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Q Topological recursion (TR)
Q Witten’s conjecture, Kontsevich’s theorem
@ Cohomological field theories (CohFT)

Q Witten’s r-spin class and the r-KdV hierarchy
(based on joint work with R. Belliard, S. Charbonnier and B. Eynard, arXiv:2105.08035)
@ Combinatorial model: Generalised Kontsevich graphs
o Tutte’s recursion
@ Topological recursion for ciliated maps
@ From graphs to infersection numbers with Witten’s class

Q Further consequences: ongoing and future


https://arxiv.org/abs/2105.08035

Topological recursion (TR, Chekhov-Eynard-Orantin ‘04-'07)

Goal: “Count surfaces Sy, of genus g with n boundaries (fopology (g, n)).”}

3 Riemann surface Diff il
5 Cp! ifferential forms
R: — ydx 1-6orm ; S~~~ wyn(Z1, ..., 20),2 € X,
wo,1 = ydx 1- recursion on vg,n > 0.
wo,2 (1,1)-form  ( ) x(Sgm) =29 —2+n

@ x finitely many simple ramification points (Cr(x)) and y holomorphic around a € Cr(x)
and dy(a) # 0 = Local involution o around every ramification point: x(z) = x(o(z)).

@ wo,2 symmetric bi-differential on X x ¥ with only double poles along the diagonal and
vanishing residues, that is when z; — z;

holomorphic
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@ Terms in correspondence with the ways of cutting =

a pair of pants (0, 3) from Sg, . VA



Properties, connections and examples

@ Interesting/powerful properties: wq,, are symmetric with poles at ramifications points,
controlled deformations along families, dilaton equation, symplectic invariance,
modularity, integrability...

@ For the Lambert curve x = ye™Y, TR provides simple
(Eynard-Mulase-Safnuk, ‘09, .

@ Fory = M , TR gives for Weil-Petersson volumes (of the
moduli spoce "of bordered hyperbolic surfaces), (Eynard-Orantin, ‘07, ).
@ TR on mirror curve of a foric CY3 computes its open
(Bouchard-Klemm-Marino-Pasquetti, ‘07, ), (Fang-Liu-Zong, '16
).
) on S® is governed by TR. Gopakumar-Ooguri-Vafa

correspondence gives an A-model picture: GW of the resolved conifold, and B-model
can be seen as TR on its Hori-lgbal-Vafa mirror curve. (Brini, “17, .

] on random maps: 1-hermitian matrix model, Isihng model,
Potts model, O(n)-loop model (Borot-Eynard, ‘09, ).
(Borot-Eynard-Orantin, 13, Do

@ From to cohomological field theories to topological recursion
(Andersen-Borot-Orantin, 15, ).

@ Reconstruction of formal WKB expansions, , isomonodromic systems
(Borot-Eynard, ‘11, ), (Eynard, ‘17, ),
(Eynard-G-F-Marchal-Orantin, ‘21, Do

@ Conjecturally, for the A-polynomial of a knot as a spectral curve, TR computes the
colored of the knot (Borot-Eynard, 12, ).

@ Extension to the , resurgence theory:


https://arxiv.org/abs/0907.5224
https://arxiv.org/abs/0705.3600
https://arxiv.org/abs/0709.1453
https://arxiv.org/abs/1604.07123
https://hal.archives-ouvertes.fr/hal-01474196/document
https://arxiv.org/abs/0910.5896
https://arxiv.org/abs/1303.5808
https://arxiv.org/abs/1509.01387
https://arxiv.org/abs/1110.4936
https://arxiv.org/abs/1706.04938
https://arxiv.org/abs/2106.04339
https://arxiv.org/abs/1205.2261

Moduli space of curves Mgy ,,

Forg,n > 0, with 2g — 2 + n > 0, we define the moduli space:

M, — | curves of genus g with n N
9= 1 marked points xp, ..., Xn ‘

0 Mg,n ~ Deligne-Mumford compactification (including nodal curves).

Y= c1(Li) € H2(Mgn, Q),

i=1,...,n

Intersection numbers or correlators of psi classes:

<Td1 Ty )g = /‘H w‘lil ...wgn €Q,

g,n

which are zero unless >-1! ;| d; = dimg(Mg,n) = 3g — 3+ n.



Witten’s conjecture

Generating series of intersection numbers of psi classes:

F(to, t1, .. )—Z Z (Td, -+ Ta)ta, - ta,

(dl; -dn)



Witten’s conjecture

Generating series of intersection numbers of psi classes:

F(to, t1, .. )—Z Z (Td, -+ Ta)ta, - ta,

(dl; -dn)

Conjecture: The series F sdatisfies the Korteweg-de Vries (KdV) hierarchy, the
first equation of which is the classical KdV equation

U _ou 10U ([ OPF
ot oty 12 9t3 o2

2
and the string equation gg = % + 3% tir g—g.

o Witten’s motivation: Two different models of 2D quantum gravity should
coincide.

@ The conjecture uniquely determines F.



One explicit version of Witten’s conjecture

Virasoro operators:

19 1 & 39 1

o o 1
Vo, =—-— E ter1—+—, Vo=—-— E 2k + 1)
1 + = kzo k+18tk+4 0 + = ( + e —

2 oty 2 ot oty

and forn > 0,

(2n+3)! i(2k+2n+l)!! )

Vi = —

" 2 Otay = 2(2k— 1)  Otiern
Py (2k; + DI(2ke + 11! 02
e 4 D, Oty

They satisfy the Virasoro relations:

[Vin, Vn] = (M — 1) Vin4n.



One explicit version of Witten’s conjecture

Virasoro operators:

t?, 39 1S 3 1
Voi=—--— 2 Vo= = 2k be—
1 28t0+ Zk+lat AL 28t1+2k2=;)( +)kat+

and forn > 0,

(2n+3)! i(2k+2n+l)!l )

Vo= —
" 2 Oth 202k — DI *Oltjeyn

fe=

2k + DN (2ky + DN 92
ki +hp=n—1 Ty @y
They satisfy the Virasoro relations:

[Vm, V] = (M — 1) Vimin.

Theorem (equivalent to Witten’s conjecture (‘91))

For every infegern > —1, Vy(exp F) = 0.




Witten’s conjecture ~ Kontsevich’s theorem

1. Kontsevich maps
and matrix model

2. Infersection numbers
TR ('07) / Ay
Mg.n
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3. Infegrable hierarchy Pk ~ Witten’s conjecture, ‘90
KaVv <----"7
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1. Kontsevich maps

and matrix model Kontsevich, ‘91
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Witten’s conjecture ~ Kontsevich’s theorem

1. Kontsevich maps

and matrix model Kontsevich, ‘91

2. Infersection numbers
Konftsevich, ‘91 TR ('07) / ‘111 cqpn
Mg.n

3. Integrable hierarchy Kontsevich, ‘91
Kdv



Witten'’s conjecture ~ Kontsevich’s theorem

1. Kontsevich maps

and matrix model (Ne:lch 01

2. In‘rersec’rlon numbers

Kontsevich, ‘91 TR 07) ‘111 cqpn

3. Integrable hierarchy Kontsevich, ‘91
KdVv

TR applied fo the Airy curve (x,y) = ( , z) produces

n
2d; + 1)!dz;

_ 92—2g-n .. ) y

wg,n(21,...,2n) =2 - dl_3g sin /,AA 11;11 Zi2dz+2 :



Cohomological field theories

Definition (cohomological field theory (CohFT))

V vector space with a nondegenerate symmetric bilinear form n. A CohFT
{Qqg,n}2g—24n>0 OVver (V,n) is a collection of & -invariant morphisms

Qgn: VO — H*(Mg,n) such that
given the gluing maps
q: ﬂg—l,n+2 — ﬂg,ru
r: mgl,n1+l X ﬂg2,n2+1 = Mgn, gi+ge=9g, u+n=n
we have

T (0 ® - @ Un) = 101201 ® - QU@ 7",

[ o)
r*QQ,"(Ul Q- ® Un) = (le,n1+l X ng,n2+l)(® Ui ® TIT ® ® Uﬂ1+j)¢
i=1 j=1

where nf € V&2 is the bivector dual to 7.

Correlators: With 3 | d; < dimc(Mg,n) =39 — 3 +n,

oy 00+ 7an 00} = [ Oga(vr @+ © v) [T 0"
i=1

Mg,n



Cohomological field theories
Definition (cohomological field theory (CohFT))

V vector space with a nondegenerate symmetric bilinear form n. A CohFT
{Qg,n}2g—2+4n>0 OVer (V,n) is a collection of & ,-invariant morphisms

Qgn: VO — H*(Mg,n) such that
given the gluing maps

q: ﬂg_1’n+2 = ﬂgyn,
s mgl,nﬁ-l X ﬂgz,mﬁ-l — ﬂg,m g1+9g2=9, i +np=n,
we have

T (0 ® - @ Un) = 101201 ® - QU@ 7",

ny 2]
r*Qg,n('—’l ®:---Quvn) = (le,n1+1 X QgQ,n2+1)(® Ui ® 77Jr ® ® Un1+j),
i=1 Jj=1

where nf € V&2 is the bivector dual to 7.

Correlators: With 3 | d; < dimc(Mg,n) =39 — 3 +n,

n
oy 00+ 7an 00} = [ Oga(vr @+ © v) [T 0"
Mg,n i=1
Examples: V = Q,n(1,1) = 1. Then Qg n = Qg.n(1%M).
@ Trivial CohFT Qg n = 1~ Witten-Kontsevich infersection numbers.
0 Qgn = exp(27°k1), With ki = m. (Y1) € H*™(Mg,n) ~ Weil-Petersson volumes
(hyperbolic geometry).



Semi-simplicity, classification and Witten’s class

@ A CohFT defines a quantum product x on V by
n(v1 * V2, 03) = Qo,3(V1 ® V2 ® v3).

Commutative (by &n-invariance) and associative (by the last two axioms).
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algebra.
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Semi-simplicity, classification and Witten’s class

@ A CohFT defines a quantum product « on V by
n(v1 * V2, 03) = Qo 3(V1 ® V2 ® v3).

Commutative (by &n-invariance) and associative (by the last two axioms).
o A CohFT Q on (V,n,1) with flat unit is semi-simple if (V, n, 1) is a semi-simple
algebra.
@ There is a group, the Givental group, acting on semi-simple CohFTs.

Theorem (Givental-Teleman classification, Teleman “12)

Let Q2 be a semi-simple CohFT with flat unit and w the associated TFT (degree 0
part). Then there exists a unique R-matrix such that

Q=Rw.




Semi-simplicity, classification and Witten’s class

@ A CohFT defines a quantum product x on V by
n(v1 * V2, 03) = Qo,3(V1 ® V2 ® v3).

Commutative (by &n-invariance) and associative (by the last two axioms).

@ A CohFT Q on (V,n, 1) with flat unit is semi-simple if (V,n, 1) is a semi-simple
algebra.

@ There is a group, the Givental group, acting on semi-simple CohFTs.

Theorem (Givental-Teleman classification, Teleman “12)

Let Q2 be a semi-simple CohFT with flat unit and w the associated TFT (degree 0
part). Then there exists a unique R-matrix such that

Q) =Rw.

Example (non semi-simple)

V = (ep,e€1,...,e—2)q.M(€a, ep) = dayb,r—2. Witten’s r-spin CohFT:
cw(ay,...,an) = Qg n(ea, .-, €an)s

(r=2)(g=D+>1 a
r

of degree . withay,...,an € {0,...,r—2}.




Witten’s conjecture ~ Kontsevich’s theorem

1. Kontsevich maps

and matrix model Kontsevich, ‘91

2. Intersection numbers
Kontsevich, ‘91 TR (‘07) /7 .o
Mg,n

q Witten’s conjecture, ‘90
& In‘regroﬁ;?/hlerorchy Kontsevich’s theorem, ‘91

Theorem (Eynard ‘11, Dunin-Barkowski-Orantin—-Shadrin-Spitz “14)

TR for spectral curves with

simple ramification points < Semisimple CohFTs.




r-spin Witten conjecture, ‘93 (proved by Faber-shadrin-zvonkine)

1. Generalised Kontsevich
maps and matrix model

2. Intersection numbers
Higher TR (13) / (e, ..., an)gd - gl
Mg.n

’
’

-
-

3. Hierarchy -7 Witten, ‘93
rKdvV <o o



r-spin Witten conjecture, ‘93 (proved by Faber-shadrin-zvonkine)

1. Generalised Kontsevich
maps and matrix model

2. Intersection numbers
Higher TR ("13) cy(ay, .. -,an)wllil gn
Mg.n

Witten’s conjecture, ‘93
Kontsevich r = 2 (Mirzakhani, .. .)
Faber-Shadrin-Zvonkine r > 2, '10

3. Hierarchy
r-KaVv



r—spin Witten conjeCTure, "'Q3 (proved by Faber-shadrin-zvonkine)

1. Generalised Kontsevich
maps and matrix model

2. Intersection numbers

Higher TR ('13) [ dyla,. .., an)w‘fl cqpdn
Mg,n

Witten’s conjecture, ‘93
Kontsevich r = 2 (Mirzakhani, .. .)
Faber-Shadrin-Zvonkine r > 2, '10

3. Hierarchy
r-KdVv

Can we complete the picture in the general r case? Combinatorial side?



Generalised Kontsevich graphs

Definition

A map of genus g with n boundaries is an embedding of a graph I' into an
oriented surface X of genus g such that

X\ |_| D (faces), with n marked faces (boundaries).

/~
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Definition
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Generalised Kontsevich graphs

Definition

A map of genus g with n boundaries is an embedding of a graph I' into an
oriented surface X of genus g such that

X\ |_| D (faces), with n marked faces (boundaries).

/~

Topology (g, n) = (1,2 boundaries).



Generalised Kontsevich graphs

Definition

A map of genus g with n boundaries is an embedding of a graph I' into an
oriented surface X of genus g such that

X\ |_| D (faces), with n marked faces (boundaries).

A@

(Ciliated) Kontsevich maps: Degree of black verticesv~ 3 < dy <r+ 1.

/~

Topology (g, n) = (1,2 boundaries).

Maximum one white vertex per boundary. {\1,..., An} ~ infernal faces.
Fin(z,zm)  Wih(z,.zm) Uz ez SUp (S S)




Generalised Kontsevich graphs

Definition

A map of genus g with n boundaries is an embedding of a graph I' into an
oriented surface X of genus g such that

X\ |_| D (faces), with n marked faces (boundaries).

/~

]
White vertices ~ star constraint. /4“

No star constraint ~ h

(Ciliated) Kontsevich maps: Degree of black vertices v~ 3 < dp, <r+ 1.

Maximum one white vertex per boundary. {\1, ..., An} ~ infernal faces.
Fohz,.m) Wiz, zm) Ugh(z, .z S (S Sa)




Map degrees and local weights

° deg G = (r + 1) (#E(G) — #V(G)) = (r + 1) (#F(G) — 2 + 29(G)).
Fixed a degree 6 = deg G/(r + 1) and a topology (g, n). the sets
]:é[,f],{a(zl,...,zn), Wg],{‘s(zl,...,zn), uéfl;‘s(u; Z1,...,2n) and Sgk‘s(sl,...,sn)

are finite.



Map degrees and local weights

° deg G = (r+ 1) (#E(G) — #V(G)) = (r+ 1) (#F(G) — 2+ 29(G)).

Fixed a degree 6 = deg G/(r + 1) and a topology (g, n). the sets

]:é[,f],{a(zl,...,zn), Wg],{é(zl,...,zn), u;fk‘s(u; Z1,...,2n) and Sgl,j(sl,...,sn)
are finite.
The of the model is a polynomial V € C[z] of degree r + 1.
r+1 ”
V(iz)=> 7.

=1




Map degrees and local weights

° deg G = (r + 1) (#E(G) — #V(G)) = (r + 1) (#F(G) — 2 + 29(G)).
Fixed a degree 6 = deg G/(r + 1) and a topology (g, n). the sets

r]é

.Fg[f],{‘s(zl,...,zn), Wg],{é(zl, ey Zn), L{g S(u;z1,...,2zn) and Sy (St,-..,5n)
are finite.
The of the model is a polynomial V € C[z] of degree r + 1.
r+1 ”
V(iz)=> 7.
Jj=1 J
With a; € {\1,...,An} U{z1,...,zn}. we define the per:

o Edge bounding faces decorated by a;, as
a, — ay
Vi(ar) — V/(ag)’
and P(al, al) = limazaal P(al, ag) = W.
@ Black vertex of degree 3 < d < r + 1 adjacent to faces decorated with
ap,...,aq

Play, az) =

d

—V(a
Vd(alv"'vad) = #
= [jzila — )

@ White vertex: 1.



Generating series

Weight of a map G:

w(G) = H P(ay, ag,) H Va,(

ec&(G) veV(G) veV(G) f»—w
e=(fi.f2) black square




Generating series

Weight of a map G:

w(G) = H P(ay,ag) H Va,(

ec&(G) vEV(G) vEV(G) f»—>v
e=(f1.f2) black square

Generating series of unciliated maps of topology (g, n):

wW(G)  _gegG
> ZAuc”

Fg]n(zl,n-,zn;)\; vj; ) =
ceF (21, \zn)

D DR LD DR T (Ca s [ |

Aut G
o2(gtn-2) Ge T ) T

&S [[l’n]]uje H17N]7 ke [[1,r+ 1]]'
o Analogously:

gg,rll(zlwuazrl?)\”-?j;a): Ug[,f]n(zl,~~7zn;>\;ty;a), Sg]E(Sum,Sn;)\;ly;a)



Torus with one boundary

Weight of a map G:

w@ = [ Plagay) [] Valatos [T I —

ec£(G) vEV(G) veV(G) frov LT
e=(1 3) black square

Example (fopology (1, 1) and case \; = oo, i.e. without infernal faces:)

deg G = (r+1)(2g— 2+ n) = r+ 1 ~» W' (z) has 4 graphs:

212 E Zlg E Z1 Z

G
#L:(ut)(; = @ ['P(Zh 21)°Va(z1, 21, 21)°

wi(z)=a Y S
cew{f]l*1<z1)

+2P(z1,21)* Vs(21, 21, 21)Va(21, 21, 21, 21) + P21, 21)Vs(21, 21, 21, 21721)]

_ ool L VO @)V (z) 1V (z)® 1 vO(z)

8 } V(2. 7) = D)

T m_1

y

6 V”(Zl)4 - 8 V”(Zl)s - ﬂ V”(Zl)s




Relations among the different generalized Kontsevich graphs

1 0 1 1o}

[r]
W, ... = —_—..
gn(Z1;.- - Zn) V/(z1) 8z, V" (zn) 0zn

g,n(zla D) zﬂ)

1 1
99,0002 (V”(21)V”(zz)(zl )2 (Vi(z2) - V'(ZZ))z)

1
+99,00n.1 Z (V"(21 Yz =) (V/(z1) — V'(Aj») '
For (g, n) # (0, 1):

SIS = 3 - Z 5711(%"' 2 Z1iin) .
A= ] ekt T (V) = Vi(aman)
=1 im=1
i:n#jm
V'(z1) in

~Res du V/(u) (u —zl)U[ n(Uu;21,...,20) =

V) oA )




Tutte’s recursion

Idea: Erase the first cilium from G € L{[ ] n(W; 21, ..., 2n) and intfroduce a bi-
valent white vertex on the following edge around the square vertex in the

clockwise direction ~» Recursion for Ug]n and Wg[f]n ( ).

zn}. [ =I\{z}.JuJ =1, h+h' =g.
N}

(g,n) # (0,1) ~ 4 caoses. I ={zy,...,
Following edge is adjacent to a face decorated with ), j € {1,...,

P(z1,21) 1
PlziA) 7 u—z
1 1

(u—z1) o+ V7 (z1)

Contribution:
h(ws 21, 1) = V' ) USh (A, 1)
Vi(z1) = V'(N) '

o~ (D) 1 XN:V”(z)

u—z V' (z

J:1



Tutte’s recursion

Idea: Erase the first cilium from G € L{[r] (u; 21, .. .,2n) and introduce a bi-
valent white vertex on the following edge around the square vertex in the

clockwise direction ~ Recursion for U}/, and Wi, ¢ ).

(g,n) #(0,1)~4cases. I ={z,...,zn}. [ =I\{z},.JuJ' =I,h+h =g

Following edge is adjacent to a face decorated with z,m, m € {2,...,n}:

Contribution:

n

u—2z V'(z) mz::Z V' (zm) 0zm V' (z1) — V'(zm)

ath 1 I 1 9 V(@)UY (w2 In) = VY (zm) UL Zm, In)



Tutte’s recursion

Idea: Erase the first cilium from G € L{g]n(u; z1,...,2n) and infroduce a bi-
valent white vertex on the following edge around the square vertex in the

clockwise direction ~ Recursion for Ul and Wi, ¢ ).

(g,n) #(0,1)~4cases. I ={z,...,zn}. [ =I\{z},.JuJ' =I,h+h =g

Following edge is adjacent to the first marked face:

Contribution:

= (+1)

[r] [r] .
E Whler#J(zl,J)Uh/’1+#J/(u,zl,J’).
h+h'=g
Jud’'=I

u—z



Tutte’s recursion

Idea: Erase the first cilium from G e ug]n(u; z1,...,2zn) and intfroduce a bi-
valent white vertex on the following edge around the square vertex in the

clockwise direction ~ Recursion for Ul and Wi, ¢ ).

(g,n) #(0,1)~4cases. I ={z,...,zn}. [ =1\{z},.JUJ =1, h+ h' =g.

Following edge is adjacent to the first marked face:

Contribution:

(D)

U[r]
u— 2z, g—1,n+1

(u; 21, 21, I).



Tutte’s equation and spectral curve

Tutte’s equation ~ recursive relation on 2g + n+ 4. For (g, n) # (0, 1):

a=D) 1 X ) U (w2, D) — V) UL (w0, T)

ulr! 121,1) =
g,n(u z1,1) u—z (V”(Zl) = V(zy) — ()\J)
L1 Z 1 0 V)UL (w2 ) — VY (zn) UL (15 2m, In)
V"(Zl) V" (zm) 0zm V/(z1) — V(zm)
+ Z h 1+J ZI»J) U;[lr/]’1+J/(u; Zle/) U[r] 1 n+1(u§ ZI:ZI’I)>'
h+h'=

JuJ’:I



Tutte’s equation and spectral curve

Tutte’s equation ~ recursive relation on 2g + n+ 4. For (g, n) # (0, 1):

Uz = (LY VY (2) U (us 21, 1) = V"' Oy) Ughh (1 2y, 1)
g,n ’ kl -

u—2z; \V"(z) = Vi(z1) = V(N)
L Z 1o V@)U (w2 dn) — VY (zm) UYL (4 2m, )
V”(Zl) V”(Zm) 8Zm Vl(zl) - V(Zm)
+ Z hl+J ZI»J) U}[l/]’1+J/(u;Zl7J)+U[r]1n+1(u;zlyzl’l)>'
h+h' =
JuJ’:I

Towards the spectral curve:
1

x(z) =V'(2), y(z) =z+ or<r+1>w 1(2) +a= (D Z Vo



Tutte’s equation and spectral curve

Tutte’s equation ~ recursive relation on 2g + n+ 4. For (g, n) # (0, 1):

a=D) 1 X ) U (w2, D) — V) UL (w0, T)

ulr! 121,1) =
g,n(u zZ ) u—z (V”(Zl) = V’(Zl) _ V()\j)
L1 Z 1 0 V)UL (w2 ) — VY (zn) UL (15 2m, In)
V"(Zl) V" (zm) 0zm V/(z1) — V(zm)
+ Z 1+J(ZI»J) 1+J/(u Zle) U[r]er_l(u;zl,zl,I)).
h+h' =
JuJ’:I

Towards the spectral curve:
1

x(z) = V'(2), y(z)i=2+a" TIW () + o <’“’Zm

Theorem

3 polynomial @ of degree r, such that if ¢ is the implicit funcﬁon defined by

1
QEC—¢)
where Q(&i) = V/(\i). @ is a formal power series in a—(+1) ond deferm/ned by:

V'(y() — 9 . 5,00/9.

Q) =x(z), ¢ = z+0(1), then y(Q)= C*O’“*”Z




Proof of TR for ciliated maps

@ Recursion for UL and W', (& 1o Tutte),



Proof of TR for ciliated maps

@ Recursion for UL and W', (o 1o Tutte,
Q Base topologies (0, 1) and (0, 2) give us the spectral curve.

x(¢) = Q(0), with Q(&) = V/(\y),
N

YO =CH+a™ "D Y oreea

wy () = o™ y(Q)dx(0),

d¢; d
W (C1yC2) = (E19,.




Proof of TR for ciliated maps

@ Recursion for Ug[f]n and Wg[f]n (

).

Q Base topologies (0, 1) and (0, 2) give us the spectral curve.
@ Combinatorial interpretation of certain universal expressions:

r—1

AL (w1, 1) = vy 3 (~DFur— 1 Fa (oD $7 e®wll s,

k=0

E%(X*I(X(Cl))\{ﬁ})

)
B (G 1) = vpy Y (~D)Fur Ko (DD N s(Owin (1 1),

k=0

where I = {(a,...,¢n} ond

e@w (1) = SNy

HES(L) €(n)
U Ji

i=1

Hih(us1.D) = V'(¢) [V (U h(wD)]

'![;;]n(u7 C17 I)

£(p)
i=I _El gi=h+L(p)—k
i=

tCx=1(x(¢1))
k

7
> I1 ngr,|m+Ji|(““Ji)] :




Proof of TR for ciliated maps

@ Recursion for U, and W ¢ ).

@ Base topologies (0, 1) and (0, 2) give us the spectral curve.

@ Combinatorial interpretation of certain universal expressions (for a large
class of spectral curves).

@ Analytic properties: polar structure of Wéfll(zl, ceeyZn).

Q 3= Loop equations. I = {¢a,...,¢(n}. Q(¢) polynomial of degree r, so the
equation Q(¢) = Q(¢p) has r solutions denoted ¢y = (0), (()1), cee, ((,'_1).
Linear:

SWNAG vra’*
wy, ) =6g00n1| — — + dx(¢1)
kgo g,n( 1 ) 9,09n, Uri1 FZIX 1) —X(EJ) 1
dx dx
48y 08 g ) 0X(C)
(x(61) — x(¢2))
Quadratic:
r—1
[r] (l) (k) [r] 13
> [“gr—l,n+1( 16 71)+ D Cinis (C( : J) Wiy (C( ) J’)}
k=0 h+h'=g
Jud’'=I

is a differential in x(¢;) without poles at the ramification points of x.



Proof of TR for ciliated maps

@ Recursion for U[’]n and W[r] (& la Tutte).

Q Base topologies (0, 1) and (0, 2) give us the spectral curve.

© Combinatorial interpretation of certain universal expressions (for a large
class of spectral curves).

@ Analytic properties: polar structure of ngl(zl, cey2Zn).

Q 3 = Loop equations.
Q 2,4 and 5 = Topological recursion

WGy ) = Wh(z1, - 20)d(C) - dX(Cn).



Proof of TR for ciliated maps

@ Recursion for U, and W', ¢ ).
Q@ Base topologies (0, 1) and (0, 2) give us the spectral curve.

© Combinatorial interpretation of certain universal expressions (for a large
class of spectral curves).

@ Analytic properties: polar structure of Wg[fll(zl, ceeyZn).
Q@ 3 = Loop equations.
Q 2,4 and 5 = Topological recursion

Wiy ) = Wz, z0)dx(C) - - dx(G).

@ Consider the family of spectral curves with V!(z) = z" — re="" 1z, which for
e£A0haver—1 ramification points. Take the limit e — 0 and obtain
o topological recursion (admitting ramification points of ) for
w;r,]r,lo with spectral curve with V{(z) = z" (with one ramification point of
order r — 1);

: [r],e _ [0
° g%wg,n (¢1, 1) = Wg.n (¢1,1).



Witten’s conjecture r-spin, ‘93 (proved by Faber-shadrin-zvonkine)

1. Generalized maps
and matrix model

2. Intersection numbers

Higher TR ('13) [ dy(a,. .., an)d)‘lil o qpdn
My.n

3. Hierarchy Faber-Shadrin-Zvonkine, ‘10
r-KaVv



Generalized Kontsevich maps and TR

1. Generalized maps
and matrix model

Belliard-CharbonnierEynard-G-F, ‘21
2. Infersection numbers
Higher TR (’]3) / caV(a17 ) an)wtlil o wnn
Mg,n

3. Hierarchy Faber-Shadrin-Zvonkine, ‘10
r-KaVv

Theorem (Belliard-Charbonnier-Eynard-G-F, ‘21)

Generalised (Kontsevich) maps satisfy topological recursion.




Generalized Kontsevich maps and integrable hiearchy

1. Generalized maps
and matrix model

4
BCEG, ‘21
2. Intersection numbers

Higher TR ('13) S(ar, ..., an)p® - e
Mg,n

~

3. Hierarchy Faber-Shadrin-Zvonkine, ‘10
r-KaVv

Theorem (Belliard-Charbonnier-Eynard-G-F, ‘21)

Generalised (Kontsevich) maps satisfy topological recursion.




Generalized Kontsevich maps and r-spin intersection numbers

1. Generalized maps
and matrix model

BCEG, ‘21
2. Intersection numbers
Higher TR ('13) [ clar,..., an)pd . pdn
Mg,n
3. Hierarchy Faber-Shadrin-Zvonkine, ‘10

r-Kav

Theorem (Belliard—-Charbonnier-Eynard-G-F, ‘21)

TR (allowing ramification points of higher order) applied to the spectral curve
(x,y) = (2", z) produces r-spin intersection numbers.




Generalized Kontsevich matrix model (GKM)

Kontsevich graphs are Feynman graphs of the hermitian matrix model with
external field A = diag(Ag, ..., An):

. am —NTr(MTS—MAZ)
e -



Generalized Kontsevich matrix model (GKM)

Kontsevich graphs are Feynman graphs of the hermitian matrix model with
external field A = diag(A1, ..., An):

VA :/ dM e
HN+A

Natural generalisation ~~ GKIVI:

—NTr(MTS—MAZ)

r+1 i
2vin= [ au e won o), Vi) =3 v,
J

HN+A =1 J

where A = V/(X\) = diag(A1, ..., Ay) is called external field of the model.



Generalized Kontsevich matrix model (GKM)

are Feynman graphs of the hermitian matrix model with
external field A = diag(A1, ..., An):

VA :/ dM e
HN+A

Natural generalisation ~

—NTr(MTS—MAZ)

r+1 i
2v - [ aw et rronw oy §1,7
Hy+A =1 J
where A = V/(X\) = diag(A1, ..., Ay) is called of the model.
Re-writing M = X 4+ M to eliminate the linear term:

N r+1 N — ~ ~
_ 7No¢r+l(%-ZlMiJIl/iji.,,(Ali’Aj)fez:i%‘ b)) 1Mil"éMiZY'é"'Mil’iIVe(Ail ..... Aie)>
C(}\) dMe ij= = ey ip=
Hy



Generalized Kontsevich matrix model (GKM)

are Feynman graphs of the hermitian matrix model with
external field A = diag(Aq, ..., An):

2 / am —NTr(MTS—MA2)
= e .
Hy+A

Natural generalisation ~~

r+1 i
Z(V; ) = / dM e—Na'+1 Tr (V(M)—MV’ (X)) , V(z) = Z ng
Hy+A :

where A = V/()\) = diag(A1, ..., Ay) is called of the model.
Re-writing M = X + M to eliminate the linear term:
N r+1 N - -
_ —Na't1 (é i§1MU%‘7’</\liwAj) —ES %i 2;1 ﬂMil,,-QM,-Ti3 My, i) vg(x,l,.“,xié)>
Cc(\) dMe J= T k=

Hy

deg G
T+ o deg G

VA N
IOgZ :Z Z W H P(Af17)‘f2) H Vdp ({/\f}f'—w)'

g>0 [r] ec&(G) veEV(G)
%90 e=(1 o)
For iy # - -+ # in, connected correlation functions ~~ M:

1 1o}

~ 0
<Mi1,i1 . Mln,ln> - m@/\ . 8Tln

logZ = > N2720- "W (A, M) -
g>0



Generalized Kontsevich matrix model (GKM)

are Feynman graphs of the hermitian matrix model with
external field A = diag(Aq, ..., An):

2 / am —NTr(MTS—MA2)
= e .
Hy+A

Natural generalisation ~~

r+1 i
Z(V; ) = / dM e—Na'+1 Tr (V(M)—MV’ (X)) , V(z) = Z ng
Hy+A :

where A = V/()\) = diag(A1, ..., Ay) is called of the model.
Re-writing M = X + M to eliminate the linear term:
r+1 1 Nooo 1 s 1 N M M
_ —Na iiglMiJ%»iP(Ai,Aj)_EESZ[, Zl ﬂMilv"zM"avis My, iy VeQuy o A,)
Cc(\) dMe = = k=
Hy
1 1
<Trxl7M . ~Trxn7M

> admit topological expansions computed
c
by TR applied to the spectral curve (y, x) (Eynard-Orantin,07,09).

For iy # - -- # in, connected correlation functions ~ M:
1 7]

_ _ P
Mot Moo = Gyoreny o8, oy,

logZ = > N2720 "W (A, Ag) -
g>0



From maps to r-spin intersection numbers

r-spin intersection numbers:

g,n

n

d:

<Td1,a1 '“Tdman>g = /ﬂ C{V(alr"'van)]._.[wil'
i=1

@ The partition function Z of the GKM provides the only solution Zy(t, ta, . . .)
of the r-KdV hiearchy that satisfies the string equation, with

e = %Tr(aNH%l A) ¥ (using Adler-van Moerbeke, '92).



From maps to r-spin intersection numbers

r-spin intersection numbers:

g,n

n

d:

<Td1,a1 '“Tdman>g ::/ﬂ C{V(alv"'van)]._.[wil'
i=1

@ The partition function Z of the GKM provides the only solution Zy(t, ta, . . .)
of the r-KdV hiearchy that satisfies the string equation, with
1
ti = LTr(aN=1X) " (using Adler-van Moerbeke, '92).
Q Faber-Shadrin-zvonkine ('10): FIint(t) = log Ty (t).



From maps to r-spin intersection numbers

r-spin intersection numbers:

n

d;

<Td1,a1 "'Tdn,an>g ::/7 C(;V(ah..,,an) | | "pil~
M i—1

g,n

@ The partition function Z of the GKM provides the only solution Zy(t, ta, . . .)

of the r-KdV hiearchy that satisfies the , with

1

b = %Tr(aNrTl A) —k (using Adler-van Moerbeke, '92).
Q Faber-Shadrin-Zvonkine ('10): FIhint(¢) = log Ty (t).
Q Using 1,2 and (1),
(=n9' 9 9 plrint
a(r+hn dAy, A, g

WAy Ag) = — (t)

(—1)9r9—1+n > taTaj

n
- G414,
— J
T D 2g—2+n) Z H .le+1 HTdnhe )

dy,dn>0 =1 Ad o +14 9
0<j1,eegn<r—1
N gt F(d+j+—1)
i _ _ d
with th_ch-kZIAk T andcgy = (-1) ﬁ
= T




From maps to r-spin intersection numbers

r-spin intersection numbers:

n

d:

<Td1,a1 '“Tdruan>9 = /ﬂ C{V(alr"'van)]._.[wil'
i=1

g,n

@ The partition function Z of the GKM provides the only solution Zy(t, ta, . . .)

of the r-KdV hiearchy that satisfies the string equation, with

1

ti = LTr(aN=1X) " (using Adler-van Moerbeke, '92).
Q Faber-Shadrin-zvonkine (' 10): FIint(t) = log Zy(t).
Q Using 1,2 and (1),
ot 0 9 Lt
a(r+hn dAy, A, g

WAy Ag) = — (t)

(—1)9r9—1+n > taTaj

n
- G414,
— N)
T ar+)(2g—2+n) Z H .1({+1 HTdnhe )
d

I S g
0 ST 1

. N o _g_itl a4+t
with th:CdJkZ Ak ™ and Cd,j:(_l)d¥.

Remark (ELSV-type formula)

ELSV-like (Ekedahl-Lando-Shapiro-Vainshtein, ‘01) formulas relate
combinatorial problems with intersection theory over Mg n.




r-spin intersection numbers for topology (1, 1)

From the enumeration of ciliated maps of topology (1, 1):

Wi () =a” D

1VO () VW (z) 1VO(z)3 1 VO (zo}

6  V/'(z)* 8 V"(z1)5 24 V'(z)3
Inthe case V(z) = Zr:rll , we get
o~ 21
Wii(m) = -

I
24 12 2ril

o=+t 2 _ 1 dz,
24 r z§+2 '

W (z1) = W (20) V" (21)dz; = —



r-spin intersection numbers for topology (1, 1)

From the enumeration of ciliated maps of topology (1, 1):

1V (2) VW (z) 1VE)(z)3

Wi () = o= (D |

21
r+1

In the case V(z) =

Wi () = -

Wi (z1) = W' (20) V" (z1)dzy = —

From our ELSV-type formula:

[r] _
wl,l(zl) 2

Therefore,

v (Zl )4

, we get

r

1 vO(z)
8 V(z)® 24 V' (z)3 |

a (D21 1

24

a~ (D r2 _ 1 dz

r+2
2

_ r+1
@ (r+1)T <le0>1

2 z%r+1 )

o=+t 2 _ 1 dz,
24 roozZt2e

d21
2
2

r—1
(o =5




Work so far and further consequences ~ in progress and future

1. Generalised maps
and matrix model A

BCEG, 21 (A)
2. Intersection numbers
A Higher TR ('13) ' / (@, .y )l - qpin
ﬂg.n

Witten’s conjecture, ‘93
Kontsevich r = 2 (Mirzakhani, .. .)
Faber-Shadrin-Zvonkine r > 2, ‘10

3. Hierarchy
r-Kdv

So far:
A Topological recursion for generalised Kontsevich graphs and r-spin infersection
numbers, with R. Belliard, S. Charbonnier and B. Eynard, .
B Consequences in combinatorics (and free probability):

If (x, y) is the spectral curve for ordinary maps (1-hermitian matrix model),
then fully simple maps (non self-intersecting disjoint boundaries) satisfy TR with spectral
curve (y, x).

Topological recursion for fully SImple maps from ciliated maps, with G. Borot and
S. Charbonnier,


https://arxiv.org/abs/2105.08035
https://arxiv.org/abs/2106.09002

Work so far and further consequences ~ in progress and future

1. Generalised maps
and matrix model A

BCEG, 21 (M)

shiffed C 2. Intersection numbers
A Higher TR ('13) . / @, an)plt - pn
Mg,n

Witten’s conjecture, ‘93
; Kontsevich r = 2 (Mirzakhani, ...)
3. Hierarchy Faber-Shadrin-2vonkine r > 2,10
CCGGr>2(0)

Work in progress ~~

C Use the power of TR to study the intersection of Witten’s class when varying the
spectral curve (via Eynard-DOSS) (with S. Charbonnier, N. Chidambaran and
A. Giacchetto).

D Use the non-perturbative extension of TR, its relation to integrability and resurgence to
get the large genus asymptotics of r-spin intersection numbers (with B. Eynard,
P Gregori and D. Lewanski).

£ Use the duality coming from TR for ordinary and fully simple maps (B) to establish
relations between moments and free cumulants (with G. Borot, S. Charbonnier, F. Leid
and S. Shadrin).



Work so far and further consequences ~ in progress and future

1. Generalised maps
and matrix model A

BCEG, 21 (A)
. . 2. Intersection numbers
A Higher TR (1) [EERESE Lo e anuit
ﬂg.n

Witten’s conjecture, ‘93
; Kontsevich r = 2 (Mirzakhani, ...)
3. Hierarchy Faber-Shadrin-2vonkine r > 2,10
CCGGr>2(0)

Future work ~~

@ Better understanding of Witten’s class making use of our graphs? Can we establish
the relatfion 1. «» 2. directly?

@ Symplectic invariance for a large class of spectral curves? If two spectral
curves S and S’ are symplectically equivalent, i.e. |dx A dy| = |dx’ A dy’|. then
wg,0[S] = wg,0[S’]. Under exploration for the symplectic transformation x <+ y.

@ Express the relations between ordinary and fully simple maps in terms of operadic
languange? More generally, modular operads for topological recursion?



Vielen Dank fir Ihre Aufmerksamkeit!

@ Otltls=2+0+6=38

’
LfZy Ma



Witten’s class

V ={(ep,e1,...,er—2)q.n(€a,€p) = datp,r—2. CohFT:
C‘r)V(ala ey an) = Qg,n(eal PRI ean)7

I ) [ VD SR
r

of degree Dy ,, : .withay,...,an € {O,...,r =2}

For [Z,x1, ..., Xn] € Mgn,3 T line bundle over ¥ such that

n
T & (s, ( -> aixi), with [2, x1, ..., Xn] € Mg,n,
=1

with wy, the canonical bundle. Every r-th root of this fiber ( )~
e VA
point in Mg,n(al, ...,0n):
m Mylp(ar,..., an) = Mg,n.

« Genus 0 ~ Witten. For [, xi, .., xn, T] € Mg/ (au,. .., an), U= H'(£,T)
vector bundle U/ — ﬂé{;(al, ..., an) (U has constant dimension, since
HO(,7) =0).
r o * 2D) . A
cw(ai,...,an) = meU*) € H0n (Mo ).

e For g > 0, existence non-trivial and construction complicated
(Polishchuk-Vaintrob ‘04, Chiodo ‘06, Fan-Jarvis-Ruan “13...).
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