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Parametric Elliptic PDEs: Find v : D x [ — R such that

—V - (a(x,y)Vu(x,y)) = f(x), xeDCR>? yerT,

where >
a(x,y) = 30(x) + 3 am(x)ym
m=1

and y, = {n(w) are images of independent + bounded random variables.
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—V - (a(x,y)Vu(x,y)) = f(x), xeDCR>? yerT,

where >
a(x,y) = 30(x) + 3 am(x)ym
m=1

and y, = {n(w) are images of independent + bounded random variables.

[1 Galerkin Approximation Basics
[1 Hierarchical Error Estimation: single & multi-level
[ ] Adaptivity

[J Numerical Results + Software
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Disclaimers 4+ Other Work

[] Hierarchical a posteriori error estimation is an old idea!

e Bank+Smith. SINUM., 30(4), 1993.
e Ainsworth4+Oden. Wiley, 2000.
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[] Hierarchical a posteriori error estimation is an old idea!

o Bank+Smith. SINUM., 30(4), 1993.
e Ainsworth4+Oden. Wiley, 2000.

[] Other error estimation schemes for parametric elliptic PDEs available.

e Gittleson, Schwab, Eigel, Zander, Merdon, ...

[J Much earlier work on multilevel SGFEM, e.g.,

o Gittelson. Math. Comp., 82(283), 2013.
o Eigel, Gittelson, Schwab, Zander. CMAME, 270, 2014.

[1 Theoretical convergence rates for multilevel SGFEM, e.g.

e Cohen, DeVore, Schwab. Analytic regularity and polynomial approx. of
parametric and stochastic elliptic PDE’s. Anal. Appl., 9(1), 2011.
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Background + Collaborators

[ Worked presented here based on PhD work of Adam Crowder:

e PhD thesis, University of Manchester, 2020.

o Efficient adaptive multilevel SG approx. using implicit a posteriori error
estimation. Crowder, Powell, Bespalov, SISC. 41(3), 2019.

e ML-SGFEM software further developed by George Papanikos.
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o Efficient adaptive multilevel SG approx. using implicit a posteriori error
estimation. Crowder, Powell, Bespalov, SISC. 41(3), 2019.

e ML-SGFEM software further developed by George Papanikos.

[1 EPSRC-funded project started ~ 10 years ago in Manchester with
David Silvester and Alex Bespalov

e Energy norm a posteriori error estimation for parametric operator
equations, Bespalov, Powell, Silvester, SISC. 36(2), 2014.

o S-IFISS Toolbox: http : //www.manchester.ac.uk/ifiss/sifiss

[1 Error estimation methodology largely based on

o IFISS Toolbox: http : //www.manchester.ac.uk/ifiss
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Stochastic Galerkin Approximation

©@ Parametric PDE: Find v : D x I — R such that

-V - (a(x,y)Vu(x,y)) = f(x), xcDCR*® yel.

@ Weak Problem: Find u € V := L2(I', H3(D)) satisfying

/r</DaVu.Vvdx) dW(Y):/r</vadx) dn(y) VveV,

where 7 is a probability measure.
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Stochastic Galerkin Approximation

@ Parametric PDE: Find v: D x I — R such that

—V - (a(x,y)Vu(x,y)) = f(x), xeDCR*3 yel.

@ Galerkin Approximation: Find ux € X C V satisfying:
A(ux,v) =£(v), Vv e X.

where A(+,-) is an inner product that induces an energy norm || - || a.

@ Solve Linear System: Au =f.

@ Error Estimation: Estimate ||e||a where e := u — ux € V satisfies:

A(e,v) =£4(v) — A(ux, v) VvelV.

residual R(v)
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Galerkin Approximation Space X

X := P H @ P*

acJp
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Galerkin Approximation Space X

X := P H @ P*

acJp

[1 Jp is a finite set of finitely supported sequences:
JpC J = {a = (a1,az,...) ENG | #suppa < oo}.

[ Orthogonal Polynomials: P* := span {1 (y)} C L2(I') where

Val(y) = H Ve, (Ym), ; has degree i and g = 1.
m=1

[0 FEM Spaces: H := span {¢®(x),i =1,...,na} C H3(D).

If HY* = H; for all & € Jp then
X =H®P

where P := span {1, (y), @ € Jp}.
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Polynomial-based Approximation

ux(x,y) = Z (Za Ui,aqb/'oc(x)) Yaly) = Z Ue(X) Yaly)-

acdp \i=1 acdp eHe
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Polynomial-based Approximation

ux(x,y) = Z (Za Ui,a¢?(x)> Yaly) = Z Ue(X) Yaly)-

acdp i=1 acdp EHla

Test Problem: 8 spatial modes v, (x)

g = ([0 | =t

03 05 1 ><1o4 O 0. 1 %10

X
4

SO [ ) (88 [

1 %10 0 0.5 1 x10°®
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Hierarchical Error Estimation

For ux € X C V, we know e := u — ux € V satisfies:

A(e,v) = R(v) VveV.

© Consider ey € W D X such that:
A(ew, V) = R(v), VveW.
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‘detail’
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For ux € X C V, we know e := u — ux € V satisfies:

A(e,v) = R(v) VveV.

© Consider ey € W D X such that:

A(ew, V) = R(v), VveW.
@ Choose
W=X & Y , XNy ={0}
‘detail’
and define error estimate 7 := ||ey||4 where

ey € Y: Aley,v)=R(v), VveYy.

Alternatively: If Ay(-,-) is another inner product such that
MvIa < llviiz, < Allvila — YveV,
define 1 := ||ey||a, where
ey € Y: Aoley,v)=R(v), VveY.
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Two-sided Error Bounds

If we can choose the detail space Y so that

@ Saturation Assumption: 33 € [0,1) such that
lu—uwlla < Bllu— ux|a
@ CBS Inequality: 3+ € [0,1) such that

Ao, V)| < Y lullallviia,  VueX,Vvey

then, one can prove that n = ||ey||4, satisfies:
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Two-sided Error Bounds

If we can choose the detail space Y so that

@ Saturation Assumption: 33 € [0,1) such that
lu—uwlla < Bllu— ux|a
@ CBS Inequality: 3+ € [0,1) such that

Ao, V)| < Y lullallviia,  VueX,Vvey

then, one can prove that n = ||ey||4, satisfies:

VA
VAN <|lu—u < .
n<|| XHA_\/1—62\/1—72?7

[J Constants depend on the choice of detail space Y and Aq(-,-).

[J Here, choose Ag(-, ) to be inner product associated with ag(x).
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Single-level Case

X=H®P

@ Choose H, (FEM space) such that H; N H> = {0}.

e Choose Jg (set of multi-indices) with Jp N Jg = 0. Then

PRNQ={0},  Q:=span{va(y). B¢ Jo}.

@ Define detail space:

Y=(H@P)®o(HH®Q)= Y1® Y
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Single-level Case

X=H®P

@ Choose H, (FEM space) such that H; N H> = {0}.

e Choose Jg (set of multi-indices) with Jp N Jg = 0. Then

PRNQ={0},  Q:=span{va(y). B¢ Jo}.

@ Define detail space:

Y=(H@P)®o(HH®Q)= Y1® Y

CBS constant v only depends on FEM spaces H, and H; and

1/2
n:= eyl = (levilla, + llev.l|a,)

U

where problem decouples:

ey, € Yi: Aoey,,v) = R(v), VveY,
ey, € Yo: Aoley,,v) = R(v), VveY.
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How to Choose H,7

Hy = Q1(h), Hy = Q2(h)
® S ® o S0 <9
e O O O ¢
O O ) ® OO0 OO0
e O O O ¢
o S o oS0 <0
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How to Choose H,7

Hy = Qu(h), Hy = Q2(h)
® S ® <0 <0
O OO0 O O
O O O ® 0000
O OO0 O O
® S o oS0 <0

Example: Let H; = Q1(h) (piecewise bilinear) on a mesh 7;,. Define H,
using ‘bubble’ functions associated with five nodes (o).

Hy H, 72 V1 —~2
Q1(h) | Qa(h) 0.4545 | 0.7385
Q1(h) | Qi(h/2) | 0.3750 | 0.7905
Q1(h) | Q2(h/2) | 0.0446 | 0.9774
Q1(h) | Qa(h) 0.0121 | 0.9939
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What about the Saturation Constant?

X =H ®P, Y:(H2®P)@(H1®Q)

To get an accurate error estimate, need to choose H, and @ so that

V1-82y/1-42~1

where
|u—uwlla < Bllu— ux|la uy e W =XaY.
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What about the Saturation Constant?

X =H ®P, Y:(H2®P)@(H1®Q)

To get an accurate error estimate, need to choose H, and @ so that

V1-82y/1-42~1

where
|u—uwlla < Bllu— ux|la uy e W =XaY.

[] Use knowledge about spatial regularity and chosen H; to pick Hb.

[1 Define @ by choosing
Jo={BeJ\Jp,B=at+e",Bclpm=1... Mp+ Ay}

where Mp is # highest parameter activated in P.
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What about the Saturation Constant?

X=H ®P, Y=(H®P)®(H ® Q)

To get an accurate error estimate, need to choose H, and @ so that

V1-82y/1-42~1

where
|u—uwlla < Bllu— ux|la uy e W =XaY.

[] Use knowledge about spatial regularity and chosen H; to pick Hb.
[1 Define @ by choosing
Jo={BeJ\Jp,B=at+e",Bclpm=1... Mp+ Ay}
where Mp is # highest parameter activated in P.

[ Ay needs to be larger for problems where ||a,,||~ decays slowly.
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Example: Single-level Approximation

Test Problem: (very) slow decay case

Let D :=[-1,1]%, f(x) = (2 — xZ — x3) and

a(x,y) =1 -|—0'\/§ Z m@m(x)ym

where {(Am, ©m)}55_; are the eigenpairs associated with the covariance

C(x,x") =exp (—3||x — x[|1) .

[] Fix Galerkin approximation space X:

o Hi = Qi(h) on a uniform partition [J, of D

o P = polynomials of total degree < 4 in yi,...,ys (M =5).
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Example: Single-level Approximation

Test Problem: (very) slow decay case

Let D :=[-1,1]%, f(x) = (2 — xZ — x3) and

a(x,y) =1 -|—0'\/§ Z m@m(x)ym

where {(Am, ©m)}55_; are the eigenpairs associated with the covariance

C(x,x") =exp (—3||x — x[|1) .

[] Fix Galerkin approximation space X:

o Hi = Qi(h) on a uniform partition [J, of D

o P = polynomials of total degree < 4 in yi,...,ys (M =5).

[ ] Vary error estimation detail space Y:

o Ho = Qa(h),Q1(h/2),Qs(h) (5 element bubble functions).
e Define Q by choosing Jg with Ay =1 or 3.

Catherine E. Powell Adaptive ML-SGFEM
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Effectivity Indices

n
E, =
K Huref - UXHA

[J @ defined with Ay =1

h |tret — ux||a | Ho = Qa(h) | Ho = Q1(h/2) | Ho = Qa(h)
1/8 1.0244e-03 0.93 0.84 0.22
1/16 6.2277e-03 0.80 0.73 0.31
1/32 4.7187e-03 0.62 0.59 0.39
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Effectivity Indices

Ui

E, =
Huref - UXHA

n -

[J @ defined with Ay =1

h Huref - UXHA Hy = @z(h) Hy = @1(/7/2) Hy = @4(h)
1/8 1.0244e-03 0.93 0.84 0.22
1/16 6.2277e-03 0.80 0.73 0.31
1/32 4.7187e-03 0.62 0.59 0.39

(] @ defined with Ay = 3

h | |lueet — ux|la | Ho=Qa(h) | Ho = Q1(h/2) | Ho = Qq(h)
1/8 | 1.0244e-03 0.96 0.88 0.35
1/16 | 6.2277e-03 0.92 0.86 0.54
1/32 | 4.7187e-03 0.86 0.83 0.71
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Multi-level Case (1)

X = H e P

aclp

@ For each a € Jp choose HS* (FEM space) such that

H N HS = {0}.

Catherine E. Powell Adaptive ML-SGFEM 15 / 28




Multi-level Case (1)

X = H e P

aclp

@ For each a € Jp choose Hs* (FEM space) such that
Hy* N Hy = {0}.
@ Choose Jg (new set of multi-indices) as above with
JpNdg=10

and for each B € Jg define QP := span {¢5(y)}.

Catherine E. Powell Adaptive ML-SGFEM 15 / 28




Multi-level Case (1)

X = H e P

aclp

@ For each a € Jp choose Hs* (FEM space) such that
Hy* N Hy = {0}.
@ Choose Jg (new set of multi-indices) as above with
JpNdg=10

and for each B € Jg define QP := span {¢5(y)}.

Define detail space:
v_ (@ H2°‘®P°‘> o[ Pree| =vov
acdp BeJg

where H is one of the FEM spaces Hf*.
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Multi-level Case (2)

Re-write detail space as

T <@ Y17a> ; <@ Y2“B>
acdp Bedg

Yia = HS ® P2, Yog=H® QP.

where
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Re-write detail space as
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Now, v := maXqep,{Va } Where 74 is associated with H$* and H{* and
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Multi-level Case (2)

Re-write detail space as

Y= P Via|@| P Yos

acJp ﬁGJQ

where
Yia = HS ® P2, Yog=H® QP.

Now, v := maXqep,{Va } Where 74 is associated with H$* and H{* and

1/2
2 2
ni=llevla = | D leviallao+ > llevaglia, |
aclp Bedg
where error estimation problem decouples further:
€y; o € Yl,a : Ao(eyl,a, V) = R(V), Vv e Y17a,
€Y, 5 - Yg,g : Ao(eyzﬁ, V) = R(V), Vv e Yg,g.
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Error Reduction Indicators

Define the spaces

W11=X@<€B_Yl,a>a WQZ:X@<69_Y2,ﬁ>

where Jp C Jp and Jg C Jg and consider the Galerkin approximations:

> uy, € W (spatial refinement), uy, € W, (parametric enrichment).
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where Jp C Jp and Jg C Jg and consider the Galerkin approximations:

> uy, € W (spatial refinement), uy, € W, (parametric enrichment).

Define the error estimates

m = Z Heyl,aH/2407 N2 = Z Hey2,,3Hio'

aclp B<Jq

Then one can prove that
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Error Reduction Indicators

Define the spaces

where Jp C Jp and Jg C Jg and consider the Galerkin approximations:

> uy, € W (spatial refinement), uy, € W, (parametric enrichment).

Define the error estimates

m = Z Heyl,aH/2407 N2 = Z Hey2,,3Hio'

aclp B<Jq

Then one can prove that

A < fluwy — uxl|E §1_72771

A < luw, — uxllg < Ana.
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Basic Adaptive Algorithm (1)

[J INITIALIZE: Jp and {H{*, Vo € Jp}
[J SOLVE: Find ux €¢ X
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Basic Adaptive Algorithm (1)

[J INITIALIZE: Jp and {H{*, Vo € Jp}

[J SOLVE: Find ux €¢ X

[J DETAIL SPACE: Choose H, Jg (i.e, Ay) and {H$*, Vo € Jp}
[1 COMPUTE ERROR COMPONENTS:

{llev, . lla, @ € Jp}, {llevaslla, B € Jo}
[] ENERGY ERROR ESTIMATE:

1/2
2 2
n = (Z Heyl,a HAO + Z |eY2,ﬁ|Ao)

actp BeJg
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Basic Adaptive Algorithm (1)

[J INITIALIZE: Jp and {H{*, Vo € Jp}

[J SOLVE: Find ux €¢ X

[J DETAIL SPACE: Choose H, Jg (i.e, Ay) and {H$*, Vo € Jp}
[1 COMPUTE ERROR COMPONENTS:

{llev, . lla, @ € Jp}, {llevaslla, B € Jo}
[] ENERGY ERROR ESTIMATE:

1/2
2 2
n= (Z Heyl,cxHAo + Z |eY2,ﬁ|Ao)

actp BeJg

71 IF n < TOL STOP:
] ELSE

Compute ESTIMATED ERROR REDUCTION RATIOS:

lev, o 1, .y ey, 5114, Be
dim(Y1 o)’ P dim(Y2 )’ @
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Basic Adaptive Algorithm (2)

[] IDENTIFY ‘important’ subsets
ﬁ C Jp, E C Jo

[] ERROR REDUCTION INDICATORS

771 = Z Heyl,aH/ZA(ﬂ /’72 ‘= Z HeYQ,ﬁHio'

aclp Bedq
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Basic Adaptive Algorithm (2)

[] IDENTIFY ‘important’ subsets
ﬁ C Jp, E C Jo

[J] ERROR REDUCTION INDICATORS
m = Z Heyl,aH,zé\ov 2 = Z Heyz,ﬁuio'
aclp Belq
[1 DECIDE whether to do SPATIAL or PARAMETRIC enrichment
IF SPATIAL

o Freeze Jp
e improve H* for o € Jp
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Basic Adaptive Algorithm (2)

[] IDENTIFY ‘important’ subsets
ﬁ C Jp, E C Jo

[] ERROR REDUCTION INDICATORS

771 = Z Heyl,aH/ZA(ﬂ /’72 ‘= Z HeYQ,ﬁHio'

aclp Belq
[1 DECIDE whether to do SPATIAL or PARAMETRIC enrichment
IF SPATIAL

o Freeze Jp
e improve H* for o € Jp

IF PARAMETRIC

o Freeze H* for v € Jp o
e initialize H for new a € Jg
o Jp+— JpU Jg;

END
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Example 1: 2D in space + slow algebraic decay

Test Problem: slow decay case

D =10,1]% f(x)=1, y, ~ U(-1,1) and

a(x,y) =14 am(X)ym,  lam(*)lloc ~ m™>.
m=1
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Example 1: 2D in space + slow algebraic decay
Test Problem: slow decay case

D =10,1]% f(x)=1, y, ~ U(-1,1) and

a(x,y) =1+ Z am(X)Ym [am(x)[loo ~ m™2.
m=1

> INITIALIZE: Jp = {0,(1,0,...,0)} and H{* = Q1(h) on uniform mesh,
with h = 27* (‘level’ 4).

> DETAIL SPACE: Choose H$* = Q,(h) and Ay = 5.
> Choose TOL = 1.5e-3.

> Target convergence rate: N(;jf/ 2

Eigel, Gittelson, Schwab, Zander. Adaptive stochastic Galerkin FEM. CMAME (2014).
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Example 1: Final Mean & Variance

Max expectation = 7.5813e-02. Max variance = 5.0409e-05.

107
’ X
0.06
0.04
0.02
0
y
Time = 20.90 seconds.

Reference error = 1.5602e-03
Estimated error = 1.3917e-03
Total iterations = 26.

No. parametric polynomials = 36
No. activated variables = 14.
Total DOF = 104,452.

N WA
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Example 1: Convergence & Accuracy

Convergence of Estimated Energy Error

-1
10
dof 047
—4&—reference
—e—total estimated error
—6—Q2(h) spatial estimated error
parametric estimated error
2 \
10 N
103 F
102 10° 104 10° 108

Catherine E. Powell

0.95

094

0.93F

0.92f

091

09rf

0.89

Estimated Effectivity Indices

5 10 15 20 25 30
Algorithm step
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Example 1: Final Approximation Space

40

I I
Bl No of activated parameters
35 I No of parametric basis polynomials

30 -

25

20 -

15

10 -

5,

0
5 10 15 20 25

Algorithm step

At the final step X := P, Hi* ® P

@ Jp contains 36 multi-indices, (M = 14 activated parameters)
@ H = Qq(h) with h=278 277270 2-55-4(1,1,3,6,25 terms)
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Example 2: 2D in space + exponential decay
Test Problem: exponential decay case

D = [0,1]2, f(x) =1, ym ~ U(—1,1) and

a(x,y) =14 am(x)ym > lam(X)]oo ~ ™.

m=1

> INITIALIZE: Jp = {0,(1,0,...,0)} and HY* = Q»(h) on uniform mesh
with h =27 (level 4).

> DETAIL SPACE: Choose HS* = Q4(h) and Ay = 2.
> Choose TOL = 1e-4.

> Target convergence rate: Nd_olf.

Lord, Powell, Shardlow. Introduction to Computational Stochastic PDEs, CUP, 2014.
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Example 2: Convergence & Accuracy

1 __Convergence of Estimated Energy Error Estimated Effectivity Indices

10° - 0.95
dof 098
—a—reference
—e—total estimated error 0.94F
ol ——Q4(h) spatial estimated error
10 parametric estimated error
0.93t
103 0.92}
091}
10} 2
A4
097
107° : : : 0.89 . ' ' - .
102 103 104 10° 108 0 5 10 15 20 25 30
#DOF Algorithm step
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Example 2: Final Approximation Space

150

Il No of activated parameters
B No of parametric basis polynomials

100

50 -

5 10 15 20 25
Algorithm step

At the final step X := @, Hi* ® P

@ Jp contains 150 multi-indices, (M = 13 activated parameters)

o H™ = Qu(h) with h = 277,276,275 2-4 (1,3,10,136 terms)
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Example 3: (very) slow decay case

Poor convergence (N;3>%) and the error estimator is less accurate, but can
compute an approximation to TOL=1.5e-3 in a couple of mins on a laptop.

250

I No of activated parameters

I No of parametric basis polynomials
200 -
150 -
100 -

0unnHIl”“““” HH
10 20 30 40 50 60 70 80

Algorithm step

At the final step:

@ Jp contains 237 multi-indices, (M = 111 activated parameters)

@ HX = Qq(h) with h=27827° 27524 (1,25,62,149 terms)
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Locally Adapted Meshes
IF SPATIAL

@ Freeze Jp

@ improve H{* for a € Jp

107!
1073 %103 -0.52
0.06 0 2 dof
—©— Energy Error
0.04 2
4 0
0.02
6
0 2
1 1 1
1 1
0 0 0 0
1 1 -1 102+
# elements = 1281 # elements = 533
ORKIK B35S
108 .
102 10% 108
dof

Adam Crowder. Adaptive & Multilevel Stochastic Galerkin Finite Element Approximation.
PhD Thesis, University of Manchester, (2020).
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