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Given a sequence of (real) numbers m0,m1, . . . we encode it as an (exponential) power
series:

M (t ) B
∞∑
n=0

mn

t n

n!
.

Consider the ring R = 𝕂[[t ]] with the usual product

PQ (t ) =
∞∑
n=0

©«
n∑
j=0

(
n

j

)
p j qn−j

ª®¬ t
n

n!
.

The set G 1 B
{
M ∈ R : m0 = 1

}
is a group for this product.
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Each M ∈ G 1 has a logarithm:

K (t ) B logM (t ) =
∞∑
n=1

kn
t n

n!
∈ G 0 B {K ∈ R : k0 = 0}.

where

kn =
n∑
j=1

(−1)j −1 (j − 1)!Bn,j (m1, . . . ,mn−j ).
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We can also encode the sequence m0,m1, . . . as a linear map µ : 𝕂[x ] → 𝕂 via

µ (x n ) B mn ,

and we get a linear map Λ : HomVect (𝕂[x ],𝕂) → R , φ ↦→ ∑∞
n=0 φ (x

n ) t
n

n! .

Endow H = 𝕂[x ] with a Hopf algebra structure where the product is the usual polynomial
product and the coproduct is

∆x n B
n∑
j=0

(
n

j

)
x j ⊗ x n−j .
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Theorem 1

Endow H ∗ = HomVect (𝕂[x ],𝕂) with the convolution product

φ ∗ψ B (φ ⊗ ψ) ◦ ∆.

The map Λ : H ∗ → R is an algebra isomorphism.

In particular, we can recover the previous formulas from known Hopf-algebraic
statements.
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The set G(H ) B {φ ∈ H ∗ : φ (1) = 1} is group under ∗, unit ε (p) = p (0) and inverses given
by

φ−1 =
∑
j ≥0
(ε − φ)∗j ,

that is

φ−1 (x n ) =
n∑
j=0

(−1)j
∑

n1+...+n j=n

n!
n1! · · · n j !

φ (x n1 ) · · ·φ (x n j ).

There is a logarithm log∗ : G(H ) → L(H ) C {φ ∈ H
∗ : φ (1) = 0} given by

log∗ (φ) =
∞∑
j=1

(−1)j −1

j
(φ − ε)∗j .
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HomAlg (H ,𝕂) C Char(H ) is a group under ∗ with unit ε, inverse is given by φ−1 = φ ◦ S
where S : H → H is the antipode, satisfying

S ∗ id = id ∗ S = 1ε .

Solving yields S (x n ) = (−1)nx n .

The Lie algebra of Char(H ) is formed by the infinitesimal characters, such that

γ (pq ) = ε (p)γ (q ) + γ (p)ε (q ).

It can be shown that log∗ : Char(H ) → InfChar(H ).
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Trick: extend H to Ĥ B Sym(H ) whose product we denote by x n | xm , x n+m , with
antipode

Ŝ (x n ) =
n∑
k=1

(−1)k
∑

n1+···+nk=n

n!
n1! · · · nk !

x n1 | · · · | x nk .

Theorem 2 (EFPTZ 2018)

H is a (left) comodule over Ĥ , and the restriction Char(Ĥ ) → G(H ) is a group
isomorphism.

Application to Wick polynomials:

G (t ,X ) B
∞∑
n=0

:X n :
t n

n!
=

etX

𝔼[etX ]
←→W =

(
id ⊗ φ−1

)
◦ ∆.
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Let R = A⟨⟨x1, x2, . . .⟩⟩ for some commutative 𝕂-algebra A. A generic element:

f (x ) = f0 +
∞∑
k=1

∑
(i1,...,ik ) ∈Î

k

fi1 ...ik xi1 · · · xik

=
∑
w ∈Î⋆

fw xw ,

where xi1 · · ·ik = xi1 · · · xik .

Definition 1
We set

G 1 B {f ∈ R : f0 = 1}, G 0 B {f ∈ R : f0 = 0}.
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Definition 2

For f , g ∈ G 1, we set
(f • g ) (x ) = g (x )f (xg (x ))

where
(xg (x ))i = xi g (x ) = xi +

∑
w ∈Î⋆+

gw xiw

and
(xg (x ))i1 · · ·ik = xi1g (x )xi2g (x ) · · · xik g (x ).

In the univariate case this reduces to composition of “tangent-to-identity” formal
diffeomorphisms (f0 = 0, f1 = 1).
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LetV be the linear span of Î⋆+ and H = T (V ) whose product we denote again by |.
H is linearly spanned by “sentences” w1 | w2 | · · · | wk , where wj ∈ Î

⋆.

Definition 3 (Ebrahimi-Fard, Patras 2014)

Define ∆ : V →V ⊗ H

∆(i1 · · · in ) =
∑
S⊆[n ]

iS ⊗ iJ S1 | · · · | iJ Sk

where [n] \ S = J S1 ∪ · · · ∪ J
S
k and each is an interval. Extend to ∆ : H → H ⊗ H

multiplicatively.

For example
∆(i1i2i3) = 1 ⊗ i1i2i3 + i1 ⊗ i2i3 + i2 ⊗ i1 | i3 + i3 ⊗ i1i2

+ i1i2 ⊗ i3 + i1i3 ⊗ i2 + i2i3 ⊗ i1 + i1i2i3 ⊗ 1
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Theorem 3 (EFPTZ 2023)

Λ : Char(H ) → G 1 defined by

Λ(φ) (x ) = φ (1) +
∑
w ∈Î⋆+

φ (w )xw

is a group isomorphism, that is, if f = Λ(φ), g = Λ(γ) then

Λ(φ ∗ γ) (x ) = (f • g ) (x ) = g (x )f (xg (x )).
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Definition 4 (Ebrahimi-Fard, Patras 2014)

Define

∆≺ (i1 · · · in ) = i1 · · · in ⊗ 1 +
∑

1∈S⊆[n ]
iS ⊗ iJ S1 | · · · | iJ Sk

and

∆≻ (i1 · · · in ) = 1 ⊗ i1 · · · in +
∑

1<S⊆[n ],S,∅
iS ⊗ iJ S1 | · · · | iJ Sk .

Then, ∆ = ∆≺ + ∆≻ and they endow H with the structure of an unshuffle bialgebra.
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In turn, this splits the convolution product into two “half-shuffles”:

φ ≺ γ B (φ ⊗ γ) ◦ ∆≺, φ ≻ γ B (φ ⊗ γ) ◦ ∆≻ .

Theorem 4 (EFPTZ 2023)

Let φ ∈ HomVect (H+,A), γ ∈ Char(H ) so that f ∈ G 0, g ∈ G 1. Then

Λ(φ ≺ γ) = f (xg (x )), Λ(φ ≻ γ) = (g (x ) − 1)f (xg (x )).
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The group G 1 is left-linear, thus its tangent space at 1 G 0 has a pre-Lie structure.

Theorem 5
The operation

xi1 · · · xin ◁ xj1 · · · xjm B
n∑
k=0

xi1 · · · xik xj1 · · · xjmxik+1 · · · xin

is (right) pre-Lie, i.e.,

a◁ (x , y , z ) B (x ◁ y ) ◁ z − x ◁ (y ◁ z )

is symmetric in y and z .

In the single variable case x n ◁ xm = (n + 1)x n+m (Faà di Bruno).
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Theorem 6 (EFPTZ 2023)

Let φ ∈ HomVect(H ,A) , γ ∈ L(A) so that f ∈ R , g ∈ G 0. Then

Λ(φ ∗ γ) = f ◁ g .
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Let (B ,ϕ) a ncps and (b1, . . . ) be nc rvs on B .
We define φ : V → Ã by φ (i1 · · · in ) = ϕ (bi1 ·B · · · ·B bin ). It extends uniquely to
Φ ∈ Char(H ).

Theorem 7 (Ebrahimi-Fard, Patras 2016 & 2018)

The equations
Φ = ε + Φ ≻ β , Φ = ε + κ ≺ Φ

define β , κ ∈ InfChar(H ), and

Φ(i1 · · · in ) =
∑

π∈NC(n )

∏
B∈π

κ (iB ) =
∑

π∈Int(n )

∏
B∈π

β (iB ).
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Corollary 1 (EFPTZ 2023)

Denoting M ,K ,B the generating series of Φ, κ, β respectively, we have

M (x ) = 1 + K (xM (x )) = 1 + B (x )M (x ).

Theorem 8 (Ebrahimi-Fard, Patras 2018)

ρ = log∗ Φ defines an infinitesimal character corresponding to monotone cumulants.

Introduce a formal parameter t and set Φt = exp∗ (t ρ).
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Theorem 9 (EFPTZ 2023, Hasebe-Saigo 2011)

Let R be the generating function of ρ. Then

¤Mt (x ) = R (x ) + ((Mt − 1) ◁ R ) (x ),

that is

Mt = 1 + t R + (R ◁ R ) t
2

2 + ((R ◁ R ) ◁ R ) t
3

6 + · · ·
= exp◁ (R )

= 1 +
∑
τ

1

τ!σ (τ) Ph (τ)t
|τ | ,

where e.g. Ph ( ) = R ◁ R , Ph ( ) = (R ◁ R ) ◁ R − R ◁ (R ◁ R ), etc.
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