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About this project

"Looking for Carroll particles in two time spacetime"
Alexander Kamenshchik and Federica Muscolino
Phys.Rev.D 109 (2024) 2, 025005

We explore the possibility of describing the Carrollian dynamics in the
framework of the Two Time physics.

Itzhak Bars,
"Two-time physics”, (1998).

1/26



Introduction The two time physics The Carroll dynamics from the two time physics Thank you

The plan for today

During this presentation, we are going to touch the
following points:

2/26



Introduction The two time physics The Carroll dynamics from the two time physics Thank you

The plan for today

During this presentation, we are going to touch the
following points:

What is the two time physics?

2/26



Introduction The two time physics The Carroll dynamics from the two time physics Thank you

The plan for today

During this presentation, we are going to touch the
following points:

What is the two time physics?

How can we describe the Carroll particles in this contest?

2/26



Introduction The two time physics The Carroll dynamics from the two time physics Thank you

The plan for today

During this presentation, we are going to touch the
following points:
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How can we describe the Carroll particles in this contest?

Why is this interesting?
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What is it and what is not

The two time physics is a model with an additional time-like dimension
and an additional space-like dimension.

The additional dimensions are not added by hands.

It is a gauge theory of the
phase space

Gauging of Sp(2,R) (XM, Pu)
Forces the introduction of a {

new coordinate X'M B XM
The one time spacetime is < P;V,> n <PM)

obtained through a gauge fixing
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The two-time physics
What is it and what is not

Different one-time theories are the same in two times

Dual theories

J
They are separated by an

Sp(2,R) transformation.

V
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XM= (X XY xm) o PM = (PO P P,
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Sp(2,R) global transformations
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The worldline action
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The two time physics
The local Sp(2,R)

Sp(2,R) local transformations

S XM = e (T)XM.

1

The covariant derivative

0, XM — D XM = 0, XM — e AN ()XY,
S AT () = 0,00 + wkey AV 4 wkeyy AT

The worldline gauged action
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The two time physics
The local Sp(2,R)

Sp(2,R) local transformations

(LX,-M = e,-jwjk(T)X,f/’.

The covariant derivative

0, XM — D XM = 0, XM — e AN ()XY,
S AT () = 0,00 + wkey AV 4 wkeyy AT

The worldline gauged action
s=2 [ ar D xMxN= [ ar |"No X, Py — LA
=5 | d7 D XTXT= [ dT TR0 X Py — SAY(T) Q|

RQu=X-X, Qu=X-P, Qn=P-P.
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The two time physics
Why two "times"?

Where the additional time-like dimension come from?
X X=X-P=P-P=0

Let us consider different situations.

Euclidean metric — XM =0and PM = 0.
. . . X2 = |X?
Minkowski metric — P2 — |pJ2 = |X||P| = £X-P.
2 =

The additional time is necessary in order to have a non trivial dynamics.
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The two time physics
The symmetries of the action

Let us consider the symmetries of the action
MN L i
5 = /dT |:T] a.,-XMPN — EAJ(T)Q,J]

It is manifestly invariant under the action of

Sp(2,R) ® S0(2,d)
{ {
Local Global

The SO(2, d) generators:
LMV = XMPN — XNPM = i XMXY —  Invariant under Sp(2,R)
When the gauge is fixed, the SO(2, d) remains a symmetry of the action.
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The gauge fixing

How can we deduce the one-time classical theory?

5 XM = e (r) X}
The one-time theory is defined by a gauge fixing — W', w'?, w?

Q=0 — Fix other 3 degrees of freedom.

XM = XM(Xi7Pi) PM = PM(Xi7pf)
LMN _ LMN

!
S= / dr [%'pi = H(r)|

(Xi7pi)
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The two time physics
The gauge fixing

How can we deduce the one-time classical theory?

5 XM = e (r) X}

The one-time theory is defined by a gauge fixing — W', w'?, w?

Q=0 — Fix other 3 degrees of freedom.

XM _ XM(Xi,Pi) PM _ PM(Xi,p,') { XM — A12XM +A22PM
) SM . A12pM  AllyM
LMV [N PY =—-A"P AX
l 1
)'(f — gH
— ol P . Pj
5—/d7’ [Xp, H(T)] { pi:_gg
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The two time physics
An example: the massless relativistic particle

PN
X'=3 (X"OIJFX';/) XM | x+ X~ XH
X ()
pM | pt P~ P
Choice of the gauge field: S=[dr [n"™0-XuPn — AT(7)Qy]

Al = A2 =0  and A2 =\,
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The two time physics

An example: the massless relativistic particle

P
X3 e) XM | x+ X~ Xt
S R ]

pM | pr P ph

Choice of the gauge field: S=[dr [n"™0-XuPn — AT(7)Qy]
AL = A2 —0 and A=)\

. «M _ A12 M 22 pM
Equations for the ;. component: { e

Xt =AP* — Xt=xI' Pl=pt
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Xr=1(x* 4+x¥ _
= ) XM 1 X x#
X1 ()
PM 10 P~ pH
Choice of the gauge field: S=[dr [n"™0-XuPn — AT(7)Qy]
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Xt =APH 5 XM =xl Pt =ph
Gauge choices:
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The two time physics
An example: the massless relativistic particle

_|_

- 2
X+=1(x° +x¥ 2
Il ER
X o2 (x x)
PM 10 X-p pH
Choice of the gauge field: S=[dr [n"™0-XuPn — AT(7)Qy]
A=A =0 and AP =\
Equations for the ;. component: { T

XW = APH s XM= PR ph

Gauge choices:

Xt =1 and Pt =0 —  Fix two of the w?
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The two time physics
An example: the massless relativistic particle

_|_

- I
Xt =3 () XM | 1 2 xH
X =1(x"-x") ?

PM 10 X-p p

Choice of the gauge field: S=[dr [n"™0-XuPn — AT(7)Qy]

Al = Al2 — ¢ and A2 = )\,

. M _ A124M 22 M
Equations for the ;. component: { o e Y dam

Xt = APt 5 XH=xt  pPH=pt
Gauge choices:
Fix two of the w¥
+_ +_
XT=1 and PT=0 — P.P=p2
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The two time physics

An example: the massless relativistic particle

The action reduces to the one expected for the relativistic massless
particle in the first order formalism

Sz/dT [X-p—%pz]
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The two time physics
An example: the massless relativistic particle

The action reduces to the one expected for the relativistic massless
particle in the first order formalism

S:/dT[k-p—%pz} — p’P=0

The SO(2, d) generators:

L =xkp” —xvpt, Lt =pt LT

1
L=H = §x2p“ —x-p xt.

LMN generate the
conformal
symmetry of the
relativistic particle.

The Poi
e Poisson brackets 5S—0
remain unchanged.
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The two time physics

Another example: the non-relativistic particle

We can define a parametrization also for the non-relativistic particle

+ B - 0 "‘ All _ a2 _ g
XM |t xp-th + |x — ﬁp| X! A

. A% =
PM | 'm H 0 p' m

12/26



Introduction The two time physics The Carroll dynamics from the two time physics Thank you

The two time physics

Another example: the non-relativistic particle

We can define a parametrization also for the non-relativistic particle

+ B 0 i All _ a2 _ g
XM |t x.p,;tH * |x - ﬁp| X' A2 _ A
PM | 'm H 0 p' - m

The action reduces to

. p?
s= [ar|-terapia(n-£)]
2m

12/26



Introduction The two time physics The Carroll dynamics from the two time physics Thank you

The two time physics

Another example: the non-relativistic particle

We can define a parametrization also for the non-relativistic particle

+ B 0 i All _ a2 _ g
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The two time physics

Another example: the non-relativistic particle

We can define a parametrization also for the non-relativistic particle

+ B 0 i All _ a2 _ g
XM |t x.p,;tH * |x - ﬁp| X' A2 _ A
PM | 'm H 0 p' - m

The action reduces to
, p p
5:/dr —tE4+x-p+A|H—-— — H=—
2m 2m
and the equations of motion become

i=x x=AP E—o0 p=o0
m
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Another example: the non-relativistic particle

The SO(2, d) generators:
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The two time physics

Other "dual" theories

Ganuge choice |+’ |—’ |m =(p®i), p=0,1,---
Relativistic M _ 1.9 1
massless particle a=1 2% @
=0 pM_|o -p [
n M| RE Rogp  Bogi
AdS;_, xS XM= il Tt Y
R(p2 4 12) = M _ 17 gl jo
PP +E)=0 [PM=]0 WP Bk
Maximally M _ 7
Symmetric Spaces XM =141 - K 1 o
2_ K (@p)? Mo Kap ah
- Pr=10 Lallwevere)
. . a2/2
Free function a (z) [ XM =|22 + o (2) ?1:’({‘_(7) -
2 | do(@)@p)?’ _ o] pM -p 2p
P+ ey = 0PV =0 e P - mam
Conformally flat [ XM =|+e7(® +1e7@q? (2) Fem@gm (1)
Guv=e! (@) (@)mmn o (2)=eo @) 20 (z)
9" (@) ppy =0 [PV =]0 7" (@) el (®) pu | e (@) Dy
Relativistic M _|lta 2%
i . XM =|lta za g
massive particle 2a T+a a= /1+%§
’ =)
p?+m? =0 PM = |z ax-p p
Non-relativistic M _ -p—tH 0t t 2=
massive particle XM=t = m X' ==+ il‘—;p‘ X =1
7 = M _ — -
H-2 = PM=m H PR =0 Pr=pt

Tablel: Parametrization of X, PM for M = (+',~, (m or p))

1. Bars, "Dual Field Theories In (d — 1) + 1 Emergent Spacetimes From A Unifying Field Theory In d + 2
Spacetime"
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The Carroll dynamics from the two time physics

The two time physics is able to describe
relativistic and non-relativistic particles
Why not the Carroll particles?

Some consequences:

Dualities Hidden symmetries

Relativistic

50(2,d) group

Galilei Carroll

Different limits of the speed of light can be understood in terms of
different gauge fixing

15 /26
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The Carroll dynamics from the two time physics

The rest particle

We want to reproduce the dynamics of the particle at rest

Sz/dT[—iE+x-p+)\t(E—Eo)],
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The Carroll dynamics from the two time physics

The rest particle

We want to reproduce the dynamics of the particle at rest

SZ/dT[—fE—i-)'('p—l-)\t(E—Eo)],

which is is invariant under the Carroll group

E, Pis B '=Ex' and Li=x'p—xip
with the following equations of motion

£ = A, x'=0, E=0 and p'=0.
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The Carroll dynamics from the two time physics
The rest particle

e - 0
XM | x+ X~ X0 Xi
pM | pt p- PO pi

All _ A12 _ 07 A22 _ )\t*
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The Carroll dynamics from the two time physics

The rest particle

+ - 0 i
XM | x+ X~ X0 X'+ tp'
pM | pt P~ PO p

All _ A12 _ 07 A22 _ )\t*
The equations of motions:

X'=MP L X =X Aerp!
Pi =0 Pl = pl

The constraints:

X-X=tX-P=t*P.P P.-P=-2E - E)

17 /26



Introduction The two time physics The Carroll dynamics from the two time physics Thank you

The Carroll dynamics from the two time physics

The rest particle: Gauge fixing

Il
o

The final gauge choice: Pt = Eg, PO
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The Carroll dynamics from the two time physics

The rest particle: Gauge fixing
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The rest particle: The ordering problem

We can make the following requirements:

the commutation rules of the LMN describes the SO(2, d) algebra
{LMN7 LRS} o [LMN, LRS]
The constraints on Qj translates to

Q,J|Phy$> =0

An observation about the Casimir operators

G(Sp(2,R)) = XuP? XM — (X - P)(P - X) One can observe the
J? same behavior for the
G(S0(2,d)) = G(Sp(2,R)) + (1 - T) higher Casimirs

2

G(Sp(2,R))|Phys) =0 = (G(SO(2,d))|Phys) = (1 — i) [Phys)
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We can find an ordering that satisfies our conditions:
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The rest particle: The ordering problem

We can find an ordering that satisfies our conditions:

LU:XIPJ_XJPI, LOI:§(r Pl-l-P’r), L+'=—E0X'
25" 2E, TS
1 1 ; 5—2d
[T = —Z(x- . L 9=~ prp — [10— _E /.
5 xpHpx), 26,P"P T BEyr or

These generators forms the SO(2, d) algebra, with the following
commutation rules

[Ll\//N7 LRS} _ i?’]MRLNS + I'T]NSLMR o i?]MSLNR o iT]NRLMS
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The Carroll dynamics from the two time physics

The rest particle and the Hydrogen atom

The quantized theory reveals a curious relation
with the hydrogen atom.

The SO(2, d) generators are the same at 7 = 0.

|. Bars,
"Conformal Symmetry and Duality between Free Particle, H-atom
and Harmonic Oscillator"
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The Carroll dynamics from the two time physics

The rest particle and the Hydrogen atom

This can be understood as follows

We can define some generators of the SO(1,2) subgroup of SO(2, d)
JOZ_L70_1L+O J1:_L70+1L+0 J2:—L+7
2 ) 2 9 .
G(SO(1,2)) =j(+1) — S ljjo) = Jolj-Jo)

2
0

Using the definitions of the LMN's, we see that JO = r2 (2% + %) rs.

—1 0 - P> E Jo 1
rez S ljjo) — 26 T2 Wiso) = ZWido)  (Ws0)=r2 1)

With some manipulation, we arrive to F=jor, p=2

1 E
(213?0 - ;,,) Vi) = z%le’j(’) —  Different notion of time and energy
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Recap and concluding remarks

We defined a gauge fixing that is able to reproduce the dynamics of
a Carroll particle from the two time physics.

The SO(2, d) generators show peculiar correspondence with the H
Atom.

We are working on a gauge fixing that describe Carrollian tachyons.

A systematic characterization and comprehension of the
"sub-theories" would be useful.
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Thank you for listening!
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