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Landau-Ginzburg models
For given X a pair (X∨,Wq : X∨ → C) s.t.

qH∗(X)(q) ∼= C[X∨ × (C∗)ρ]/⟨∂Wq⟩.

Homogeneous spaces
Projective X = G/P with G a linear
alg. group over C. Such P stabilize a
set {ϖi | i ∈ I} of fundamental weights,
denoted P = PI . If I = {k} with ϖk s.t.

⟨⟨α∨
0 , ϖk⟩⟩ = 1,

then X is called cominuscule.

Langlands dual hom. spaces
G and P determine Langlands dual groups
G∨ and P∨ exchanging roots and coroots.
These give the “Langlands dual hom. space”

X∨ = P∨\G∨.
If X is cominuscule, there is an embedding

X∨ ↪→ P
(
V (ϖ∨

k )
∗)

yielding proj. coordinates (pw | w ◁ wP )
called (generalized) Plücker coordinates
indexed by order ideals of the minuscule
poset wP , which can be drawn as a (skew)
Young diagram with the smallest “box”
top-left and ordered by adjacency.

The cominuscule families
There are five infinite families of cominus-
cule spaces, as well as an exceptional family
consisting of two members:
1) X = Gr(k, n) = SLn/Pk = Asc

n−1/Pk

X∨=Gr(n−k, n)=P∨
k \PSLn =P∨

k \Aad
n−1

wP =
3 4 5 6
2 3 4 5
1 2 3 4

2) X = Q2n−1 = Spin2n+1/P1 = Bsc
n /P1

X∨ = Pn = P∨
1 \PSp2n = P∨

1 \Cad
n

wP = 1 2 3 4 5 4 3 2 1

3) X = Q2n = Spin2n/P1 = Dsc
n /P1

X∨ = Q2n = P∨
1 \PSO2n =P∨

1 \Dad
n

wP = 1 2 3 4 5
6 4 3 2 1

4) LG(n, 2n) = Sp2n/Pn = Csc
n /Pn

OG(n, 2n+1) = P∨
n \PSO2n+1 = P∨

n \Bad
n

wP =

5
4 5
3 4 5
2 3 4 5
1 2 3 4 5

5) X =OG(n, 2n)=Spin2n/Pn =Dsc
n /Pn

X∨ =OG(n, 2n)=P∨
n \PSO2n =P∨

n \Dad
n

wP =

6
4 5
3 4 6
2 3 4 5
1 2 3 4 6

61) X =OP2=Esc
6 /P6,X∨=OP2=P∨

6 \Ead
6

wP =
6 5 4 3 1

2 4 3
5 4 2
6 5 4 3 1

62) X =Fr=Esc
7 /P7,X∨ =Fr=P∨

7 \Ead
7

wP =

7 6 5 4 3 1
2 4 3
5 4 2
6 5 4 3 1
7 6 5 4 3

2 4
5
6
7

Thm: Canonical LG-models
For X = G/Pk cominuscule we give a fully
combinatorial construction of an LG-model
(X∨

can,Wcan,q) with X∨
can = X∨ \ D for

an anticanonical divisor D and with Wcan,q

a rational function in Plücker coordinates,
using order ideals of wP .

The combinatorics
Let σi : [n] → [n] be the (possibly trivial)
involution of the Dynkin diagram of G∨

with vertex i removed, and set σi(i) = i.

For any i∗ ∈ [n] \ {k}, let:
• i−1 = k, i0 = i∗ and ij = σij−1

(ij−2);
•wi0 = ∅, and wij ◁ wP max. obtained by
adding all possible i with i ̸= ij to wij−1 ;

• c∗ s.t. wic∗+1
= wP ;

•Pi∗ the poset of c∗-tuples of ideals obtained
from (wi1 , . . . ,wic∗

) by moving boxes;
•ϕi∗ be the alternating sum of pwpw′ · · · for
(w,w′, . . .) ∈ Pi∗ .

Moreover, let ϕ0 = p∅ and ϕk = pwP , then
D =

∑n
i=0{ϕi = 0}.

For i ∈ [n] and w ◁ wP , if i can be added
to w, let δi(pw) = pw+i where w+i is the
resulting ideal; else, let δi(pw) = 0; extend
δi to polynomials as a derivation.

Let w′′ ◁ wP maximal containing exactly
one k , and let w′ ◁ wP be its complement.
Define for i∗ ∈ [n] \ {k}:

W0 =
p

p∅
, Wk = q

pw′

pwP

, Wi∗ =
δi1(ϕi∗)

ϕi∗

,

then Wcan,q =
∑n

i=0 Wi.

An example: the Lagrangian Grassmannian X = LG(4, 8)

X∨ of type B4 with k = 4
Dynkin diagram >

wP =
4
3 4
2 3 4
1 2 3 4

i∗ = 1: i1 = 3, i2 = 4, i3 = 1 and

wi1 =
4

, wi2 =
4
3
2
1
, wi3 =

4
3 4
2 3 4
1 2 3 4

= wP so P1 =

{(
4

,
4
3
2
1

)
,

(
∅,

4
3 4
2
1

)}
, W1 =

p p −p∅p

p p −p∅p

i∗ = 2: i1 = 2, i2 = 4, i3 = 2 and

wi1 =
4
3 4 , wi2 =

4
3 4
2 3
1 2

, wi3 =
4
3 4
2 3 4
1 2 3 4

= wP , so

P2 =

{(
4
3 4 ,

4
3 4
2 3
1 2

)
,

(
4
3 ,

4
3 4
2 3 4
1 2

)
,

(
4

,
4
3 4
2 3 4
1 2 3

)
,

(
∅,

4
3 4
2 3 4
1 2 3 4

)}
, W2 =

p p −p p

p p −p p +p p −p∅p

i∗ = 3: i1 = 1, i2 = 4, i3 = 3 and

wi1 =
4
3 4
2 3 4 , wi2 =

4
3 4
2 3 4
1 2 3

, wi3 =
4
3 4
2 3 4
1 2 3 4

= wP so P3 =

{(
4
3 4
2 3 4 ,

4
3 4
2 3 4
1 2 3

)
,

(
4
3 4
2 3 ,

4
3 4
2 3 4
1 2 3 4

)}
,

W3 =
p p −p p

p p −p p

Finally, w′′ =
4
3
2
1
, so w′ =

4
3 4
2 3 4 , and we conclude:

Wcan,q = p
p∅

+
p p −p∅p

p p −p∅p +
p p −p p

p p −p p +p p −p∅p +
p p −p p

p p −p p + q
p

p

Further properties
• {ϕi | i ∈ {0} ∪ [n]} forms the set of frozen
variables for a cluster structure on X∨

obtained from [1].
•The canonical models are up to relabeling
identical to earlier type-dependent con-
structions for certain cominuscule families
given in [2,3,4,5].

•The canonical models are isomorphic to
the Lie-theoretic models given in [6] and
hence give explicit projective coordinate
expressions for these.

•On a dense algebraic torus in X∨
can, the

canonical models restrict to a Laurent poly-
nomial model isomorphic to [7].

•Wcan,q can be seen as a log derivative of D
by Wcan,q = ∆(Φ)

Φ with Φ =
∏n

i=0 ϕi and
∆ a “quantum” extension of

∑n
i=1 δi
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