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Motivations

» Suppose you want to compute particle masses from string theory

E8 X E8 heterotic

Unique bundle-valued
Matter fields harmonic (0,1) forms

ve H(X,V)

Choose a pair (Xg, V)
Holomorphic top-form €2 1

% The integral does not depend on the cohomology

. , Physical Yukawa couplings
representative can be done analytically @&

YIJK = TJ I/I/\I/J/\I/K/\Q

* 7 depends on matter field Kahler metric X

Ky ~ | uuAx(Hb)) It requires the Ricci-flat metric
X
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Motivations

> Ricci-flat CY metrics are required to make string theory predictive

» We want to explore CY moduli space and extract a prediction (e.g,,

particle masses) at each point in moduli space

{ ,n(préd)’  (pred)
arks

o v Tt We need the Ricci-flat metric as a
pre

{m(prcd)’ m
quarks’ " leptons

function of the moduli => g;-(y, 1)

{’n(prcd)’ m(prcd)
quarks leptons

» t=1{t,..., 1} <=>Kahler class
/

3 Unique Ricci-flat metric by Yau's theorem

CY moduli space



Motivations

» Complex structure moduli dependence can easily be incorporated in
analytic ansatzes for g;7.

» In cases where h'!"!) = 1 K&hler moduli dependence is easy

» The single Kahler modulus 7 parametrises
the overall volume, therefore

gy, 1) ~ 1 8(x,y)

CY modu“ space > What about h(l’l) > 1?
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Which tools do we have?

® |n recent years, neural networks have been extensively used to get approximate numerical
Ricci-flat metrics

[Ashmore, He, Ovrut, 2020]

[Jejjala, Mayorga Pefa, Mishra, 2020]

[Anderson, Gerdes, Gray, Krippendorf, Raghuram, Ruehle, 2021]
[Larfors, Lukas, Ruehle, Schneider, 2022]

[Berglund, Butbaia, Hlbsch, Jejjala, Mayorga Pefa, Mishra, Tan, 2022]
[Gerdes, Krippendorf, 2023]

[Challenger, Mirjani¢, 2025]
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How to find numerical Ricci-flat metrics with a NN?

» Ricci-flatness condition is encoded as a fourth-order, highly non-linear system of PDEs

R;; = — 0,0; log(detg) =0

» |t can be translated into a second-order Monge-Ampeére type equation

detg = k QAQ

Input layer Hidden layer 1 Hidden layer 2 Hidden layer 3 Output layer
(10) (64) (64) (64) @)

Loss =

2

P points

detg ‘
KQAQ

Take Npts

points on the CY



How to find numerical Ricci-flat metrics with a NN?

» This approach can be applied at every point in moduli space
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» Machine-learning approaches are extremely flexible but obscure the interpretability of the results.

» Donaldson devised an iterative algorithm that gives analytic approximate Ricci-flat metrics with increasingly

higher accuracy.
0K
02107

1 -
> It works by iteratively refining a Kéhler potential ansatz K = — log (HIJ(w) st §J> where Yij

Tk

o {5} € H(X, Oyx(k)) — a basis of global holomorphic sections of a line bundle L = 0(k) — X, for k integer.
e Coefficients H,;, to be determined iteratively for each y.
® For each y, the k — oo limit gives the Ricci-flat metric, but slow numerical convergence.

[Donaldson, 2005]

[Douglas, Karp, Lukic, Reinbacher, 2006]
[Headrick, Nasar, 2010], ...



An example with 21D = 1

Consider the Dwork one-parameter family of quintic in P

X = {[-CUO L@yt T 1wy 1 3] € P } Py () 251384—%‘;’ +a:g—|—a:g+xi — DY XpT1T2X3T4 :O}.
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An example with 21D = 1
Consider the Dwork one-parameter family of quintic in P
X = {[wo:x1: 23 :m3: 24 €EP? | Py(z) = x) + ) + 5 + ) + z) — 5 mow1wawsTs =0}
We have (hM'(X),h*!(X)) =(1,101) =¥ Kéhler classes parametrised by [J] = 7 [/.].

» Using Donaldson’s Ansatz one can get approximate analytic Ricci-flat Kahler potential

t
K = ——log(ly + illyD] + A(lwDD)
[(] B Z ‘.[. , '3“/',.;“3]./‘(-\'3 b'c‘»\\
A\<B<(C AL
filly]) =~ 0.121 4 0.605 ¢ =264 vl | <9
I{i= j H 1 1 T ;‘2 S eh \’: 0.4 '-_\
| 12‘, e Hw]) =~ 0.106 4 0.783 ¢=0-352 1wl

Iy = Z"r\;“ 0.0

[Lee, Lukas, 2025]
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What about 2:D > 1

e \What if one wants to incorporate the Kihler moduli dependence in cases where h!'l > 1?

e Kahler classes are now parametrised by

RUL(X)
1=, tl] € HY(R.X)

r=1

® However, Donaldson’s Ansatz is trapped into a single Kahler class. Precisely, the associated Kahler
form is tied to the choice of the line bundle

[JDon] S €1 (L)

® |n other words, Donaldson provides a different ansatz for different choices of the Kihler moduli.
Following Donaldson’s procedure in this case, we would have a floating Ansatz, one for each choice of .

e |f we want to move continuously in the Kahler cone, we need another Ansatz.
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A = H[P’”r — Ambient space

r=1

{t;,,....t,,}  —Kahler moduli

{xc(zr)}azO,...,n, — coordinates on the rth projective space

Define the following Ansatz: K = KFS + Cb

Fubini-Study metric:

Kgg = i%’ log(i |x(ir)|2) ’

r=1

® Metric of the ambient space restricted to the CY

® Serves as a reference metric

cf. [Berglund, Butbaia, Hibsch, Jejjala, Mayorga Pefia, Mishra, Tan, 2022]



An Ansatz for arbitrary p(-D

A = H[P’”r — Ambient space

r=1

{t;,,....t,,}  —Kahler moduli

{xc(zr)}a=0,...,n, — coordinates on the rth projective space

Define the following Ansatz: K = KFS + Cb

T

Parametrises the required deformation needed
to approximate the Ricci-flat CY metric

cf. [Berglund, Butbaia, Hlbsch, Jejjala, Mayorga Pefia, Mishra, Tan, 2022]
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K = Kps+ ¢
where ZLJCZU(I/J, 1/t sty (11) 5(X) 5,(X)

POy, = V(o'? p
m n N2\ "
I, (X, 1501

e {5,(x)} is a basis of global sections of an ample line bundle O(k,,....k,) (polynomials of multi-degree
(kiy ... k)

® V(?) is the volume of the CY manifold

® o,y t;/t,,....t,_,/t,) incorporate the full moduli dependence

o« The Kahler class is looked and correctly parametrised by the FS one: J = Z t. JE
(¢ is, by construction, a globally-defined function on the CY) —

® Fork,,...,k, — oo this is an expansion in a complete basis of functions on the projective space.

cf. [Berglund, Butbaia, Hlbsch, Jejjala, Mayorga Pefia, Mishra, Tan, 2022]
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Consider the bi-cubic hypersurface in P? x P? (coordinates x = (Xg, X1, Xp) and y = (3, ¥y, ¥o), respectively)

v

lthas (R-D(X), h*D(X)) = (2,83)

» For computational reasons, we would like to focus on a one-parameter family

v

To do that we impose the symmetries generated by

(ng))a D Xg P W, xp — xp for b # a, Ye = Ye for ¢ =0, 1,2,
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Consider the bi-cubic hypersurface in P? x P? (coordinates x = (Xg, X1, Xp) and y = (3, ¥y, ¥o), respectively)

v

v

lthas (R-D(X), h*D(X)) = (2,83)
» For computational reasons, we would like to focus on a one-parameter family

» To do that we impose the symmetries generated by

(Zéx))a D Ty WX, xp — xp, for b # a, Ye > ye for ¢ =0,1,2,
(Zéy))a D Yo Y WYa, yp > yp for b # a, T — x, for ¢ =0,1,2,
Séx’y) D Ta P To(a), Ya " Yo(a), Where o € S3,
Zéw’y) D Tg P Ya, Yo —> g fora=0,1,2.

» The groupis G = ((Z(;‘))2 X (Zéy))z) X (S3X Z,) and has order 972.



Example with 211D =2

The most general G-invariant polynomial in P? x P? is

Z xSyg + l/lz xg’ys =0 = one-parameter family of bi-cubics
a a#b
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The Ansatz specialises to

K(X, s ¥, t]a t2) — tl KFS(X) + t2 KFS(y) + ¢(X, Y ¥, tla t2)

where

Z]’J aIJ(l/j’ tl/t2) Sl(x’ y) SJ(X, y)

(X, 1% 7)2(Z, 1val?)?

Py, 1,) = V(t, )"

® We choose k; = k, =2 => L = O4(2,2) (quadratic polynomials at the numerators)
e Sections of L span a space of dimension h%(X, L) = 36

® Meaning that a;; is a 36x36 Hermitian matrix => 1296 real parameters
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J

5. Use Symbolic Regression to get analytical expressions for o,

¢(X, Y, tlv t2) = V(tly t2)1/3

gy (ot W) =

Choose ~2000 pairs (., t,/1,)

[ Jog(iy* + 0.85%%)

2. For each pair, sample 200°000 points '
on the CY manifold —> ~400M points in
total

T (0,064 — 0002108 112)

5 +0.32logtpn— 01

3. Use a NN to get the an approximate s (1,3, ) -
numerical Ricci-flat Kahler potential
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[GPT generated with inspiration from Quanta Magazine]



What do we do with this Ansatz?

4. Fit the numerical Kahler to the analytic one
K, y,w,t,1) = 1 Kgs(X) + 1, Kpg(y) + @6y, 9,11, 1)
21w 1) s(x, ) 5,(x, )
(2, 15 )R (Z, 1val?)e
% To determine a;; as functions of the moduli

J

5. Use Symbolic Regression to get analytical expressions for o,

¢(X, Y, tlv t2) = V(tly t2)1/3

gy (ot W) =

Choose ~2000 pairs (., t,/1,)

( Tog(l)* + 0.858y)

2. For each pair, sample 200°000 points '
on the CY manifold —> ~400M points in
total

T (0,064 — 0002108 112)

: .u,:\zhm.,_.—mj

@ty by, ) =

3. Use a NN to get the an approximate
numerical Ricci-flat Kahler potential

analytic formuly

BI=1en M)

No general expectation for o;,(y, 1 /t,) to be a smooth
function of the Kdhler moduli

[GPT generated with inspiration from Quanta Magazine]



Results

V(ty, t2)!/3 {
K(z,9,t1,t2) = Krs|x +
1542 FS|X (ZA ];[}A|2)2(EA |yAl2)2

[ — 0.3 — 0.071log(0.38[?) 1og2(t12)] D lzalPlzsPlyal lyel?

a<b
+ (0.38 + 0.037log [15]*)(0.18 + log t12) Y _ |za|*|ysl?[yel® + (tr12 = ta1, @ > v)
a#b,c
b<e
+ [log(|w|2 +0.85%4) (0.064 — 0.002log t15) + 0.32log t12 — 0.1] > 1zal*lyal* sl

ab

+ (t12 = to1, T y)

+ [0.08 + (0.024 + 0.014e—0-564®)*) 10g2(t12)] 3 Jeal sl

a#b

+ [(0.07 - 0.001(||? - 0.285%))(1.5 — log [v|* + log*(t12))| _ I7al*|al*

— 10.22 + 0.0210g((S%)? + 3.71(Ry)?) (e~ O-46R¥+0-13(R)* | log2(t12))] > lxa|2|ya|2|xb|2|yc|2}.

a,b,cdistinct

> At no point we enforced that our Ansatz must reflect the G-symmetry

» However, the fit gives a symmetric a;; (# of independent coefficients drops from 1296 to 8) => the coefficients group
together according to the G-symmetry

» This serves as a non-trivial consistency check of the fit procedure and truncation order



a;; coefficients as functions of (v, 7, 1,)

»The symmetry is also respected in the moduli-dependent sector.



a;; coefficients at fixed
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Small values of k; and k, already yield analytic expressions that agree with the underlying numerically
data at percent-level accuracy




Can we entirely skip the NN step?



Can we skip the NN step entirely?
4. Fit the numerical Kahler to the analytic one
KCx,y, . 11,5) = 1 Kgs(x) + 1, Kps(y) + ¢y, w11, 1)
2ot 1) s, y) s,0x, )
ONEARLIONAD L
% To determine a;; as functions of the moduli

J

5. Use Symbolic Regression to get analytical expressions for o,

¢(X, Y, tlv t2) = V(tly t2)1/3

ayy (b2, W) =

Choose ~2000 pairs (y, 1)

[ og(ipt? + 0.85%

2. For each pair, sample 200°000 points e )
on the CY manifold —> ~400M points in
total

(0,064 — 0.00210g12)

1 0.3210g by — 0.1 }

3. Use a NN to get the an approximate
numerical Ricci-flat Kahler potential

Uty by, ) =
analytic formuly

(LJ=1,., + Metagend)

[GPT generated with inspiration from Quanta Magazine]



Can we skip the NN step entirely?

Choose ~2000 pairs (y, 1)

2. For each pair, sample 200°000 points
on the CY manifold —> ~400M points in
total

[GPT generated with inspiration from Quanta Magazine]



How does Symbolic Regression work?

e Symbolic regression is a Machine Learning technique which aims to retrieve symbolic
expressions from numerical data.

® [t makes use of Genetic Programming (GP): algorithms inspired by evolutionary
processes.

-

~
»

s

[Quanta Magazine]



How does Symbolic Regression work?

® The algorithm constructs a population of candidate symbolic expressions

® Fach expression (individual) is internally represented as a tree in the algorithm

. g/,/ \ﬁ ¢/ \

@ o> 1L157+036 P -> x

[Cramner, 2022]



How does Symbolic Regression work?

® Expressions are combined (cross-over between two individuals) and mutated

1.15y + 0.86 T

\5-,;’. Lo - f\» 4
@ © @ o
1.15y + 0.86 1.15y — 0.86
x + 0.86
mutation

cross-over

® The population evolves and new generations (new candidate symbolic expressions) are created
[Cramner, 2022]



How does Symbolic Regression work?

¢ Individuals are ranked based on how well they minimise a “loss’, called fitness function in

this context.

® The fitness function is usually RMSE and evaluated at eac
Fitness = — || Data — Symbolic Exp | |2
¢ |[f we want to use Symbolic Regression to get approximate analytic expression of Ricci-flat

metrics, we would need to encode a Ricci-flathess condition as a fitness function and use the

algorithm in an unsupervised fashion

Oloss — _Hl_

Work in progress...



Summary and outlook

e Used a hybrid numerical-analytic approach to find an approximate Ricci-flat metric of a CY
hypersurface

¢ Sampled ~2000 points in the full moduli space of a one-parameter family of bicubics.
e Used a NN to get the Ricci-flat Kdhler potential at each point.

e Fitted the numerical data to an Ansatz obtaining numerical values of the moduli-dependent
coefficients ¢;; .

e Used symbolic regression on these coefficients to get an approximate analytic Ricci-flat metric with
full moduli dependence.

e Extend the approach to higher-dimensional moduli space.

e Bypass the neural network step and use symbolic regression only. This requires encoding a Ricci-
flatness condition directly into the symbolic regression loss.



Summary and outlook

e Used a hybrid numerical-analytic approach to find an approximate Ricci-flat metric of a CY
hypersurface

¢ Sampled ~2000 points in the full moduli space of a one-parameter family of bicubics.
e Used a NN to get the Ricci-flat Kdhler potential at each point.

e Fitted the numerical data to an Ansatz obtaining numerical values of the moduli-dependent
coefficients ¢;; .

e Used symbolic regression on these coefficients to get an approximate analytic Ricci-flat metric with
full moduli dependence.

e Extend the approach to higher-dimensional moduli space.

® Bypass the neural network step and use symbolic regression only. This requires encoding a Ricci-
flatness condition directly into the symbolic regression loss. ’Tﬁan@sfor your attention



