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1+n S for 1=
L [:cz', 773} = 9 k(i) Sik / and others commute
—hg Sij for 1 = 9

2r+1 _27§:1(_)r_|_5(k)2r+1—s(g)s(m)s(n)?r—l—l—s (a:)q = z(z—1) - (z—q+1)
=0

“hbmn = 22715l (2r+1—s)! ’

k4+m =f+n=2r+1 = K (cig;;} Bo,O—I—Pr(g(g—l)» deformation

dependence on g only in central term and symmetric under g <+ 1—g

%[Bl,o, Bm,n] =nBmn-1, %[Bo,l, Bm,n] = -—-mBn_1n
%[Bz,o, Bm,n] =2nByti1n-1, %[Bl,l, Bm,n] = (n—m) B , %[BO,Q, Bm,n] = —2m B,,—1n+1

%[Bk#—l,l, Bm+1,1] = (k—m) Bk+m+1,1 , %[31,64—17 Bl,n+1] == (n—ﬁ) Bl,£+n+1



only N functionally indep’t symmetric polynomials in N commuting variables =; =
higher Liouville charges Bg ;- depend on N indep’t ones {Bg 1, Bo 2, ., Bo n}

maximal superintegrability: 4 N—1 additional indep’t (non-Liouville) charges

version 1, independentfor ¢ =1,..., N—1:

Bygi=Biy—tBoyp1 = %él,e %[Bl ¢, Bo 2} + atBl (=0 Vv

version 2;

kLo = BoB1_1+B1y-1Bor—Bo¢B1s-1—B1y-1Boy = L) =0
independent example set for k=2: F,:=,L, for ¢/=1,...,N but F»=0

adjoint action of si(2, R) Casimir C» generates the F): [Co, I5]=0

Co = 5(B2,oBog2 + Bo2Bop) — Bi1 = %[Cz : 14 =L Fy

additional charges Fy not in involution but obey a polynomial algebra of order 2N —1



N=2: Bio, Boi; B2o, Bii1i, Bopo
Bjg:= Bz,o—%Bl,oBl,o , By 1:= 31,1—%{31,07 Bo 1}, Booi= 30,2—%30,130,1
{Bp¢} = sl(2,R) and  [B10,Bpg = 0 = [Bg1,B},] for k+£=2
Wo = W5 @& W1 = sl(2,R)’ @ Heisenberg

h
pi—70;
¢t = 2{K' H'} = D'? = 3{B5o, By} — B3 = h°g(g—1) > —zh°

N=3: Bio, Boi: DB2o0, Bi11, Bo2;, B3o, B21i, Bi12, Bo3s

B3o = ZCL’?, Bai1 = Zvveyl(:cfpi) = %Z(l’?pz‘-sz‘ Zl‘zpzicz

h? 1 h? 1
Biy = Zweyl zip?) + Y 9_(_9x )2) zita;), Bos = sz +327 9(9 ) (pity)
1<J 1<J




U(W:g) : Wey|<A1A2 <. Aq) L= %Z Aa(l)AG(Q) <. Aa(q) for Ag € {Bk,f}
oESq
notation and
L[By,¢, Bl (30) (21) (12) (0X)
(30) 0 3(40) 6(31) 9(22) - 31*(00)
+9r%g(g—1)
(21) _3(40) 0 3(22) + 3h*(00) 6(13)
—3h%g(g—1)
(12) —6(31) —3(22) — 1r2(00) 0 3(04)
+3nr2g(g—1)

(03) —9(22) + 342(00) _6(13) —3(04) 0

—9h?g(g—1)




dependent observables:

2(30[10) 4 5(20[20) — (20/10/10) + £(10/10/10/10)

£(30[01) 4 (21]10) 4 2(20[11) — £(20/10/01) — £(11|10|10) + (10|10|10|01)
£(21]01) 4 £(20[02) 4 £(12[10) 4 £(11]11) — £(20/01]01)

(40)
(31)
(22)

(13)
(04)

— £(11]10/01) — £(10|10]02) + £(10]10|01|01)

(12]01) + 3(11]02) + £(10]03) — £(11|01|01) — £(10]02]|01) 4 £(10]|01]|01]01)
2(03]01) 4 £(02(02) — (02]01]01) + £(01]01]01]01)

center-of-mass decoupling: W3 = W} & Heisenberg

(20)’
(11)’
(02)’
(30)
(21)’
(12)’
(03)’

(20) — £(10|10)

(11) — $(10|01)

(02) — £(01/01)

(30) — (20]10) + 2(10|10/10)

(21) — $(20[01) — 5(11]10) + 2(10|10/01)
(12) — 5(11]01) — 3(10|02) + 5(10[01|01)
(03) — (02]|01) + 2(01|01]01)




nested Weyl ordering:
(a|(ble)) = (alble) + 15{[la,b],c] + [[a,c],b] }
(a|b|(c|d)) = (albleld) + 35{(a|l[b, <], d]) + (a|[[b,d], ]
(a|(vleld)) = (albleld) + 5{(b]l[a, ], d]) + (b|lla, d], ]
(Calb)|(cld)) = (albleld) + 15{(a|llb,c],d]) + (

+ ([a, c]|[b,d]) + (a <> b)}
+ cyclicin (b,¢,d)}
+ (b[lla, ], d]) + (b][[a, d], c]) + (39) }

)
)
a} [, d], c])
;

+ 2{([a, c]|[b,d]) + ([a, d]|[b, c])

%[32,57 B7/n,n] (30)/ (21)/ (12)/ (03),
3 / /
(30)’ 0 %(20|20)/ (20[11)’ —5(2002)'+3(11|11)
+12[99(g—1) — 4]
5 1 ,
(21)’ —1(20/20) 0 2(20/02)'~3(11[11) (11/02Y
—h?[39(9—1) — 5]
(12)’ —(20]11) 2 (20j02) +3(11]11) 0 1(02/02)
2 4
+h°[39(9—1) — 3]
3 . ,
(03) 5(20(02)'—3(11|11) _(11/02) _%(02|02)/ .
—h?[99(g—1) — 4]




in s[(2, )" covariant notation:

(20)=:v8J_ 1, (11)Y=:2Jy, (02)=:Vv8J
(30)=:2K 355, (21)'=1 LK 15, (12)=: FKyyp, (03)=:2K 3,

spin-1 and spin-3 representations of s/(2,R)":
F0 D] = fiiJe and gl Kal = [, Kg
antisymmetric coupling of two spin—% representations:

[K, K] ~ J.J+ central : [%(X)%h = 230 = [1@1}8

singlet 0 = s/(2,R)" Casimir:
¢5 = (20[02) = (11|11) = 8(Jy41|J-1) — 4 (JolJo)



ih
K32 K1/ K_1)o K_3/»
K32 0 —V3 (J41|J41) —v6 (J4+1]Jo) ~(J4aJm1) = (Dol Jo)
o e
K12 V3 (J41|J41) 0 ~(Fal1) = (ol Jo) —v/6 (Jo|J-1)
+iC, + r2C
Kap | VBUulky |Hll-)+(Joldo) 0 V3 (Joal 1)
—2Ch —h2C
K_3/2 (J+1|J—1) _I_ (‘]O|‘]O) \/6(JO|J_]_) \/§(J_]_|J_1) 0
+2C, +h2C
with centralterm ¢ = 2g(g—1) — 1
nontrivial nonlinear commutator:
L5 cas(5Co g9(g—1)




N=3: 9 generators but dim(phase space)=6 = expect three Casimir operators

classical ansatz:  CE™° = o TR+3TE+ TEE with o, 3,7 € R

TS = (20]20]|20|02|02|02) — 3 (20|20|11|11]|02|02)" + 3 (20|11]11|11]|11|02)’
—(11]11]11|11|11|11)

TS = (30|30/02|02|02)" — 6 (30|21|11]02]|02)" 4 6 (30]20|12|02]02)’ — 6 (30|20|11|03|02)’
4+ 4(30|11|11]11]03)" — 3 (21]21]20]|02|02)" + 12 (21]21]|11|11|02)’ + 6 (21]20|20|03|02)’
— 6(21]20]12|11|02)" — 12(21]12|11]|11|11)" + (20]20|20|03|03)" — 3 (20|20|12|12|02)’
— 6(20[20|12|11|03)’ + 12 (20|12|12|11|11)’

T4 = (30/30]|03|03)" — 6 (30|21|12|03)’ + 4 (30[12[12|12)" + 4 (21|21|21|03)’
—3(21]21]12|12)

[ 667 (20) ] — [ 667 (11) ] — [ 667 (02)/] =SS for s=6,5,4 v
[cclass (30)] — [cclass (21)] — [Cclass (12)] — [Cclass (03)/] =
[T, (30)] — TR, [TL&, (30)1 =0 T8 & TR, (144, (30)] =8 OT



classical solution: Celass 6 o) 54

turn on A: [T52, (30)] — TR & The & h2Ti% & W4Ty
[T56, (30)'] — é%&hQ 63&h4 41

quantum ansatz :  CJ" = CES 4+ R2(6 Tuh+e T3) +h* TS with §,¢,C €R

T4 = (20]20(02|02)" — 2(20|11|11|02)" + (11]|11]11|11)

(30]12|02)" — (30]11|03)" — (21]21|02)" + (21|20]03)" 4+ (21]12|11)" — (20]12|12)’
T2 = (20]02) — (11|11)

~
RO
|

h2[T, 44,(30)’ — BT
h2[T, 44, (30)] — B2T(% & W2TES, & h*Tj3

hAT5%, (30)] — RATYS
highly overdetermined system! quantum solution:

(5,¢,¢) = (207—108)\, 648—324), 709—16567A+486)2), A =g(g—1)



the lowest quantum W3 Casimir in one formula:

Cguant -
6{(20|20|20|02|02|02)'—3 (20|20|11|11|02|02)'+3 (20|11|11|11]|11|02)'~(11]11]11]11]11]|11)’]
+ 9 {(30]30/02/02(02)" — 6 (30|21]|11|02|02)" + 6 (30/20|12|02|02)" — 6 (30|20|11|03]02)’
+4(30|11]11]11|03)" — 3(21]21|20]02]|02)’ + 12 (21]21|11]11]02)" + 6 (21]20|20|03|02)’
— 6(21]20]12|11]02)" — 12(21]|12|11]|11|11)" 4+ (20]20|20|03|03)" — 3 (20|20|12|12]02)’
— 6(20(20(12|11]03)" + 12(20|12|12|11]11)"}
— 54 {(30|30|03]03)'—6 (30]21]12]|03)'+4 (30|12|12|12)'+4 (21]21|21|03)'-3 (21]|21|12[12)}
+ 9(23-12X)1*{(20]20/02]02)’ — 2(20|11|11|02)" + (11|11|11|11)’}
+ 324(2-X)#*{(30|12|02)'—(30|11|03)'—(21]21]02)'4(21]20]|03)'4(21]12|11)'—(20|12|12)"}
+ (709—1656A44861%)1" {(20/02)" — (11[11)'}

its value in the Calogero realization:

pi =9, = M s (1444216 — 12152%) R



putting back the center-of-mass degree of freedom (10) and (01) =
massive Weyl re-ordering required =

lowest quantum W3 Casimir:
t I 4
CAMM = 3TEs — 3T + 9Tdg — 3T8s + 9Tgs — 54T6s
— IWPTR, + 2Th? TRy — 212 T4, + 541°T3,

271473 | 813472
—gh'5+gh'l3



TS, = (20|20/20/01|01|01|01|01|01) — 6(20|20|11|10|01]|01]|01]|01]|01) + 3(20|20|10|10|02|01]01]01]01)
+12(20/11|11]10[10[|01]|01]|01]|01) — 12(20|11|10/10|10|02|01]|01]|01) 4+ 3(20|10|10|10|10|02|02|01|01)
—8(11]11]11]10|10|10|01]|01|01) + 12(11]11]|10|10|10|10/02|01|01) — 6(11|10|10|10|10|10|02|02|01)
+ (10/10/10|10|10|10|02|02|02)

T8, = (30/30/01[01|01|01]|01]|01) — 6(30|21|10|01|01|01|01]|01) — 6(30|20|11]01|01|01|01|01)
+ 6(30|20]10[02]01]01|01|01) + 6(30|12|10|10]|01]|01]|01|01) 4+ 12(30|11|11]10|01|01|01]|01)
—18(30|11|10|10|02|01|01|01) — 2(30|10|10|10|03|01]|01]|01) + 6(30|10|10|10|02|02|01|01)
+ 9(21|21]10(10/01]01|01|01) + 6(21|20|20|01]|01]|01]|01]01) — 6(21|20|11|10|01]|01]|01]01)
— 6(21/20/10|10/02]|01]|01]|01) — 18(21|12|10/10|10[01|01|01) — 12(21|11]|11|10|10/01|01|01)
+30(21|11|10|10|10|02]01|01) 4+ 6(21]10|10|10/10|03|01|01) — 12(21|10|10/10/10|02|02|01)
+ 6(20]20|20(02]01]01|01|01) — 12(20|20|12|10|01]|01]|01]|01) — 6(20|20|11|11|01]|01|01]|01)
— 24(20|20|11|10|02|01|01|01) 4 6(20|20|10|10|03|01|01|01) 4+ 12(20|20|10/10|02|02|01|01)
+ 30(20[12|11|10|10|01]|01]|01) — 6(20|12|10|10|10|02|01|01) 4+ 24(20|11|11|11|10|01]|01|01)
+ 12(20|11|11]10|10]02]01]01) — 18(20|11|10|10|10]|03]|01]|01) — 24(20|11|10/10|10|02|02|01)
+ 6(20/10/10/10/10|03]02|01) 4+ 6(20|10|10|10|10|02|02|02) 4+ 9(12|12|10|10|10/10|01|01)
—12(12|11]11/10/10/10|01]|01) — 6(12|11]10|10|10|10|02|01) — 6(12|10/10|10|10|10|03|01)
+ 6(12/10/10/10/10|10]02]02) — 24(11|11|11|11|10|10|01]|01) 4+ 24(11|11|11|10/10/10/02|01)
+12(11]11|10|10|10|10]03]|01) — 6(11|11|10|10|10|10|02|02) — 6(11|10|10|10/10|10|03|02)
+ (10|10|10|10|10|10|03|03)



Tge =

3(30/30|02|01]01|01]01) — 6(30|21]11|01]01]|01|01) — 12(30|21]10|02]|01]|01|01) — 2(30|20]|12|01|01|01|01)

— 10(30]20]11]02|01]01]|01) 4 2(30|20|10|03|01|01|01) + 10(30]20|10|02|02|01]|01) 4+ 16(30|12|11|10|01|01|01)
+ 4(30]12|10|10|02|01]01) + 8(30|11|11|11]|01]01|01) — 4(30|11]|11]10|02]|01]01) — 10(30|11]|10|10|03]01]01)

— 6(30]11]10]10|02]02]|01) 4+ 2(30|10|10|10|03|02|01) + 2(30/10]10|10|02]|02]|02) + 5(21|21|20|01|01|01|01)
+8(21]21]11|10|01|01|01) 4+ 14(21|21]10|10|02]|01|01) + 10(21|20|20|02]|01|01]|01) — 14(21|20|12|10]01|01]|01)
— 4(21]20]11]11]01|01|01) — 2(21]20|11]10]02|01|01) + 4(21|20|10]10|03|01]|01) — 14(21|20|10|10|02|02|01)
—26(21]12|11|10|10|01]01) — 14(21]12|10|10|10|02|01) — 16(21]11]11|11]|10]01|01) 4+ 32(21|11|11]10|10]02|01
+ 16(21|11|10|10|10]03|01) — 6(21|11|10|10]10]02|02) — 2(21|10|10|10|10]03|02) + 2(20|20|20|03|01|01|01)

+ 2(20]20|20]02|02|01|01) — 6(20|20]|12|11]|01]|01]|01) — 14(20|20|12|10|02|01|01) — 4(20|20|11|11|02|01|01)

— 6(20]20|11]10]03|01]|01) — 4(20|20|11|10]|02|02|01) + 10(20|20]10|10|03|02|01) + 2(20|20|10|10]|02|02|02)

+ 14(20|12|12|10]10|01]01) 4+ 32(20]12|11|11|10]01|01) — 2(20]12|11]10|10]02|01) — 12(20]|12|10|10|10|03]01)
+10(20]12|10|10]10|02]|02) 4+ 2(20|11]11]11|11]|01]|01) 4+ 8(20|11]11|11]|10]02|01) — 4(20|11]11|10|10|03|01)
—4(20]11]11]10]10|02|02) — 10(20|11|10|10|10|03|02) 4 3(20|10|10|10|10|03]|03) + 8(12|12|11|10|10|10|01)
+5(12]12/10|10|10|10|02) — 16(12|11]11|11]|10]10|01) — 4(12|11]|11]10|10]10]02) — 6(12|11|10|10|10|10|03)
—4(11]11|11]11]11|10]01) 4+ 8(11|11]11]10|10]10]03) + 2(11]11]11|11]10|10|02)



TS, = 8(30|30(03]01]01]01) 4+ 21(30|30/02]02]01]01) — 24(30|21|12|01]01]|01) — 84(30|21|11|02|01|01)
— 24(30|21|10|03|01|01) — 42(30|21|10|02|02|01) — 24(30|20|12|02|01|01) — 30(30|20|11|03|01|01)
— 12(30|20|11|02|02|01) 4 54(30|20|10|03]02|01) 4+ 12(30|20|10]02]02|02) + 48(30|12|12|10|01|01)
4+ 96(30/12|11]11]01]01) 4+ 24(30|12|11|10]|02|01) — 24(30|12|10|10|03|01) + 30(30|12|10|10|02|02)
+12(30/11]11]11]02|01) — 36(30|11]11]10]03]01) — 12(30|11|11]10]02|02) — 30(30|11|10|10|03|02)
4+ 8(30|10|10|10|03|03) 4+ 16(21|21|21]01]01]01) 4+ 66(21]21]20/02|01]|01) — 24(21|21|12|10/01]01)
— 12(21|21|11|11|01|01) 4 144(21]21]11]10]02|01) + 48(21|21|10|10[03|01) — 9(21|21|10|10|02|02)
+ 30(21]20/20/03]01]01) + 12(21]20|20(02|02|01) — 54(21]20|12|11]|01]|01) — 138(21|20|12|10[02|01)
+ 12(21|20]11|11]02|01) 4 24(21]20|11]10|03|01) — 36(21|20|11|10|02|02) — 24(21|20|10|10[03]02)
— 24(21]12|12/10|10|01) — 132(21]12|11|11|10|01) — 54(21|12|11]|10|10|02) — 24(21|12|10/10/10|03)
— 24(21(11]11]11|11|01) + 36(21]11|11|11|10|02) + 96(21|11|11|10|10|03) + 12(20|20|20|03|02|01)
— 2(20]20|20]02]|02|02) — 9(20]20|12|12|01]|01) — 36(20|20|12|11]02|01) — 42(20|20|12|10|03|01)
+ 12(20/20/12|10]02]02) — 12(20]20|11]11]03]01) 4+ 6(20|20|11]11]02|02) — 12(20|20|11|10|03]02)
+ 21(20/20/10/10/03]03) + 144(20|12|12|11|10|01) 4+ 66(20|12|12|10|10|02) 4+ 36(20|12|11|11|11|01)
+ 12(20]12|11]11]10]02) — 84(20|12|11]10/10/03) — 6(20|11|11|11|11|02) 4+ 12(20|11|11|11|10/03)
+ 16(12|12|12|10|10/10) — 12(12|12|11]11|10|10) — 24(12|11|11|11|11|10) + 2(11|11|11|11|11]11)

Tgs = 12(30/30/03]02|01) + (30|30|02|02|02) — 36(30|21|12|02|01) — 24(30|21|11|03|01)
— 6(30/21]11]02|02) — 12(30/21|10|03|02) — 12(30|20|12|03|01) + 6(30|20|12|02|02)
— 6(30/20|11|03|02) + 12(30/20|10|03|03) + 48(30|12|12|11|01) 4+ 24(30[12|12|10|02)
— 24(30|12|11]10|03) 4 4(30|11]11|11|03) 4 24(21|21]21]02|01) 4 24(21|21|20|03|01)
— 3(21]21|20|02|02) — 24(21|21|12|11|01) — 12(21|21|12|10|02) + 48(21|21|11|10|03)
+ 12(21|21|11]11]02) + 6(21]|20|20[03]02) — 12(21]20[12|12|01) — 36(21|20|12|10|03)
— 6(21]20[12[11|02) — 24(21|12[12|11|10) — 12(21|12|11|11]|11) + (20]|20|20|03]03)
— 3(20/20|12|12|02) — 6(20|20|12|11]|03) + 24(20|12|12|12|10) + 12(20|12[12|11|11)



T4 = (30|30|03|03) — 6(30|21|12|03) + 4(30[12|12|12) + 4(21|21|21]03) — 3(21[21]12|12)

TS, = (20]20]|01|01|01|01) — 4(20|11]|10/01|01|01) + 2(20|10|10|02|01]01)
+4(11]11]10/10[01]01) — 4(11]10|10|10|02|01) + (10/10|10|10|02|02)

T2, = (20|20/02|01|01) — (20]11]11]01]|01) — 2(20|11|10|02|01) + (20|10|10|02|02)
+2(11]11]11]10/01) — (11|11|10|10]02)

Ti, = 4(17—6X)(30/12(01]|01) — 4(17—6X)(30|11]|02|01) — 4(17—6)(30|10/03|01)
+ 4(17—-6)(30|10(02]02) — 4(17—6X)(21]21|01|01) 4+ 4(17—61)(21|20(02|01)
+ 4(17-6X)(21|12[10]01) + 8(17—6X)(21]11]11]|01) — 12(17—6X)(21]|11|10|02)
+ 4(17-6X)(21|10/10/03) 4+ 4(17—6X)(20/20|03|01) — (59 — 241)(20|20|02|02)
—12(17-6X)(20|12|11]01) + 4(17—6X)(20|12|10]|02) 4+ 2(59—241)(20|11|11]02)
— 4(17-61)(20]11|10|03) — 4(17—6X)(12]|12|10|10) + 8(17—6A)(12[11|11|10)
— (59 — 24))(11]11|11|11)

T3, = (17-6X)(30|12]02) — (17—6X)(30|11|03) — (17—6))(21]21]02)
+ (17-61)(21]20|03) + (17—61)(21]12|11) — (17—61)(20]12|12)

T3, = (177 — 16A(13-3)))(20]01[01) — 2(177 — 16A(13—3)))(11]10/01)
+ (177 — 16A(13-31))(10/10/02)

75, = (177 —16A(13-3)))(20]02) — (177 — 16A(13—3)))(11]11)



Heckman (1991) constructed intertwiners ¢ <+ g1 via Dunkl operators:

M) I(9) = I+ M) for  M(g) = res([[(mi-m)(9))

1<J

M) I(g+1) = L) M) for  M(g)* = res( [ (ri-m)(~9))

1<J

M(1—g)Ix(9) = Ix(g—1) M(1—g) < M(g)" = M(—g)

immediate consequence:

M(9)*M(g), Iy(9)] =0 and M(g) M(9)*, Ii(9+1)] = 0

new conserved charge? no, because it is a polynomial in the Liouville charges:

M(g)*M(g) = M(—g) M(~g)* =:R(I(9))



coefficients of polynomial 72.(1) do notdependon g —  evaluate for g=0:

R(1(0)) = M(0)*M(0) = [[(pi—p;)

i<j
n—1 2 1 1 1 n—1
1 p1 ... pl—l 1 p; pl—l
_ |1 po ... pg _ p.l p.2 p.n 11 po ... pg
1 pn pg_l p?_lpg_l pg_l 1 pn pg_l
= (Zpﬁj’j_Q) = det(IiH_Q(O))i_ hence:
k j J
R(I(g)) - det<lz'—|—j—2(9))ij
n=2: RU) = —I{+2I
n=23: RU) = —I{I4+ 2111513 — I5 + 3114 — 313

_ %(_1§‘> + 9111, — 81313 — 211215 + 36111513 + 315 — 1813)



so far, g € R generic; but g € N admits intertwiner with free theory (¢=1):

M(g) = M(g—1)M(g—2)---M(2)M(1) = M(g)Ix(1) = I;(9)M(g)

M(g)* = M(—1)M(-2)---M(2—g)M(1—g) is conjugate intertwiner

> MM = (R@) ad  MO)M@) = (Re+D)"

Darboux dressing of some free /(1) with [¢/(1),I(1)] = O for some k:

(9) = M(9) C(M)* = |09, Ik(®)] = 0

consistent with involution of Liouville charges:

M(9) (D M()* = (R())" 1:(9)



large choice of ‘naked’ ¢/(1): any polynomial in {p;} with constant coefficients
identical particles — observables totally (anti)symmetric under s;;
totally symmetric  — Liouville integrals; totally antisymmetric — simplestis

(1) = V() = ] i—p;)
i<j
Darboux dressing:
(9) = M(g) M (0)M(g)"

= M(g—1)M(g—2)---M(1)M(O)M(-1)---M(2—g)M(1—g)

builds a chain relating I.(¢g) = I;.(1—g) backto I.(g):
(D I(1-9) = LN = |09, (9] =0

a conserved charge of order %n(n—l)(Qg—l) algebraically independent of {1, Fy}

seeming other option g € N+-3 fails:

M(g-1)--- MG)MGM(HM(2)---M(1-g) = (R(e))" 2



) MO gy MO gy MO, gy M9, gy Mt
H(1) M) » H(g)
M(qg)* MO M
H(1-g) W omo) M9 ) ) H(g)

@)
H(g) ; ; ; ; > H(g)




check the square of the new Liouville charge:

()2 = M(g—1)--- MB—g)M(2—g)M(1—-g)M(g—1)M(g—2) - M(1~g)
= M(g—1)---M@B—g)M((2-g)R(g—1)M(9—2)M(g—3) --- M(1—g)
= M(g9—1)--- M(3-g)M(2—g)M(g9—2)R(g-2)M(g—3)--- M(1—g)
= M(g-1)--- M(3-9)(R(9-2)) " M(g-3) --- M(1—g)
= M(g-D)MA-9)(R1-9))" " = (R1-9)" = (R()
again a polynomial in the Liouville integrals, so formally ) = Rg_% for g € N

nonlinear (Zo graded) algebra of 2n conserved charges:
Uk, L] =0 [Iy, Fp) = Ay (1) [Fg, Byl = By (I, F)

[0, 1) =0 [0, F]=(29-1)0C(I) 2= (R))
with some definite polynomials A,. », ;. y, C; and R

2g—1



example: three particles (N=3)

M(g) = res(mi2(9)m23(9)731(9)) A = 12123731
= AY (p12 P23 P31 — @pm — 33—231923 — Ep:ﬂ
+ Hp1o+ Hpas + p31) A
$12 5'723 31
= p12Pp23P31 T 33—122923 P31 + @pm p12 + EPlQ P23
g(g—1)  4g g(g 1) 4q g(g 1) 4492
—I_ ( :B%l x12x23)p3 —I_ ( 2712 x23x31)p12 —I_ ( 2723 x31x12)p23

- S 4 2ig(g-1)(9+2) (G- + -+ 1)

M*M = R = —3I5 + 6131511 — 31317 + 515 — 5151 4+ 31,17 — 219



1 3 .3
(9=2) = £piop33P31
+ > (p12p23p31+2p12p232931)

1
12i 2 2
+ (p12 P23 p31+p23 P31‘|‘4 P12 p23 P31)

3
%)
12 24 ) 264 180 168
— (4 - piap3s + (23 30 — 3% ) p1op33 P31
Lo $12$31 x23 Lo 5’3125’323
- (1440 720 720 3
b r)
T35 r12)325,  w12)223, P12 P23
1080 @ 360 360 1080
+ '( 5 — .3 .2 )p12 P23
5’312 31 L12T3q $12x31
4200 3360 1920 1200 2880 3
12 23 12 23 23 31 12 31
4320 2 576
> 4 P12 P23 P12 P23 P31
$12$31 $12$31
_|_| 25200 10080 7200 5760 _I_ 10080 1440 2
.CU 33‘7 33‘5 33‘2 .CU .CU .CU .CU 33‘2 33‘5 p12
12 23 12423 12%23 12%23 12%23
(90720 198720 129600 _I_ 34560 . 17280
5178 33‘7 T .CU6 .CU ZIZ‘ 33‘3 ZIZ‘ ZIZ‘ p 2
12 12423 12423 12423 12423

_ (181440 60480
|( 0 —|—w12w23w31) + all permutations in (123)



Chalykh, Feigin, Veselow (1998) generalize quantum integrable Calogero model:
HYH(g) = Hy(9) + 3p341

N 2
_ 12 g
Hyy1(9) = Hn(9) + 5px41 +
+ S z; (zi = Vo—Tan41)?

Hy1(g) algebraically integrable since 3 W with W (g) H¥'(9) = Hy1(9) W(9)

but trivializes in the classical limit 2z — 0 with Ag — ~
we have Hy11(2) = Hy41(2) hence W(2) HY1(2) = Hyy1(2) W(2)

this suggests existence of “vertical intertwiner” g) such that

g g g g g
where Wi (1) =1 and Wy (2) = W(2)



together with horizontal intertwiners My (g) Hy(g) = Hy(g+1) My(g) have

M —1 M M 1

\
l4

| |6 [t

My41(9—1) Mpy41(9) Mpy41(9+1)
Hyyq1(1) ... » Hyy41(9) > Hyy1(9+1) >
1 Mpn41(9—1) 1 My 41(9) 1 Mp41(9+1)
Hy2 (1) .. s Hyt 1 (9) > Hi1(g+1) -
| [rrnte |t
Mpyy2(9—1) Mpy42(9) Mpy42(9+1)
Hyn4o(1) ... » Hy42(9) » Hyyo(9+1) >
hence a recursion g+1) Mn(g) = Mpn41(9) g

= 9) = 11 (pi—pn11)? 1 + O(g) is an operator of order N(g—1)

[ e e e



proof of existence or construction of the vertical intertwiner is a factorization problem:

either recursively Mpn41(9) 9) = g+1) My(9)
or directly from My+1(9) =Mpy41(9) 1) = g) Miny(g)
examples:
2) = + 2lpoz + 2lpiz — ;4o - 5
P13 P23 x13 " po3 x23 " p13 t3t3 | 12,
_ >
3) = pispss + x13 ip13p33 + x23 | p13D23
_ 12 _ 12 _(_36 12
T34 P23 734 P13 (96239013 T x12> P13 P23
72 36 12 72 36 12
_ i — — [
(2ot s i) irs — (s + 2, 7)) ims
144 11
+ %, (:c13 T34 $13$23>

have computed also 4) and 5) and proved the existence of g<7



the rational Calogero model for N unrestricted realizes a Wy , algebra

for particle number N fixed it becomes a nonlinear dynamical W, algebra
conserved charges = commutant of H in U (W), is easily characterized
smallest W3 Casimir is of order 9 in 9 generators and of order 12 in (z;, p;)
classical limit also via solving a system of PDEs (using Poisson brackets)
horizontal intertwiners relate Hy(g) to Hy(g+1) = isosprectrality

extra “odd’ conserved charge for integral coupling = algebraic integrability
new vertical intertwiners couple an additional particle = Hpy(g) to Hy41(g9)

a network relates all Hy(geN) to free particles = extendto cons’d charges?
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1923 Burchnall & Chaundy:
odd-order ordinary differential operators commuting with 1d Hamiltonian

1978 Krichever:
their existence is tied to algebro-geometric, or ‘finite-gap’, nature of Hamiltonian

1989  Dunkil:
commuting operators combining partial differentials and Coxeter reflections

1990 Chalykh & Veselov:
“commutative rings of partial differential operators and Lie algebras”
1st examples of 2d finite-gap Hamiltonians, construction of intertwiners for g=2

1991 Heckman:
uses Dunkl operators to construct intertwiners for any multiplicity g—1

1990s Berest, Chalykh, Etingof, M. Feigin, Ginzburg, Styrkas, Veselov:
extension to higher dimension N —1 and multiplicity g—1, in particular:
construction of Baker-Akhiezer functions, explicit formulae for add’l charges,
including via Darboux dressing with intertwiners (only for N=3, g=2)



