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1
.

Lattice systems with UCD symmetry .

H - E Hp
,
D= E Qp .

PEN PEN
T T

Hamiltonian Electric charge

Hpt AB
,

Rpf Ap ,
Kpfa

(oh - site symmetry)

@2ITiQP_1V-pENUCi7.inoaviauce.nER
, Hp) - O Hpt A

more generally
. 8aA=i[ Q , A) , AEA .

It A is localized on XCA
,

Bc

then so is 8aA .

I



let L
. . .

) : A- → I be the ground
state of H .

Lf H is sapped , then L . . .
) is

automatically Ucc ) - invariant .

Td
.

( Goldstone theorem)

( Sa A- 7=0 t AE Aae CA .
Remark
-

Ja is an unbounded derivation of et
and is not defined on the whole A- .

Sa CA - B) ⇐@aAlnBtAf8aB.7De_t.A
E Aal Iff it can be approximated

by a local observable ARE A Brcpo )
so

'

that HA - A- all €-0 ( r- d)
.

A- ad is a dense * - sub-algebra of A
,

and

-

Is : Aal - Aal .



key idea : although Ifans (Rp) 107=10,
one can find ' ' improved

" observables Ip
s -
t

. • Ep C- Aol

•

Tens (Ep ) 103=0
. Ip =Qpt@k7p-QptZqKqpClvieerQp.Qp

as Aae - valued

O - chains
,
and K is an Aal - valued

1- chain . )
Then let XCN be a finite subset

.

Qx - La
, fpx) ,

-2×-26 ,fD
" characteristic
O - co chain of X

"

Q×= Rx t CK , Sfx) - Q×*Kg×
T

supported
oxy

,f fx - O
near DX .



< TRAI> = liz 2. [ Qx,AT > =

= lirxnCEk@x.A )) = 0
.

D

Sa how does construct the l - chain K ?

2
.
Currents. on a lattice

.

dd?I= i EH , = ? Jpg = - ⑨ Dp

Tpg = current from get to PEN .

An obvious solution :

Tpg - i [ Hq ,Qp) - if ftp.QQ ] .

Unique up to T H T t ON
.

Ne Cz (Ai Aae)
( To prove this , need to

show that H
,
(A ; Aae) = 0

.

Local
coefficients !)



3
.

Quasi - adiabatic map . ( Hastings ,
Let OC AC Egap .

10011 . 5280 )

Pick a continuous real function Was Ct ) s
-

t .

• Was Ct) -- O ( Itt
-o ) gov Itt → as

• Was Cw) = f eiwt Waft ) dt satisfies

Wala) = - Iw for Iw ) > D .

↳ : An → Au is defined by

lastA) = I! Walt) thA) It ,

TICA) = eitttaeitet .
The La maps Aae to Aal .

Then can define I -- Qt @ K
--

by letting kpql.is ( Tpg ) .

This proves Goldstone 's theorem for any

lattice system with short - range interactions



4
. Defining Hall conductance .

[ Qp , Qq ) =D TD
, g .

[Ip, Bg ) #O.

However :

2mi [ Ip , Eq ) = -@M)pq ,
where

M=ir( laptop , kqr3-icgceicy.FIII.hn:pqr cochain

Det
.

6=2 ( Mpqr) = GM,> f)
PEA

^

GEB ( normalized generator
REC Effectuation of H'CAIR)

value

A xo
C Xo # N .

B

claim : 6=25 Guale



Properties of 6
.

• 6 is independent of the choice of

the point go and the paths .

Indeed
,
@ LM> ~ @ L[Ip, 7=0

⇒ (CMS, atop) - (CMS ,D=

= ( DCMS ,p) = 0 .

V-pedca.IR) .

• 6 depends only on the state C . . .>

and the charge Dp
,
not on the

concrete Hamiltonian
.

Relies on the following :

Lf we define the operator - valued l - chain

K by L Q -12K ; A ) - O tf AEA ,
then the solution is unique up to

k ⇒ K + ON + Ko
,

where ( Ko ; A > = O FA ⇐ A

line .

Ko annihilates 10) )



N .
B . This a special case of a more

general statement . It shows that

ground States of yapped local Hamiltonian

are quite special among all clustering
states .

• G = 21TGuale .

This follows from a version of Kubo

formula derived in 1905
.

06488 :

( Spodyneiko e- Ak )

n 2

( jQuee -
- i cold

,
Sf) Go

, org ) lo)
- HAD

Here Go = ( * -p) # CI - P)
,
P -

- 103<01

ftp.OCXCPD
, g (p) - O ly CPD

+



With a little work
,
one can express it

in terms of the l- chain K :

Qtaee = i LE Ck , of) , ( K, 8g ) ) )
with more work

,
can show 6=2'T Gtiaee .

• G is a numerical invariant of

a phase

• G E Z for SRE phases

• G E 221 for bosonic
SRE phases

• 6 controls the
"

statistics
"

of flux
insertions



5 .
What is a quantum phase of matter ?

Based on ideas from
"

Quantum information
meets quantum matter

"

, ( B. Zeng, X. Cheer ,
D. Zhou , X- G Wea)

Local unitary quantum circuit --

gate gate

gate gate gate gate } depth 3
gate gate gate gate

pure

• tworstates are declared equivalent
it they are connected by a finite - depth

LUQ circuit .

• Stacking a state with a

' '

trivial
"

(factorial)

state is also an equivalence .

N -
B. In a finite system all states
are (approximately ) equivalent .



A more
"physical

"

definition :

replace finite - depth LUG circuits

with a path in the space of local

Hamiltonians
,
Hca)

,

sit . Hca) is

yapped for all d and L
. .

>
o
and

L
.
. .)

,
are ground States of Hco) & HCl ) .

Td
.

( Moon
, Ogata , 1906.05479 )

Lt ( A )
,
is a smooth function of A

FAE Aae
,
then this is equivalent to e

F a path of automorphisms par. A →A
set . LB.fr . -Do =L . . .} and

*A)×= ( if GCN , AD, .

for some O - chain G = E. Gpa)
p

.

Ap Gpa ) C- Aae
.

In other words :
-

p×=Pexp( i fadge, ) .



Let 's call such automorphism p =p ,

" locally generated
"

.

A locally generated p is an evolution

automorphism generated by some local

Hamiltonian .

A trivial observation- .

If L .
. .) is a ground state of a

yapped Hamiltonian
,
then Lpc . . .

))
,

where G is locally generated , is also

a ground state of a yapped Hamiltonian .

Det
.

L
. . -Soir L . . -7,0 , it F

locally generated B s .t .
L

. . .>pi
' "Dp

Locally generated automorphisms map

Aae → Aal and ace
' '

fuzzy
"

analogs of finite - depth LUR circuits .



An important property :

it C . . .

>
¢
& L

. . . 3,0, are in

the same phase
,

one can

"

glue
"

them

across a line to produce another

yapped state L
. . .
) in the same phase .

010 '

-
×

Suppose L . . - 3$, = CBC . . -Dq where

B is generated by GG) -- ZPGPCX) .

Then let Cnn
. > pyo - Cpt. . . ) >

where B+ is generated by

G* = aqcxcpDG.CN
step - function



Det
.

A quantum phase of matter

if an equivalence class under

equivalence generated by locally generated

automorphisms and stacking with factorized

systems .

Det
.

Trivial phase is the equivalence
class of a factorized state .

Det
.

A state of : A- → Q is said to

be in an SRE phase if 7- rt : A 's Q
S.t. Of 4 is in a trivial phase .

To show that 6 is a numerical

invariant of a phase , it is sufficient
to show it is invariant under

locally - generated automorphisms .



This fellows easily from local

computability and the gluing property

to Eg ol
'

6 = 6
'

In particular, if 6=10 ,
the system

cannot have a yapped edge ( i.e .

a yapped interface with a factorized
state )

.



Concluding remarks
-

• Another numerical invariant of Zd

yapped systems is thermal Hall conductance
(= chiral central charge)

Not clear it the methods described

can be used to define
.

I it . .

-

• Our methods can be used to re -write

WZW classes in terms of States

alone
.
( N. Sopenko + AH , work in

progress)

I

n
-

I


