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The BV formalism: a cohomological approach to gauge theory

Def. A gauge theory pX0, S0, Gq consists of a configuration space X0, an action functional S0 : X0 Ñ R,
and a group G acting on X0 such that S0pg ¨ φqq “ S0pφq, @φ P X0, @g P G.

Quantum interactions

Gravity

Context: quantization of a theory pX0, S0q via a perturbative approach to path integral

path integral
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Γ Feynman diagramsProblem: for gauge theories, the critical points appear in orbits
Solution: to add extra variables, called ghost fields

xgy :“
ş
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ge

i
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i
ℏ Sq |L

a
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§ L Lagrangian Ă FBV ghost sector
§ Sq P C8pFBV qrr´iℏss, sol. quant. master eq.
§ O P C8pFBV qrrℏss, quantum BV cocycle

The classical/quantum BV construction

pX0, S0q
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gauge theory

` gh./anti-gh.- prX , rS{Sqq

BV-extended th.

?
C‚

BV prX , dS̃{Sq q

BV complex
–

-` aux. flds
pXt , St {Sq,t q

total th

?
C‚

BV pXt , dSt {Sq,t q

total complex

-gauge-
fixing pXt , St {Sq,t |Lq

gauge-fixed th.
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The BV formalism for spectral triples: towards the quantum case

spectral triple
pA, H, Dq

gauge theory
pX0, S0, Gq

§ A = unital *-alg., A Ă BpHq

§ H = Hilbert space

§ D : H Ñ H = self-adj. op.

§ X0 “
␣

φ “
ř

j aj rD, bj s : φ˚
“ φ

(

ù conf. sp = inner fluctuations

§ S0rD ` φs “ Trpf pD ` φqq ù action func. = spectral action

§ G “ UpAq ù gauge group = unitary elements in A

pMnpCq,Cn, D, f q

initial spectral triple

6

?
pX0, S0q

initial gauge theory

-

BV spectral triple

?
C‚

BV prX , dS̃ q –

BV complex – ??

6

- - -

prX , rSq

extended theory

-

?
C‚

BV pXt , dSt q –

BV tot complex – ??

6

total spectral triple

?
C‚

BRST pXt , dSt q|Ψ –

BRST complex – ??

6

gauge-fixing fermion

pXt , St q

total theory

- pXt , St q|Ψ
gauge-fixed theory

BV construction

noncommutative
geometry
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pMnpCq,Cn, D, f q

initial spectral triple

6

?
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initial gauge th.

-

pABV , HBV , DBV , JBV q

BV spectral triple

?
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BV/ Hochschild complex
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extended theory

-

?
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BV tot / Hochschild complex

6

pAt , Ht , Dt , Jt q

total spectral triple

?
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BRST/ Hochschild complex

6

Ψ P F´1
OX0

pHBV ,f ‘ Haux,f q

gauge-fixing fermion

pXt , St q

total theory

- pXt , St q|Ψ
gauge-fixed theory

BV construction

noncommutative
geometry
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