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The BV formalism: a cohomological approach to gauge theory

Def. A gauge theory (X, So,G) consists of a configuration space Xo, an action functional Sp : Xo — R, -
and a group G acting on Xp such that So(g - ) = So(p), Ve € Xo,Vg € G.
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Problem: for gauge theories, the critical points appear in orbits I Feynman diagrams

Solution: to add extra variables, called ghost fields

& = 1{x, ge ™ [dy] The classical/quantum BV construction
+ gh./anti-gh. S > + aux. flds au,
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» L Lagrangian c Fpgy ghost sector l i L
» Sq € C®(Fpv)[[—ih]], sol. quant. master eq. cay (X, dsjs,) = Cov(Xe dsy/s, ) Chrst(Xe, dsyys, 1 )le

o0 BV complex total complex BRST complex
» O € C*(Fgv)|[[h]], quantum BV cocycle
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The BV formalism for spectral triples: towards the quantum case

spectral triple

(A, H,D)

» A = unital *-alg., Ac B(H)

» H = Hilbert space

» D:H — H = self-adj. op.

gauge theory
(X07 SO: g)

» Xo = {9 =3, 3[D, b] : ¢* = ¢} v conf. sp = inner fluctuations
» So[D + ¢] = Tr(f(D + ¢)) v~ action func. = spectral action

» G = U(A) v~ gauge group = unitary elements in A
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Chv(Xe, ds,) =

BV tot complex =~ 77
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initial gauge theory extended theory
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total theory
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gauge-fixing fermion
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Cirst (Xt, ds,)|w = &
BRST complex =~ 7?7

!

BV construction
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spectral triple

gauge theory
(A, H,D)

- (X07507g)

» A = unital *-alg., Ac B(#) » Xo = {9 =3, 3[D, b] : ¢* = ¢} v conf. sp = inner fluctuations
» H = Hilbert space » So[D + ¢] = Tr(f(D + ¢)) v~ action func. = spectral action

» D:H — H = self-adj. op.

» G = U(A) v~ gauge group = unitary elements in A

noncommutative
geometry
(M,(C),C", D, fy— (Asv, Hpv, Dy, Jpy ) —> (A¢,H:, Dt, Jy) ————> Ve ]-‘51 (Hav,r @ Haux,r)

initial spectral triple BV spectral triple total spectral triple

gaugl-fixing fermion

Cav(X, dg) = C}(B, M) Coy (Xe, ds,) = CL(Br, M) Cirst (Xes dsy)lw = Cfy(By, M)
BV/ Hochschild complex

BV tot / Hochschild complex BRST/ Hochschild complex
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(X0, %) — (X,9) - (X, St) ——————————— (X5, S))lv

initial gauge th. extended theory total theory

BV construction

gauge-fixed theory
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