaiijJjsynaELzll1dJ67LiVSvVxlW5dpvHUYBTOIML8OAaanAPdWgCA4RneIU359F5cd6dj0XrmpPPnMAfOJ8/uBeM4w==</latexit>

X <latexit sha1_base64="Sf90BmAMeCF6hSkbAVcH3AgskII=">AAAB6HicbVBNS8NAEJ34WetX1aOXxSJ4KolI9SQFLx5bsB/QhrLZTtq1m03Y3Qgl9Bd48aCIV3+SN/+N2zYHbX0w8Hhvhpl5QSK4Nq777aytb2xubRd2irt7+weHpaPjlo5TxbDJYhGrTkA1Ci6xabgR2EkU0igQ2A7GdzO//YRK81g+mEmCfkSHkoecUWOlRtIvld2KOwdZJV5OypCj3i999QYxSyOUhgmqdddzE+NnVBnOBE6LvVRjQtmYDrFrqaQRaj+bHzol51YZkDBWtqQhc/X3REYjrSdRYDsjakZ62ZuJ/3nd1IQ3fsZlkhqUbLEoTAUxMZl9TQZcITNiYgllittbCRtRRZmx2RRtCN7yy6ukdVnxqpVq46pcu83jKMApnMEFeHANNbiHOjSBAcIzvMKb8+i8OO/Ox6J1zclnTuAPnM8f3HeM+w==</latexit>p



Earlier results



Classification for small Picard number A. Braun, A. Lukas, C. Sun, 1704.07812

R. Altmann, J. Gray, Y. H. He, V. Jejjala, B. D. Nelson, 1411.1418
Use database of FRST triangulations of KS database for 

<latexit sha1_base64="gYZgw/dhOgBNbTlJfXvnpEenHU4=">AAAB+XicbVDLSgNBEOz1GeNr1aOXwSBEkLArEj1JwIvHCOYByRpmJ51kyOzDmdlAWPInXjwo4tU/8ebfOEn2oIkFDUVVN91dfiy40o7zba2srq1vbOa28ts7u3v79sFhXUWJZFhjkYhk06cKBQ+xprkW2Iwl0sAX2PCHt1O/MUKpeBQ+6HGMXkD7Ie9xRrWROrY9eEzdc3dSbJ61BT6RcscuOCVnBrJM3IwUIEO1Y3+1uxFLAgw1E1SpluvE2kup1JwJnOTbicKYsiHtY8vQkAaovHR2+YScGqVLepE0FWoyU39PpDRQahz4pjOgeqAWvan4n9dKdO/aS3kYJxpDNl/USwTREZnGQLpcItNibAhlkptbCRtQSZk2YeVNCO7iy8ukflFyy6Xy/WWhcpPFkYNjOIEiuHAFFbiDKtSAwQie4RXerNR6sd6tj3nripXNHMEfWJ8/bLiSOw==</latexit>

h1,1(X)  6

Then, symmetry classification only for                 (some 350 manifolds) 
<latexit sha1_base64="EtluclNDyynQHX/vyijRZnhmnbw=">AAAB+XicbVBNS8NAEJ3Ur1q/oh69LBahgpREpXqSghePFewHtLFstpt26WYTdzeFEvpPvHhQxKv/xJv/xm2bg7Y+GHi8N8PMPD/mTGnH+bZyK6tr6xv5zcLW9s7unr1/0FBRIgmtk4hHsuVjRTkTtK6Z5rQVS4pDn9OmP7yd+s0RlYpF4kGPY+qFuC9YwAjWRura9uAxdc/cSal12uH0CV107aJTdmZAy8TNSBEy1Lr2V6cXkSSkQhOOlWq7Tqy9FEvNCKeTQidRNMZkiPu0bajAIVVeOrt8gk6M0kNBJE0JjWbq74kUh0qNQ990hlgP1KI3Ff/z2okOrr2UiTjRVJD5oiDhSEdoGgPqMUmJ5mNDMJHM3IrIAEtMtAmrYEJwF19eJo3zslspV+4vi9WbLI48HMExlMCFK6jCHdSgDgRG8Ayv8Gal1ov1bn3MW3NWNnMIf2B9/gBoLJI4</latexit>

h1,1(X)  3

In this range we found the following examples:

<latexit sha1_base64="wizR1HDBYg3iQKXjW+D7PfdyqOM=">AAAB83icbVBNSwMxFHypX7V+VT16CRbBU9mVUj1JwYvHCrYWumvJptk2NJtdkqxQlv4NLx4U8eqf8ea/MdvuQVsHAsPMe7zJBIng2jjONyqtrW9sbpW3Kzu7e/sH1cOjro5TRVmHxiJWvYBoJrhkHcONYL1EMRIFgj0Ek5vcf3hiSvNY3ptpwvyIjCQPOSXGSp4XETMOgqw9e2wMqjWn7syBV4lbkBoUaA+qX94wpmnEpKGCaN13ncT4GVGGU8FmFS/VLCF0Qkasb6kkEdN+Ns88w2dWGeIwVvZJg+fq742MRFpPo8BO5hn1speL/3n91IRXfsZlkhom6eJQmApsYpwXgIdcMWrE1BJCFbdZMR0TRaixNVVsCe7yl1dJ96LuNuvNu0atdV3UUYYTOIVzcOESWnALbegAhQSe4RXeUIpe0Dv6WIyWULFzDH+APn8A7HqRnQ==</latexit>

P4• Quintic in     with          and   
<latexit sha1_base64="lnSbxGqORf8GUzfXLkn+bF0V8ZA=">AAAB/HicbVDLSgMxFM3UV62v0S7dBIvgqsyIVjdKwYUuK9gHdoYhk2ba0CQzJBlhGOqvuHGhiFs/xJ1/Y6btQqsHAodz7uWenDBhVGnH+bJKS8srq2vl9crG5tb2jr2711FxKjFp45jFshciRRgVpK2pZqSXSIJ4yEg3HF8VfveBSEVjcaezhPgcDQWNKEbaSIFd9a4R5+jC40iPwjC/nwSngV1z6s4U8C9x56QG5mgF9qc3iHHKidCYIaX6rpNoP0dSU8zIpOKliiQIj9GQ9A0ViBPl59PwE3holAGMYmme0HCq/tzIEVcq46GZLDKqRa8Q//P6qY7O/ZyKJNVE4NmhKGVQx7BoAg6oJFizzBCEJTVZIR4hibA2fVVMCe7il/+SznHdbdQbtye15uW8jjLYBwfgCLjgDDTBDWiBNsAgA0/gBbxaj9az9Wa9z0ZL1nynCn7B+vgGY6WUnA==</latexit>

� = Z5
<latexit sha1_base64="FISf8jey/pyqBzKEgfrMdrjU+6w=">AAACD3icbVDLSsNAFJ34rPUVdelmsCiuSiJa3SgFF7qsYB/YhDCZTtuhM5MwMxFK6B+48VfcuFDErVt3/o2TNovaeuDC4Zx7ufeeMGZUacf5sRYWl5ZXVgtrxfWNza1te2e3oaJEYlLHEYtkK0SKMCpIXVPNSCuWBPGQkWY4uM785iORikbiXg9j4nPUE7RLMdJGCuwj7wZxji49jnQ/DNOHUXDmacqJgtNSYJecsjMGnCduTkogRy2wv71OhBNOhMYMKdV2nVj7KZKaYkZGRS9RJEZ4gHqkbahAZqOfjv8ZwUOjdGA3kqaEhmN1eiJFXKkhD01ndqOa9TLxP6+d6O6Fn1IRJ5oIPFnUTRjUEczCgR0qCdZsaAjCkppbIe4jibA2ERZNCO7sy/OkcVJ2K+XK3WmpepXHUQD74AAcAxecgyq4BTVQBxg8gRfwBt6tZ+vV+rA+J60LVj6zB/7A+voFBNmcqA==</latexit>

� = Z5 ⇥ Z5

• Bi-cubic in           with           and     
<latexit sha1_base64="gYIEpoDZnsJmx+AKSA+KQylkTPA=">AAACB3icbVBNS8NAEN34WetX1KMgi0XwVJIi1ZMUvHisYD+gjWWz3bRLN5uwOxFK6M2Lf8WLB0W8+he8+W/ctDnU1gcDj/dmmJnnx4JrcJwfa2V1bX1js7BV3N7Z3du3Dw6bOkoUZQ0aiUi1faKZ4JI1gINg7VgxEvqCtfzRTea3HpnSPJL3MI6ZF5KB5AGnBIzUs0+6IYGh76f1yUOlCzxkel7p2SWn7EyBl4mbkxLKUe/Z391+RJOQSaCCaN1xnRi8lCjgVLBJsZtoFhM6IgPWMVQSs9BLp39M8JlR+jiIlCkJeKrOT6Qk1Hoc+qYzu1Evepn4n9dJILjyUi7jBJiks0VBIjBEOAsF97liFMTYEEIVN7diOiSKUDDRFU0I7uLLy6RZKbvVcvXuolS7zuMooGN0is6Riy5RDd2iOmogip7QC3pD79az9Wp9WJ+z1hUrnzlCf2B9/QJdApmg</latexit>

P2 ⇥ P2 <latexit sha1_base64="YBFavSV4mgWBu+GxLGGrY9ZXxK8=">AAACDnicbVDLSsNAFJ3UV62vqEs3g6XgqiQq1Y1ScKHLCvaBTQiT6bQdOjMJMxOhhH6BG3/FjQtF3Lp25984abOo1QMXDufcy733hDGjSjvOt1VYWl5ZXSuulzY2t7Z37N29looSiUkTRyySnRApwqggTU01I51YEsRDRtrh6Crz2w9EKhqJOz2Oic/RQNA+xUgbKbAr3jXiHF14HOlhGKb3k+DE05QTNa8EdtmpOlPAv8TNSRnkaAT2l9eLcMKJ0JghpbquE2s/RVJTzMik5CWKxAiP0IB0DRXILPTT6TsTWDFKD/YjaUpoOFXnJ1LElRrz0HRmN6pFLxP/87qJ7p/7KRVxoonAs0X9hEEdwSwb2KOSYM3GhiAsqbkV4iGSCGuTYMmE4C6+/Je0jqturVq7PS3XL/M4iuAAHIIj4IIzUAc3oAGaAINH8AxewZv1ZL1Y79bHrLVg5TP74Beszx+doZx6</latexit>

� = Z3 ⇥ Z3
<latexit sha1_base64="tyKHBd/wkYqVJjLX0+vZWmef35o=">AAAB/HicbVDLSgMxFM3UV62v0S7dBIvgqsyoVDdKwYUuK9gHdoYhk2ba0CQzJBlhGOqvuHGhiFs/xJ1/Y6btQqsHAodz7uWenDBhVGnH+bJKS8srq2vl9crG5tb2jr2711FxKjFp45jFshciRRgVpK2pZqSXSIJ4yEg3HF8VfveBSEVjcaezhPgcDQWNKEbaSIFd9a4R5+jC40iPwjC/nwQngV1z6s4U8C9x56QG5mgF9qc3iHHKidCYIaX6rpNoP0dSU8zIpOKliiQIj9GQ9A0ViBPl59PwE3holAGMYmme0HCq/tzIEVcq46GZLDKqRa8Q//P6qY7O/ZyKJNVE4NmhKGVQx7BoAg6oJFizzBCEJTVZIR4hibA2fVVMCe7il/+SznHdbdQbt6e15uW8jjLYBwfgCLjgDDTBDWiBNsAgA0/gBbxaj9az9Wa9z0ZL1nynCn7B+vgGYJ2Umg==</latexit>

� = Z3

• Two more cases with      
<latexit sha1_base64="0HxNoKoO+DcfancUjrKJmZUVHk0=">AAAB/HicbVDLSgMxFM34rPU12qWbYBFclZki1Y1ScKHLCvaBnWHIpGkbmmSGJCMMQ/0VNy4UceuHuPNvzLSz0NYDgcM593JPThgzqrTjfFsrq2vrG5ulrfL2zu7evn1w2FFRIjFp44hFshciRRgVpK2pZqQXS4J4yEg3nFznfveRSEUjca/TmPgcjQQdUoy0kQK74t0gztGlx5Eeh2H2MA3qgV11as4McJm4BamCAq3A/vIGEU44ERozpFTfdWLtZ0hqihmZlr1EkRjhCRqRvqECcaL8bBZ+Ck+MMoDDSJonNJypvzcyxJVKeWgm84xq0cvF/7x+oocXfkZFnGgi8PzQMGFQRzBvAg6oJFiz1BCEJTVZIR4jibA2fZVNCe7il5dJp15zG7XG3Vm1eVXUUQJH4BicAhecgya4BS3QBhik4Bm8gjfryXqx3q2P+eiKVexUwB9Ynz9fGZSZ</latexit>

� = Z2

• One further case with           and  
<latexit sha1_base64="0HxNoKoO+DcfancUjrKJmZUVHk0=">AAAB/HicbVDLSgMxFM34rPU12qWbYBFclZki1Y1ScKHLCvaBnWHIpGkbmmSGJCMMQ/0VNy4UceuHuPNvzLSz0NYDgcM593JPThgzqrTjfFsrq2vrG5ulrfL2zu7evn1w2FFRIjFp44hFshciRRgVpK2pZqQXS4J4yEg3nFznfveRSEUjca/TmPgcjQQdUoy0kQK74t0gztGlx5Eeh2H2MA3qgV11as4McJm4BamCAq3A/vIGEU44ERozpFTfdWLtZ0hqihmZlr1EkRjhCRqRvqECcaL8bBZ+Ck+MMoDDSJonNJypvzcyxJVKeWgm84xq0cvF/7x+oocXfkZFnGgi8PzQMGFQRzBvAg6oJFiz1BCEJTVZIR4jibA2fZVNCe7il5dJp15zG7XG3Vm1eVXUUQJH4BicAhecgya4BS3QBhik4Bm8gjfryXqx3q2P+eiKVexUwB9Ynz9fGZSZ</latexit>

� = Z2
<latexit sha1_base64="swRFISY6FrUjnQwebh9MijguXo0=">AAACDnicbVDLSsNAFJ3UV62vqEs3g6XgqiRFqhul4EKXFewDmxAm02k7dGYSZiZCCf0CN/6KGxeKuHXtzr9x0mahrQcuHM65l3vvCWNGlXacb6uwsrq2vlHcLG1t7+zu2fsHbRUlEpMWjlgkuyFShFFBWppqRrqxJIiHjHTC8VXmdx6IVDQSd3oSE5+joaADipE2UmBXvGvEObrwONKjMEzvp0HN05QT9VsJ7LJTdWaAy8TNSRnkaAb2l9ePcMKJ0JghpXquE2s/RVJTzMi05CWKxAiP0ZD0DBXILPTT2TtTWDFKHw4iaUpoOFN/T6SIKzXhoenMblSLXib+5/USPTj3UyriRBOB54sGCYM6glk2sE8lwZpNDEFYUnMrxCMkEdYmwZIJwV18eZm0a1W3Xq3fnpYbl3kcRXAEjsEJcMEZaIAb0AQtgMEjeAav4M16sl6sd+tj3lqw8plD8AfW5w+ah5x4</latexit>

� = Z2 ⇥ Z2

toric action, contained in list

of 16 by Batyrev and Kreuzer

Well-known, contained

in V. Braun’s classification

A single new example



• Charge matrix:

Q =

0

B@
1 0 0 1 0 0 �2

0 1 0 0 1 �2 0

0 0 2 0 0 1 1

1

CA (4.12)

• Symmetry � = Z2 = h�i:

R(�) = diag(1, 1,�1,�1,�1,�1, 1) (4.13)

• Remarks: This is polytope ID# 147 of the database of [11]. The manifold and its freely-acting

Z2 symmetry is among the 16 cases identified by Batyrev and Kreuzer.

Case #4:

• Hodge numbers: h1,1(X) = 3, h2,1(X) = 115

• Possible symmetry orders from indices: |�| 2 {2, 4, 8}

• Ray generators of fan ⌃:

(v1, . . . ,v7) =

0

BBB@

�1 �1 �1 �1 �1 1 �1

0 0 0 2 2 �1 0

0 0 1 �1 0 0 0

0 2 1 �1 �1 0 1

1

CCCA
(4.14)

• Charge matrix:

Q =

0

B@
0 0 0 0 1 2 1

0 0 1 1 0 2 0

1 1 0 0 2 4 0

1

CA (4.15)

• Symmetry � = Z2 = h�i:

R(�) = diag(1,�1, 1,�1, 1,�1,�1) (4.16)

• Symmetry � = Z2 n Z2 = h�1, �2i:

R(�1) = diag(1,�1, 1,�1, 1,�1,�1) , R(�2) = diag(�1,�1, 1,�1,�1) , �1 =

 
0 1

1 0

!
(4.17)

• Remarks: This is polytope ID# 245 of the database of [11]. This manifold with its freely-acting

Z2 symmetry is among the 16 cases identified by Batyrev and Kreuzer. The polytope has two

triangulations realizing di↵erent regions of the Kähler cone. They both allow the same fixed-point

free actions as given above. However, the Z2nZ2 is non-toric and has not been found before. We

will take a closer look at this symmetry in the following sub-section.

Case #5:

26

• Charge matrix:

Q =

0

B@
1 0 0 1 0 0 �2

0 1 0 0 1 �2 0

0 0 2 0 0 1 1

1

CA (4.12)

• Symmetry � = Z2 = h�i:

R(�) = diag(1, 1,�1,�1,�1,�1, 1) (4.13)

• Remarks: This is polytope ID# 147 of the database of [11]. The manifold and its freely-acting

Z2 symmetry is among the 16 cases identified by Batyrev and Kreuzer.

Case #4:

• Hodge numbers: h1,1(X) = 3, h2,1(X) = 115

• Possible symmetry orders from indices: |�| 2 {2, 4, 8}

• Ray generators of fan ⌃:

(v1, . . . ,v7) =

0

BBB@

�1 �1 �1 �1 �1 1 �1

0 0 0 2 2 �1 0

0 0 1 �1 0 0 0

0 2 1 �1 �1 0 1

1

CCCA
(4.14)

• Charge matrix:

Q =

0

B@
0 0 0 0 1 2 1

0 0 1 1 0 2 0

1 1 0 0 2 4 0

1

CA (4.15)

• Symmetry � = Z2 = h�i:

R(�) = diag(1,�1, 1,�1, 1,�1,�1) (4.16)

• Symmetry � = Z2 n Z2 = h�1, �2i:

R(�1) = diag(1,�1, 1,�1, 1,�1,�1) , R(�2) = diag(�1,�1, 1,�1,�1) , �1 =

 
0 1

1 0

!
(4.17)

• Remarks: This is polytope ID# 245 of the database of [11]. This manifold with its freely-acting

Z2 symmetry is among the 16 cases identified by Batyrev and Kreuzer. The polytope has two

triangulations realizing di↵erent regions of the Kähler cone. They both allow the same fixed-point

free actions as given above. However, the Z2nZ2 is non-toric and has not been found before. We

will take a closer look at this symmetry in the following sub-section.

Case #5:

26

The new case



Polytope symmetries and indices



Some definitions: automorphisms of fans and polytopes

Relation to previous discussion: 
<latexit sha1_base64="S3voxd+pzDcDKaJGkG79tx/cJkU=">AAACEnicbVDLSsNAFJ3UV62vqEs3g0VoQUoiUt0oFTeupKJ9QBPKZDpph84kYWYilJBvcOOvuHGhiFtX7vwbp20WtfXAhTPn3Mvce7yIUaks68fILS2vrK7l1wsbm1vbO+buXlOGscCkgUMWiraHJGE0IA1FFSPtSBDEPUZa3vB67LceiZA0DB7UKCIuR/2A+hQjpaWuWa5fOL5AOEkcweFVrNLS7bFzT/scldOkNfPomkWrYk0AF4mdkSLIUO+a304vxDEngcIMSdmxrUi5CRKKYkbSghNLEiE8RH3S0TRAnEg3mZyUwiOt9KAfCl2BghN1diJBXMoR93QnR2og572x+J/XiZV/7iY0iGJFAjz9yI8ZVCEc5wN7VBCs2EgThAXVu0I8QDohpVMs6BDs+ZMXSfOkYlcr1bvTYu0yiyMPDsAhKAEbnIEauAF10AAYPIEX8AbejWfj1fgwPqetOSOb2Qd/YHz9Ao5wnMU=</latexit>

P =
Aut(N,⌃)

W (N,⌃)

Idea: Find necessary conditions for CY symmetries which are 
       independent of triangulation.

An automorphism    of    permutes the ray generators, so 
<latexit sha1_base64="TP+xZNJYnSjHZsuK5Jh5YeLcUEo=">AAAB+3icdVDPSwJBFJ61X2a/Njt2aEgEvci6ltqhMLp0NEgNVJbZcdTB2dllZlaSxX+lQx2K6Bb9I936Vzo1qwUV9cGDj+97j/fe5waMSmVZb0ZiYXFpeSW5mlpb39jcMrfTTemHApMG9pkvrlwkCaOcNBRVjFwFgiDPZaTljs5ivzUmQlKfX6pJQLoeGnDapxgpLTlm+nTs0OOxE3UkHXgoR/NTx8xYhaNq2T60oVWwrIpdKsfErhzYJVjUSoxMLXub33t+53XHfO30fBx6hCvMkJTtohWoboSEopiRaaoTShIgPEID0taUI4/IbjS7fQqzWunBvi90cQVn6veJCHlSTjxXd3pIDeVvLxb/8tqh6le7EeVBqAjH80X9kEHlwzgI2KOCYMUmmiAsqL4V4iESCCsdV0qH8PUp/J807UKxXChf6DROwBxJsAv2QQ4UQQXUwDmogwbA4BrcgHvwYEyNO+PReJq3JozPmR3wA8bLB3OIl8A=</latexit>

Avi = v�(i)
<latexit sha1_base64="GkEwkGFVc8ay3+IN0dIL7B/Xvus=">AAAB6HicdZDNSgMxFIUz9a/Wv6pLN8EiuBoyU53WjVbcuGzBtkI7lEyaaWMzmSHJCKX0Cdy4UMStr+IbuPNtzLQKKnogcPjOveTeGyScKY3Qu5VbWFxaXsmvFtbWNza3its7LRWnktAmiXksrwOsKGeCNjXTnF4nkuIo4LQdjC6yvH1LpWKxuNLjhPoRHggWMoK1QY3zXrGE7JOq5x67ENkIVdyylxm3cuSWoWNIptLZa3mmeq/41u3HJI2o0IRjpToOSrQ/wVIzwum00E0VTTAZ4QHtGCtwRJU/mQ06hQeG9GEYS/OEhjP6vWOCI6XGUWAqI6yH6neWwb+yTqrDqj9hIkk1FWT+UZhyqGOYbQ37TFKi+dgYTCQzs0IyxBITbW5TMEf42hT+b1qu7Xi210Cl2imYKw/2wD44BA6ogBq4BHXQBARQcAcewKN1Y91bT9bzvDRnffbsgh+yXj4A752PQA==</latexit>

A
<latexit sha1_base64="y4fHxoz7afHxHendp7xb33n0gLM=">AAAB7XicdZDLSgMxFIYz9VbrrerSTbAIrobMVKd1owU3LivaC7RDyaRpG5vMDElGKEPfwY0LRdz6IL6BO9/GTKugoj8Efr7/HHLOCWLOlEbo3cotLC4tr+RXC2vrG5tbxe2dpooSSWiDRDyS7QAryllIG5ppTtuxpFgEnLaC8XmWt26pVCwKr/Ukpr7Aw5ANGMHaoGb3ig0F7hVLyD6peu6xC5GNUMUte5lxK0duGTqGZCqdvZZnqveKb91+RBJBQ004VqrjoFj7KZaaEU6nhW6iaIzJGA9px9gQC6r8dDbtFB4Y0oeDSJoXajij3ztSLJSaiMBUCqxH6neWwb+yTqIHVT9lYZxoGpL5R4OEQx3BbHXYZ5ISzSfGYCKZmRWSEZaYaHOggjnC16bwf9N0bcezvUtUqp2CufJgD+yDQ+CACqiBC1AHDUDADbgDD+DRiqx768l6npfmrM+eXfBD1ssHyB+Rfg==</latexit>

⌃
⇤

Definition 1.5. For an invertible map A : N ! N , we call A an automor-
phism of a lattice polytope � if A� = �. This implies that A acts as a
permutation on the vertices of �. We denote the automorphism group of �
by Aut(N,�).

Proposition 1.6. For ⌃ a refinement of the face fan of a reflexive polytope
�� we have

Aut(N,⌃) ✓ Aut(N,��) . (12)

Proof. : The automorphism A acts as a permutation on the set of primitive
ray generators, which implies that it must act as a permutation on the set of
lattice points of �� as well. Hence A is a linear map which preserves ��, i.e.
A 2 Aut(N,��).

⇤

For the situation we are interested in, any automorphism of ⌃ hence
implies an associated automorphism of ��. Conversely, one can find auto-
morphisms of ⌃ by first studying automorphisms of ��, and then asking if
the face fan of �� can be refined such that a chosen automorphism group
persists.

1.4 The automorphism group of a toric variety follow-
ing Cox

A good reference for this material is [9], as well as the text books [8, 11].

Theorem 1.7. Let gAut(P⌃) be the normalizer of G in the automorphism
group of Ck

� Z. Then

Aut(P⌃) = gAut(P⌃)/G . (13)

Proof. [9] [Theorem 4.2.].

This is the same way to phrase the automorphism group was done in
[3], but generally also includes maps which are not realized linearly on the
homogeneous coordinates.
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Avi = v�(i)

Note that all terms have a common factor which furthermore cannot vanish
on any algebraic torus, so we can divide by it and write the hypersurface
equation in O� purely in terms of the t�k:

Proposition 1.2. Using the torus coordinates t�k, the hypersurface equation
of a Calabi-Yau X in O� is

X \O� :
X

m2⇥[3�`]

cm

Y

k

t
ak(m)
�k = 0 . (11)

wherem0 is an arbitrary choice of a lattice point on ⇥[3�`], the face dual to the
lowest-dimensional face of �� which contains �, and m�m0 =

P
k ak(m)m̂�

k

defines the powers ak(m).

For a given triangulation of��, any d�1 simplex s of the triangulation has
an associated cone � of dimension d. Using [10] one sees that the topology of
X\O� only depends on the face of �� which contains the associated simplex
s in its relative interior. In particular, any two simplices s, s0 which sit in the
relative interior of the same face of � are isomorphic. Furthermore, only for
those simplices contained in the 2-skeleton of �� is X \ O� non-empty, i.e.
any simplex which is contained in a facet of � does not give rise to a toric
stratum which intersects any smooth hypersurface X.

1.3 Automorphisms of Fans and Polytopes

Definition 1.3. For an invertible map A : N ! N , we call A an automor-
phism of ⌃ if for any � 2 ⌃, A(�) = �

0 is a cone in ⌃ as well. As all of N
is in the image of A, it follows that all cones of ⌃ are in the image of A. We
denote the automorphism group of ⌃ by Aut(N,⌃).

Proposition 1.4. For an automorphism A of ⌃, A induces a permutation
of the ray generators of ⌃, i.e. Avi = vj for all i, j.

Proof. : As A� = �
0, it must be that Av = �v

0 for v, v0 the primitive gener-
ators of �, �0 and � 2 R+. As A maps N ! N it must be that � 2 Z and as
A is invertible it must be that � = 1: if � > 1 the primitive generators v0 is
mapped to 1/�v, which is not in N as v is primitive, which implies A is not
an invertible map of N .
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Conclusion: To have a    which acts in a non-toric way it is necessary that  
                           is non-trivial.   
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Aut(N,��)

we have that

ch(NX
k) =

�
1 + c1(NX) + 1

2c1(NX)2 + 1
6c1(NX)3 + · · ·

�k

ch(TX`) =
�
3� c2(TX) + 1

2c3(TX) + · · ·
�` (30)

where we have used that NX is a line bundle and c1(TX) = 0. As td(TX) =
1 + 1

12c2(TX) we find that

�k,` =
3`�1

4

Z

X

h
2k3c1(NX)3 + (1� 4`)kc1(NX)c2(TX) + 2`c3(TX)

i
.

(31)
Divisibility of all of these integrals by |�| is equivalent to the divisibility of

Z

X

1
2c3(TX)

Z

X

1
6c1(NX)3 + 1

12c1(NX)c2(TX)
Z

X

1
2c1(NX)c2(TX) .

(32)

For the remaining indices we find

�k,` = 23`�1

Z

X

h
2k3c1(NX)3 + (�4`� 1)kc1(NX)c2(TX) + 2`c3(TX)

i
,

(33)
using that L(TX) = 1� 1

3c2(TX). The divisibility conditions we have already
found imply that all of the �k,` is divisible by |�| if the �k,` are. In particular,
integrals of any integer combination of the three appearing classes must give
quantities divisible by |�|, so that the only potentially new condition comes
from �1,0, which can be written as an integer linear combination of the classes
in (32).

Theorem 1.17. Let X be a Calabi-Yau threefold which is constructed as a
smooth hypersurface in a toric variety P⌃, and let ⌃ be a refinement of the
face fan of a reflexive polytope �� which originates from a fine regular star
triangulation of ��. Then the indices �k,` and �k,` only depend on ��, but
not on the triangulation chosen.

Proof. From what we have seen above, we only need to show that integrals
of the classes c3(TX), c1(NX)c2(TX) and c1(NX)3 are independent of
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Indices: Divisibility of indices       and      by     is equivalent to divisibility  
          by      of 
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we have that

ch(NX
k) =

�
1 + c1(NX) + 1

2c1(NX)2 + 1
6c1(NX)3 + · · ·

�k

ch(TX`) =
�
3� c2(TX) + 1

2c3(TX) + · · ·
�` (30)

where we have used that NX is a line bundle and c1(TX) = 0. As td(TX) =
1 + 1

12c2(TX) we find that

�k,` =
3`�1

4

Z

X

h
2k3c1(NX)3 + (1� 4`)kc1(NX)c2(TX) + 2`c3(TX)

i
.

(31)
Divisibility of all of these integrals by |�| is equivalent to the divisibility of

Z

X

1
2c3(TX)

Z

X

1
6c1(NX)3 + 1

12c1(NX)c2(TX)
Z

X

1
2c1(NX)c2(TX) .

(32)

For the remaining indices we find

�k,` = 23`�1

Z

X

h
2k3c1(NX)3 + (�4`� 1)kc1(NX)c2(TX) + 2`c3(TX)

i
,

(33)
using that L(TX) = 1� 1

3c2(TX). The divisibility conditions we have already
found imply that all of the �k,` is divisible by |�| if the �k,` are. In particular,
integrals of any integer combination of the three appearing classes must give
quantities divisible by |�|, so that the only potentially new condition comes
from �1,0, which can be written as an integer linear combination of the classes
in (32).

Theorem 1.17. Let X be a Calabi-Yau threefold which is constructed as a
smooth hypersurface in a toric variety P⌃, and let ⌃ be a refinement of the
face fan of a reflexive polytope �� which originates from a fine regular star
triangulation of ��. Then the indices �k,` and �k,` only depend on ��, but
not on the triangulation chosen.

Proof. From what we have seen above, we only need to show that integrals
of the classes c3(TX), c1(NX)c2(TX) and c1(NX)3 are independent of
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= h1,1(X)� h2,1(X)

<latexit sha1_base64="ITdCkg6fx+aD5naSUCaSO2uNwdc=">AAAB83icbVBNS8NAEJ31s9avqkcvi0XwVJIi1YtS8OKxgv2AJpTNdtMu3WzC7kYoIX/DiwdFvPpnvPlv3LY5aOuDgcd7M8zMCxLBtXGcb7S2vrG5tV3aKe/u7R8cVo6OOzpOFWVtGotY9QKimeCStQ03gvUSxUgUCNYNJnczv/vElOaxfDTThPkRGUkeckqMlbwbL1SEZm6e1fNBperUnDnwKnELUoUCrUHlyxvGNI2YNFQQrfuukxg/I8pwKlhe9lLNEkInZMT6lkoSMe1n85tzfG6VIQ5jZUsaPFd/T2Qk0noaBbYzImasl72Z+J/XT0147WdcJqlhki4WhanAJsazAPCQK0aNmFpCqOL2VkzHxKZgbExlG4K7/PIq6dRrbqPWeLisNm+LOEpwCmdwAS5cQRPuoQVtoJDAM7zCG0rRC3pHH4vWNVTMnMAfoM8fv6mRgQ==</latexit>

=
1

2

which is evidently independent of triangulation.

We now consider the second term in(41). Let Cij be the curve on X

which can be written as (Di · Dj) \ X. For vi, vj 2 ⇥�[1] this is always an
irreducible Riemann surface of genus `⇤(⇥[2]) with ⇥[2] the dual face of ⇥�[1].
By adjunction we can write
Z

X

Di ·Dj · (Di +Dj) =

Z

Cij

�c1(Cij) = ��(Cij) = �2 + 2`⇤(⇥[2]) . (43)

We hence have

Z

X

0

@
X

sij2��(1)

Di ·Dj · (Di +Dj)

1

A =
X

⇥�[1]

�
1 + `

⇤(⇥�[1])
� �

�2 + 2`⇤(⇥[2])
�

(44)
which also does not depend on the triangulation chosen.

Putting this together we find the combinatorial formula
Z

X

c1(NX)c2(TX)

=
X

⇥�[1]

�
1 + `

⇤(⇥�[1])
�
2

4��2 + 2`⇤(⇥[2])
�
+

X

⇥[1]⇢⇥[2]

�
1 + `

⇤(⇥[1])
�
3

5

=
X

⇥�[1]

�
1 + `

⇤(⇥�[1])
� ⇥

�2 + `
⇤(⇥[2]) + `(⇥[2])

⇤

(45)

where (⇥[2]
,⇥�[1]) are dual pairs of faces.

1.6.3 Topological Invariants of Triangulations of Two-faces

Before tackling
R
X c1(NX)3, let us review invariants of fine triangulations of

two-faces. For Calabi-Yau threefolds, only simplices lying on faces of �� of
dimensions two and lower and contribute to X. Contrary to higher dimen-
sions, triangulations of one- and two-faces satisfy constraints that are rigid
enough to uniquely fix the number of simplices. Throughout, we denote the
number of k-simplices of the triangulation of a face ⇥ by #k(⇥).
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the following combinatorial formula which makes this manifest

X

k

h
1,1(DK) =

X

⇥�[0]

�3 + `
⇤(2⇥[3])� 4`⇤(⇥[3])� `

2(⇥[3]) + `
1(⇥[3])

+
X

⇥�[1]

2`⇤(⇥�[1]) + 2

+
X

⇥�[2]

�
1 + `

⇤(⇥[1])
�
0

@�6 + `(⇥�[2]) + 3`⇤(⇥�[2]) +
X

⇥�[0]⇢⇥�[2]

1

1

A

(55)
Here, we have used the following definitions:

1. For a polytope ⇥ with vertices vi, 2⇥ denotes a polytope with vertices
2vi

2. For a polytope ⇥, `k(⇥) denotes the integral points on the k�skeleton
of ⇥.

Putting everything together we finally find that

Z

X

c1(TX)3 =
X

⇥�[0]

2

413 + 14`⇤(⇥[3])� `
⇤(2⇥[3]) +

X

⇥[2]⇢⇥[3]

`
⇤(⇥[2])

3

5

+
X

⇥�[1]

⇥
�2 + 2

�
3� `

⇤(⇥�[1])
� �

�1 + `
⇤(⇥[2])

�⇤

+
X

⇥�[2]

�
1 + `

⇤⇥[1]
�
0

@12� `(⇥�[2]) + `
⇤(⇥�[2])�

X

⇥�[0]⇢⇥�[2]

1

1

A .

(56)
where (⇥�[0]

,⇥[3]),(⇥�[1]
,⇥[2]) are dual pairs of faces of ��

,�.

Corollary 1.18. Divisibility of the indices restricts us to a finite number of
groups for any toric hypersurface.

Proof. The combinatorial formula (45) for
R
X c1(NX)c2(TX) shows that this

index can never be zero. While the first factor of each summand is manifestly
positive, the second one is seen to be positive by recalling that any two-face
has at least three integral points so that � 1 always. This means that there

16

Allowed group orders     can be computed from polytope. 
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Revised strategy

•  Find all polytopes with non-trivial automorphism group

•  For all those polytopes, compute indices to find allowed group orders
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•  Find more necessary conditions which are triangulation independent (?)

•  Hopefully end up with a sufficiently small number which can then be 
 studied using something similar to the previous algorithm. 
 (Plus generating dedicated triangulations which respect the symmetry.) (?)

Find full classification of freely-acting symmetries which descent 
from the toric ambient space for the entire KS database. (?)



Some new results



Which polytopes have a non-trivial automorphism?
Out[ ]=

log(#polytopes)
log(#polytopes with symmetries)

#polytopes: 473800776

#polytopes with symmetry: 6095530 or about 1.3% 



Orders of polytope symmetries
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About 97% of symmetries are 
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Hodge numbers for polytopes with non-trivial automorphism

All cases with symmetries satisfy
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h1,1(X)h2,1(X)  832

Is there a reason for this?



Combining with indices

#polytopes: 473800776

#polytopes with symmetries: 6095530

#polytopes with symmetries and group order > 1: 2410049

Like before plus consistency: 2216299 or about 0.5%



Hodge numbers

All cases with polytope symmetries and non-trivial group order satisfy
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h1,1(X)h2,1(X)  832
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Conclusion



•  Freely-acting symmetries of CY manifolds - here CY hyper-surfaces 
 in toric 4-folds - are not easy to classify.

•  We have looked at some necessary conditions - polytope symmetries and 
 index divisibility - to narrow down the list of KS CYs with possible 
 freely-acting symmetries (which descend from the ambient space).

•  About 2.2 million polytopes (0.5%) pass these necessary conditions.

•  All these polytopes satisfy
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h1,1(X)h2,1(X)  832

• Find more necessary conditions to reduce this number further.

For the future:

• Try to deal with the remaining polytopes in a systematic way to get to 
a full classification.

Thanks


