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W Introduction: Power series

Given a sequence of (real) numbers my, m;, ... we encode it as an (exponential) power
series:

oo tn
M(t) = Z;) My
Consider the ring R = K[[¢]] with the usual product
N t"
PQ(D) =) Z(.)p,-qn_,- o
n=o\j=0 Y '

The set G' := {M € R : my = 1} is a group for this product.
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W Introduction: Power series

Each M € G' has a logarithm:
oo tn
K(t) = log M(t) = Z; kn— € G% = {KeR:k,=0}.
where

k= D=1 G = D)1B, (my, . m, ).
j=1
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W Introduction: Hopf algebras (Umbral calculus?)

We can also encode the sequence my, m;,... as alinear map p: K[x] — K via
ny .
p(x") = m,,

and we get a linear map A: Homye (K[x], 1) — R, ¢ - S o p(x") L.

Endow H = [K[x] with a Hopf algebra structure where the product is the usual polynomial
product and the coproduct is

n
Ax" = Z (;)xj ® x"™

Jj=0
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Introduction: Hopf algebras

In particular, we can recover the previous formulas from known Hopf-algebraic
statements.
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W Introduction: Hopf algebras

The set G(H) = {¢p € H" : ¢(1) = 1} is group under =, unit £(p) = p(0) and inverses given

by .
¢ =D (e-¢)7,
j=0
that is
n . |
¢~ (x") = Z(—UJ Z ﬁ¢(xn1) @ (x).
j=0 m+...+n;=n ) J:

There is a logarithm log, : G(H) — L(H) = {¢ € H" : ¢(1) = 0} given by

[ _ j_] )
0g.#) = > TV (g )7,
I
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i Introduction: Character trick

Hompg(H, KK) =: Char(H) is a group under = with unit ¢, inverse is given by ¢ ' =¢oS
where S: H — H is the antipode, satisfying

Sxid=id=*S = 1e.
Solving yields S(x") = (=1)"x".
The Lie algebra of Char(H) is formed by the infinitesimal characters, such that

y(pq) = e(p)y(q) +v(p)e(q).

It can be shown that log, : Char(H) — InfChar(H).
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W Introduction: Character trick

Trick: extend H to A := Sym(H) whose product we denote by x” | x” # x"*™ with

antipode
n
&/ N\ _ k n! noyL n
sm-é(—n D e LA R E

ny+-+ng=n

Theorem 2 (EFPTZ 2018)

Application to Wick polynomials:
tn tX
nl E[e™X]

G(t, X) ::i:x": <—>W:(id®¢“)oA.
n=0
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vk | Noncommutative power series

Let R = A{xy, x,, . ..)) for some commutative K-algebra A. A generic element:

f(x)="1fo+ Z Z By i Xiy o X,

k=1 (iy,..ip ) eNF

2. Fuus

weN*

Whel’e Xl'llk = Xi‘l b ‘Xl'k.

Definition 1
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vk | Shifted composition

Definition 2

In the univariate case this reduces to composition of “tangent-to-identity” formal
diffeomorphisms (f, = 0, f; = 1).
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Hopf algebras again

Let V be the linear span of N} and H = T (V) whose product we denote again by |.

H is linearly spanned by “sentences” w; | w, | - - - | w,, Where w; € N*.

Definition 3 (Ebrahimi-Fard, Patras 2014)

For example
A(iyipiz) =1 Q@ iqipizg + iy ® igiz + iy ® Iy | iz + i3 ® iy
+iyiy ® iy + iyiy ® iy + ipiy ® iy + iyigiy ® 1
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vk | Hopf algebras and group laws

Theorem 3 (EFPTZ 2023)
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vk | Half (co)products

Definition 4 (Ebrahimi-Fard, Patras 2014)
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In turn, this splits the convolution product into two “half-shuffles”:

Py =(p®y)oA,, ¢-y=(¢®y)oA,.

Theorem 4 (EFPTZ 2023)
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W Lie structure

The group G' is left-linear, thus its tangent space at 1 G° has a pre-Lie structure.

In the single variable case x” < x™ = (n + 1)x"*™ (Faa di Bruno).
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Theorem 6 (EFPTZ 2023)
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ik | Link with noncommutative probability

Let (B,¢) ancps and (b,,...) be ncrvs on B.
We define ¢: vV — C by ¢(iy---i,) = (b -5 b; ). It extends uniquely to
® € Char(H).

Theorem 7 (Ebrahimi-Fard, Patras 2016 & 2018)
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ik | Link with noncommutative probability

Corollary 1 (EFPTZ 2023)

Theorem 8 (Ebrahimi-Fard, Patras 2018)

Introduce a formal parameter ¢ and set @, = exp, (tp).
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Theorem 9 (EFPTZ 2023, Hasebe-Saigo 2011)
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