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‣   <=> Kahler classt = {t1, . . . , th1,1}
 Unique Ricci-flat metric by Yau’s theorem∃

‣ Ricci-flat CY metrics are required to make string theory predictive
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‣ Complex structure moduli dependence can easily be incorporated in 
analytic ansatzes for .gij

‣ In cases where  Kähler moduli dependence is easyh(1,1) = 1

CY moduli space

‣ The single Kähler modulus  parametrises 
the overall volume, therefore 

 

t

gij (x, ψ, t) ∼ t ̂g(x, ψ)

‣What about ?h(1,1) > 1



20

Outline

‣ Numerical approximate Ricci-flat metric with Neural Networks 

‣ Analytic approaches when  

‣ Hybrid numerical-analytic approach for cases with  

‣ Conclusions and outlook

h(1,1) = 1

h(1,1) > 1



Which tools do we have?
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• In recent years, neural networks have been extensively used to get approximate numerical 
Ricci-flat metrics

[Ashmore, He, Ovrut, 2020] 
[Jejjala, Mayorga Peña, Mishra, 2020] 
[Anderson, Gerdes, Gray, Krippendorf, Raghuram, Ruehle, 2021] 
[Larfors,  Lukas, Ruehle,  Schneider, 2022] 
[Berglund, Butbaia, Hübsch, Jejjala, Mayorga Peña, Mishra, Tan, 2022] 
[Gerdes, Krippendorf, 2023] 
[Challenger, Mirjanić, 2025]



Rij̄ = − ∂i∂j̄ log(det g) = 0

How to find numerical Ricci-flat metrics with a NN?
‣ Ricci-flatness condition is encoded as a fourth-order, highly non-linear system of PDEs
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‣ It can be translated into a second-order Monge–Ampère type equation

Rij̄ = − ∂i∂j̄ log(det g) = 0

How to find numerical Ricci-flat metrics with a NN?
‣ Ricci-flatness condition is encoded as a fourth-order, highly non-linear system of PDEs

det g = κ Ω ∧ Ω where  g = gref + ∂∂̄Φ
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‣ It can be translated into a second-order Monge–Ampère type equation

det g = κ Ω ∧ Ω

Rij̄ = − ∂i∂j̄ log(det g) = 0

Loss = 1
Npts ∑

points
1 − det g

κ Ω ∧ Ω
+ …

Take  points on the CYNpts

How to find numerical Ricci-flat metrics with a NN?
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!

where  g = gref + ∂∂̄Φ
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How to find numerical Ricci-flat metrics with a NN?

gi j̄
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}

‣ This approach can be applied at every point in moduli space

gi j̄
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‣ Machine-learning approaches are extremely flexible but obscure the interpretability of the results. 

‣ Donaldson devised an iterative algorithm that gives analytic approximate Ricci-flat metrics with increasingly 
higher accuracy. 

‣ It works by iteratively refining a Kähler potential ansatz

Can we get approximate analytic Ricci-flat metrics?

<latexit sha1_base64="0+jIAE+SUy+xrbMt2KxDyU7EROo="></latexit>

K =
1

ωk
log

(
HIJ(ε) s

I s̄J̄
)

•   — a basis of global holomorphic sections of a line bundle , for  integer.  

• Coefficients , to be determined iteratively for each . 

• For each , the  limit gives the Ricci-flat metric, but slow numerical convergence.

{sI} ∈ H0(X, OX(k)) L = 𝒪X(k) → X k

HIJ ψ

ψ k → ∞

<latexit sha1_base64="JVqwAgqNMzqJjrJcdxZJg0ZePfE="></latexit>

gij̄ =
ω2K

ωziωz̄j̄
where

[Donaldson, 2005] 
[Douglas, Karp, Lukic, Reinbacher, 2006] 
[Headrick, Nasar, 2010],  …
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X =
{
[x0 : x1 : x2 : x3 : x4] → P4

∣∣ Pω(x) = x5
0 + x5

1 + x5
2 + x5

3 + x5
4 ↑ 5ω x0x1x2x3x4 = 0

}
.

Consider the Dwork one-parameter family of quintic in  

An example with h(1,1) = 1
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X =
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∣∣ Pω(x) = x5
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1 + x5
2 + x5

3 + x5
4 ↑ 5ω x0x1x2x3x4 = 0

}
.

Consider the Dwork one-parameter family of quintic in  

Kähler classes parametrised by . [J] = t [Jref]

An example with h(1,1) = 1
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We have 

<latexit sha1_base64="sDH9f0pt6Va8jGa6QwANa+y6Fto=">AAAB83icdVDLSsNAFL2pr1pfVZduBovgqiQ1tOmu6MZlBfuAJpbJdNIOnTyYmQgl9DfcuFDErT/jzr9x0lZQ0QMDh3Pu5Z45fsKZVKb5YRTW1jc2t4rbpZ3dvf2D8uFRV8apILRDYh6Lvo8l5SyiHcUUp/1EUBz6nPb86VXu9+6pkCyObtUsoV6IxxELGMFKS64bYjXx/aw9v7OH5YpZNU3bblhIk2bNcWxNapbdvHCQpa0cFVihPSy/u6OYpCGNFOFYyoFlJsrLsFCMcDovuamkCSZTPKYDTSMcUulli8xzdKaVEQpioV+k0EL9vpHhUMpZ6OvJPKP87eXiX94gVYHjZSxKUkUjsjwUpBypGOUFoBETlCg+0wQTwXRWRCZYYKJ0TSVdwtdP0f+kW6ta9Wr9xq60Lld1FOEETuEcLGhAC66hDR0gkMADPMGzkRqPxovxuhwtGKudY/gB4+0TWEaR6w==</latexit>

P4

<latexit sha1_base64="5wV10vDHfEEYHxTEXQG2hpfqJyU="></latexit>

X =
{
[x0 : x1 : x2 : x3 : x4] → P4

∣∣ Pω(x) = x5
0 + x5

1 + x5
2 + x5

3 + x5
4 ↑ 5ω x0x1x2x3x4 = 0

}
.

Consider the Dwork one-parameter family of quintic in  

Kähler classes parametrised by . [J] = t [Jref]

An example with h(1,1) = 1

‣ Using Donaldson’s Ansatz one can get approximate analytic Ricci-flat Kahler potential 

K = t
2π

log (I0 + f1( |ψ | ) I1 + f2( |ψ | ) I2)

[Lee, Lukas, 2025]
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We have 

<latexit sha1_base64="sDH9f0pt6Va8jGa6QwANa+y6Fto=">AAAB83icdVDLSsNAFL2pr1pfVZduBovgqiQ1tOmu6MZlBfuAJpbJdNIOnTyYmQgl9DfcuFDErT/jzr9x0lZQ0QMDh3Pu5Z45fsKZVKb5YRTW1jc2t4rbpZ3dvf2D8uFRV8apILRDYh6Lvo8l5SyiHcUUp/1EUBz6nPb86VXu9+6pkCyObtUsoV6IxxELGMFKS64bYjXx/aw9v7OH5YpZNU3bblhIk2bNcWxNapbdvHCQpa0cFVihPSy/u6OYpCGNFOFYyoFlJsrLsFCMcDovuamkCSZTPKYDTSMcUulli8xzdKaVEQpioV+k0EL9vpHhUMpZ6OvJPKP87eXiX94gVYHjZSxKUkUjsjwUpBypGOUFoBETlCg+0wQTwXRWRCZYYKJ0TSVdwtdP0f+kW6ta9Wr9xq60Lld1FOEETuEcLGhAC66hDR0gkMADPMGzkRqPxovxuhwtGKudY/gB4+0TWEaR6w==</latexit>

P4

<latexit sha1_base64="5wV10vDHfEEYHxTEXQG2hpfqJyU="></latexit>

X =
{
[x0 : x1 : x2 : x3 : x4] → P4

∣∣ Pω(x) = x5
0 + x5

1 + x5
2 + x5

3 + x5
4 ↑ 5ω x0x1x2x3x4 = 0

}
.

Consider the Dwork one-parameter family of quintic in  

Kähler classes parametrised by . [J] = t [Jref]

An example with h(1,1) = 1

‣ Using Donaldson’s Ansatz one can get approximate analytic Ricci-flat Kahler potential 

K = t
2π

log (I0 + f1( |ψ | ) I1 + f2( |ψ | ) I2)

f 1,
f 2f1( |ψ | ) ≃ 0.121 + 0.605 e−0.264 |ψ| ,

f2( |ψ | ) ≃ 0.106 + 0.783 e−0.352 |ψ|

[Lee, Lukas, 2025]
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What about h(1,1) > 1
• What if one wants to incorporate the Kähler moduli dependence in cases where ? 

• Kähler classes are now parametrised by  

 

• However, Donaldson’s Ansatz is trapped into a single Kähler class. Precisely, the associated Kähler 
form is tied to the choice of the line bundle 

 

• In other words, Donaldson provides a different ansatz for different choices of the Kähler moduli. 
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What about h(1,1) > 1
• What if one wants to incorporate the Kähler moduli dependence in cases where ? 

• Kähler classes are now parametrised by  

 

• However, Donaldson’s Ansatz is trapped into a single Kähler class. Precisely, the associated Kähler 
form is tied to the choice of the line bundle 

 

• In other words, Donaldson provides a different ansatz for different choices of the Kähler moduli. 
Following Donaldson’s procedure in this case, we would have a floating Ansatz, one for each choice of . 

• If we want to move continuously in the Kähler cone, we need another Ansatz.

h1,1 > 1

[J] =
h1,1(X)

∑
r=1

tr[Jr] ∈ H1,1(ℝ, X)

[JDon] ∈ c1(L)

t



An Ansatz for arbitrary h(1,1)

    — Ambient space𝒜 =
m

∏
r=1

ℙnr

       — Kähler moduli{t1, …, tm}
   — coordinates on the rth projective space{x(r)

a }a=0,…,nr



An Ansatz for arbitrary h(1,1)

    — Ambient space𝒜 =
m

∏
r=1

ℙnr

K = KFS + ϕDefine the following Ansatz:

       — Kähler moduli{t1, …, tm}
   — coordinates on the rth projective space{x(r)

a }a=0,…,nr

cf. [Berglund, Butbaia, Hübsch, Jejjala, Mayorga Peña, Mishra, Tan, 2022]



An Ansatz for arbitrary h(1,1)

    — Ambient space𝒜 =
m

∏
r=1

ℙnr

K = KFS + ϕDefine the following Ansatz:

       — Kähler moduli{t1, …, tm}
   — coordinates on the rth projective space{x(r)

a }a=0,…,nr

Fubini-Study metric: 

 

  • Metric of the ambient space restricted to the CY 
• Serves as a reference metric

KFS =
m

∑
r=1

tr
π

log(
nr

∑
a=0

|x(r)
a |2 ) ,

cf. [Berglund, Butbaia, Hübsch, Jejjala, Mayorga Peña, Mishra, Tan, 2022]



K = KFS + ϕDefine the following Ansatz:

Parametrises the required deformation needed 
to approximate the Ricci-flat CY metric

An Ansatz for arbitrary h(1,1)

    — Ambient space𝒜 =
m

∏
r=1

ℙnr

       — Kähler moduli{t1, …, tm}
   — coordinates on the rth projective space{x(r)

a }a=0,…,nr

cf. [Berglund, Butbaia, Hübsch, Jejjala, Mayorga Peña, Mishra, Tan, 2022]
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where

An Ansatz for arbitrary h(1,1)

K = KFS + ϕ

ϕ(x, ψ, t) = V(t)1/3
∑I,J αIJ(ψ, t1/tm, …, tm−1/tm) sI(x) sJ(x)

∏m
r=1 (∑nr

a=0 |x(r)
a |2 )

kr

cf. [Berglund, Butbaia, Hübsch, Jejjala, Mayorga Peña, Mishra, Tan, 2022]
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•  is a basis of global sections of an ample line bundle  (polynomials of multi-degree 
) 

{sI(x)} 𝒪X(k1, …, km)
(k1, …, km)

where

An Ansatz for arbitrary h(1,1)

K = KFS + ϕ

cf. [Berglund, Butbaia, Hübsch, Jejjala, Mayorga Peña, Mishra, Tan, 2022]

ϕ(x, ψ, t) = V(t)1/3
∑I,J αIJ(ψ, t1/tm, …, tm−1/tm) sI(x) sJ(x)

∏m
r=1 (∑nr

a=0 |x(r)
a |2 )

kr
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•  is a basis of global sections of an ample line bundle  (polynomials of multi-degree 
)  

•  is the volume of the CY manifold 

{sI(x)} 𝒪X(k1, …, km)
(k1, …, km)

V(t)

where

An Ansatz for arbitrary h(1,1)

K = KFS + ϕ

cf. [Berglund, Butbaia, Hübsch, Jejjala, Mayorga Peña, Mishra, Tan, 2022]

ϕ(x, ψ, t) = V(t)1/3
∑I,J αIJ(ψ, t1/tm, …, tm−1/tm) sI(x) sJ(x)

∏m
r=1 (∑nr

a=0 |x(r)
a |2 )

kr
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•  is a basis of global sections of an ample line bundle  (polynomials of multi-degree 
)  

•  is the volume of the CY manifold 

•   incorporate the full moduli dependence 

{sI(x)} 𝒪X(k1, …, km)
(k1, …, km)

V(t)

αIJ(ψ, t1/tm, …, tm−1/tm)

where

An Ansatz for arbitrary h(1,1)

K = KFS + ϕ

cf. [Berglund, Butbaia, Hübsch, Jejjala, Mayorga Peña, Mishra, Tan, 2022]

ϕ(x, ψ, t) = V(t)1/3
∑I,J αIJ(ψ, t1/tm, …, tm−1/tm) sI(x) sJ(x)

∏m
r=1 (∑nr

a=0 |x(r)
a |2 )

kr
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•  is a basis of global sections of an ample line bundle  (polynomials of multi-degree 
)  

•  is the volume of the CY manifold 

•   incorporate the full moduli dependence 

• The Kähler class is looked and correctly parametrised by the FS one:                                          
(  is, by construction, a globally-defined function on the CY)

{sI(x)} 𝒪X(k1, …, km)
(k1, …, km)

V(t)

αIJ(ψ, t1/tm, …, tm−1/tm)

J =
m

∑
r=1

tr J(FS)
r

ϕ

where

An Ansatz for arbitrary h(1,1)

K = KFS + ϕ

cf. [Berglund, Butbaia, Hübsch, Jejjala, Mayorga Peña, Mishra, Tan, 2022]

ϕ(x, ψ, t) = V(t)1/3
∑I,J αIJ(ψ, t1/tm, …, tm−1/tm) sI(x) sJ(x)

∏m
r=1 (∑nr

a=0 |x(r)
a |2 )

kr
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•  is a basis of global sections of an ample line bundle  (polynomials of multi-degree 
)  

•  is the volume of the CY manifold 

•   incorporate the full moduli dependence 

• The Kähler class is looked and correctly parametrised by the FS one:                                          
(  is, by construction, a globally-defined function on the CY) 

• For  this is an expansion in a complete basis of functions on the projective space.

{sI(x)} 𝒪X(k1, …, km)
(k1, …, km)

V(t)

αIJ(ψ, t1/tm, …, tm−1/tm)

J =
m

∑
r=1

tr J(FS)
r

ϕ

k1, …, km → ∞

where

An Ansatz for arbitrary h(1,1)

K = KFS + ϕ

cf. [Berglund, Butbaia, Hübsch, Jejjala, Mayorga Peña, Mishra, Tan, 2022]

ϕ(x, ψ, t) = V(t)1/3
∑I,J αIJ(ψ, t1/tm, …, tm−1/tm) sI(x) sJ(x)

∏m
r=1 (∑nr

a=0 |x(r)
a |2 )

kr



Example with h(1,1) = 2
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‣ Consider the bi-cubic hypersurface in  (coordinates  and , respectively) ℙ2 × ℙ2 x = (x0, x1, x2) y = (y0, y1, y2)
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‣ Consider the bi-cubic hypersurface in  (coordinates  and , respectively) 

‣ It has  

ℙ2 × ℙ2 x = (x0, x1, x2) y = (y0, y1, y2)

(h(1,1)(X) , h(2,1)(X)) = (2,83)
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‣ Consider the bi-cubic hypersurface in  (coordinates  and , respectively) 

‣ It has  

‣ For computational reasons, we would like to focus on a one-parameter family

ℙ2 × ℙ2 x = (x0, x1, x2) y = (y0, y1, y2)

(h(1,1)(X) , h(2,1)(X)) = (2,83)



Example with h(1,1) = 2
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‣ Consider the bi-cubic hypersurface in  (coordinates  and , respectively) 

‣ It has  

‣ For computational reasons, we would like to focus on a one-parameter family 

‣ To do that we impose the symmetries generated by 

ℙ2 × ℙ2 x = (x0, x1, x2) y = (y0, y1, y2)

(h(1,1)(X) , h(2,1)(X)) = (2,83)

<latexit sha1_base64="cKKkJMndssCFTw7GQ7yKe3vI/RM="></latexit>

(Z(x)
3 )a : xa →↑ ωxa, xb →↑ xb for b ↓= a, yc →↑ yc for c = 0, 1, 2,

(Z(y)
3 )a : ya →↑ ωya, yb →↑ yb for b ↓= a, xc →↑ xc for c = 0, 1, 2,

S(x,y)
3 : xa →↑ xω(a), ya →↑ yω(a), where ε ↔ S3,

Z(x,y)
2 : xa →↑ ya, ya →↑ xa for a = 0, 1, 2.
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‣ Consider the bi-cubic hypersurface in  (coordinates  and , respectively) 

‣ It has  

‣ For computational reasons, we would like to focus on a one-parameter family 

‣ To do that we impose the symmetries generated by 

‣ The group is  and has order 972.

ℙ2 × ℙ2 x = (x0, x1, x2) y = (y0, y1, y2)

(h(1,1)(X) , h(2,1)(X)) = (2,83)

G ≅ ((ℤ(x)
3 )2 × (ℤ(y)

3 )2) ⋊ (S3 × ℤ2)

<latexit sha1_base64="cKKkJMndssCFTw7GQ7yKe3vI/RM="></latexit>

(Z(x)
3 )a : xa →↑ ωxa, xb →↑ xb for b ↓= a, yc →↑ yc for c = 0, 1, 2,

(Z(y)
3 )a : ya →↑ ωya, yb →↑ yb for b ↓= a, xc →↑ xc for c = 0, 1, 2,

S(x,y)
3 : xa →↑ xω(a), ya →↑ yω(a), where ε ↔ S3,

Z(x,y)
2 : xa →↑ ya, ya →↑ xa for a = 0, 1, 2.
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The most general -invariant polynomial in  isG ℙ2 × ℙ2

∑
a

x3
ay3

a + ψ∑
a≠b

x3
ay3

b = 0 one-parameter family of bi-cubics

Example with h(1,1) = 2



The Ansatz specialises to
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K(x, y, ψ, t1, t2) = t1 KFS(x) + t2 KFS(y) + ϕ(x, y, ψ, t1, t2)

where

ϕ(x, y, t1, t2) = V(t1, t2)1/3
∑I,J αIJ(ψ, t1/t2) sI(x, y) sJ(x, y)

(∑a |xa |2 )2(∑a |ya |2 )2



The Ansatz specialises to
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K(x, y, ψ, t1, t2) = t1 KFS(x) + t2 KFS(y) + ϕ(x, y, ψ, t1, t2)

where

ϕ(x, y, t1, t2) = V(t1, t2)1/3
∑I,J αIJ(ψ, t1/t2) sI(x, y) sJ(x, y)

(∑a |xa |2 )2(∑a |ya |2 )2

• We choose  =>  (quadratic polynomials at the numerators) k1 = k2 = 2 L = OX(2,2)



The Ansatz specialises to
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K(x, y, ψ, t1, t2) = t1 KFS(x) + t2 KFS(y) + ϕ(x, y, ψ, t1, t2)

where

ϕ(x, y, t1, t2) = V(t1, t2)1/3
∑I,J αIJ(ψ, t1/t2) sI(x, y) sJ(x, y)

(∑a |xa |2 )2(∑a |ya |2 )2

• We choose  =>  (quadratic polynomials at the numerators) 

• Sections of  span a space of dimension 

k1 = k2 = 2 L = OX(2,2)
L h0(X, L) = 36



The Ansatz specialises to

58

K(x, y, ψ, t1, t2) = t1 KFS(x) + t2 KFS(y) + ϕ(x, y, ψ, t1, t2)

where

ϕ(x, y, t1, t2) = V(t1, t2)1/3
∑I,J αIJ(ψ, t1/t2) sI(x, y) sJ(x, y)

(∑a |xa |2 )2(∑a |ya |2 )2

• We choose  =>  (quadratic polynomials at the numerators) 

• Sections of  span a space of dimension  

• Meaning that  is a 36x36 Hermitian matrix => 1296 real parameters  

k1 = k2 = 2 L = OX(2,2)
L h0(X, L) = 36

αIJ



What do we do with this Ansatz?

59

gi j̄

<latexit sha1_base64="2xXHFb2Xaz5yRvf4ohe/X4J6dco=">AAAB7nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqsdSLx4r2A9oQtlsN+nSzWbZ3Qgl9Ed48aCIV3+PN/+N2zYHbX0w8Hhvhpl5oeRMG9f9dkobm1vbO+Xdyt7+weFR9fikq9NMEdohKU9VP8SaciZoxzDDaV8qipOQ0144uZv7vSeqNEvFo5lKGiQ4FixiBBsr9fwWi2N/NqzW3Lq7AFonXkFqUKA9rH75o5RkCRWGcKz1wHOlCXKsDCOczip+pqnEZIJjOrBU4ITqIF+cO0MXVhmhKFW2hEEL9fdEjhOtp0loOxNsxnrVm4v/eYPMRLdBzoTMDBVkuSjKODIpmv+ORkxRYvjUEkwUs7ciMsYKE2MTqtgQvNWX10n3qu416o2H61qzVcRRhjM4h0vw4AaacA9t6ACBCTzDK7w50nlx3p2PZWvJKWZO4Q+czx8o2Y95</latexit>

}

gi j̄

<latexit sha1_base64="2xXHFb2Xaz5yRvf4ohe/X4J6dco=">AAAB7nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqsdSLx4r2A9oQtlsN+nSzWbZ3Qgl9Ed48aCIV3+PN/+N2zYHbX0w8Hhvhpl5oeRMG9f9dkobm1vbO+Xdyt7+weFR9fikq9NMEdohKU9VP8SaciZoxzDDaV8qipOQ0144uZv7vSeqNEvFo5lKGiQ4FixiBBsr9fwWi2N/NqzW3Lq7AFonXkFqUKA9rH75o5RkCRWGcKz1wHOlCXKsDCOczip+pqnEZIJjOrBU4ITqIF+cO0MXVhmhKFW2hEEL9fdEjhOtp0loOxNsxnrVm4v/eYPMRLdBzoTMDBVkuSjKODIpmv+ORkxRYvjUEkwUs7ciMsYKE2MTqtgQvNWX10n3qu416o2H61qzVcRRhjM4h0vw4AaacA9t6ACBCTzDK7w50nlx3p2PZWvJKWZO4Q+czx8o2Y95</latexit>}
gi j̄

<latexit sha1_base64="2xXHFb2Xaz5yRvf4ohe/X4J6dco=">AAAB7nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqsdSLx4r2A9oQtlsN+nSzWbZ3Qgl9Ed48aCIV3+PN/+N2zYHbX0w8Hhvhpl5oeRMG9f9dkobm1vbO+Xdyt7+weFR9fikq9NMEdohKU9VP8SaciZoxzDDaV8qipOQ0144uZv7vSeqNEvFo5lKGiQ4FixiBBsr9fwWi2N/NqzW3Lq7AFonXkFqUKA9rH75o5RkCRWGcKz1wHOlCXKsDCOczip+pqnEZIJjOrBU4ITqIF+cO0MXVhmhKFW2hEEL9fdEjhOtp0loOxNsxnrVm4v/eYPMRLdBzoTMDBVkuSjKODIpmv+ORkxRYvjUEkwUs7ciMsYKE2MTqtgQvNWX10n3qu416o2H61qzVcRRhjM4h0vw4AaacA9t6ACBCTzDK7w50nlx3p2PZWvJKWZO4Q+czx8o2Y95</latexit>}

g i j̄<latexit sha1_base64="2xXHFb2Xaz5yRvf4ohe/X4J6dco=">AAAB7nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqsdSLx4r2A9oQtlsN+nSzWbZ3Qgl9Ed48aCIV3+PN/+N2zYHbX0w8Hhvhpl5oeRMG9f9dkobm1vbO+Xdyt7+weFR9fikq9NMEdohKU9VP8SaciZoxzDDaV8qipOQ0144uZv7vSeqNEvFo5lKGiQ4FixiBBsr9fwWi2N/NqzW3Lq7AFonXkFqUKA9rH75o5RkCRWGcKz1wHOlCXKsDCOczip+pqnEZIJjOrBU4ITqIF+cO0MXVhmhKFW2hEEL9fdEjhOtp0loOxNsxnrVm4v/eYPMRLdBzoTMDBVkuSjKODIpmv+ORkxRYvjUEkwUs7ciMsYKE2MTqtgQvNWX10n3qu416o2H61qzVcRRhjM4h0vw4AaacA9t6ACBCTzDK7w50nlx3p2PZWvJKWZO4Q+czx8o2Y95</latexit>}

1. Choose ~2000 pairs   
2. For each pair, sample 200’000 points 

on the CY manifold —> ~400M points in 
total 

3. Use a NN to get the an approximate 
numerical Ricci-flat Kähler potential

(ψ, t1/t2)



What do we do with this Ansatz?

gi j̄

<latexit sha1_base64="2xXHFb2Xaz5yRvf4ohe/X4J6dco=">AAAB7nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqsdSLx4r2A9oQtlsN+nSzWbZ3Qgl9Ed48aCIV3+PN/+N2zYHbX0w8Hhvhpl5oeRMG9f9dkobm1vbO+Xdyt7+weFR9fikq9NMEdohKU9VP8SaciZoxzDDaV8qipOQ0144uZv7vSeqNEvFo5lKGiQ4FixiBBsr9fwWi2N/NqzW3Lq7AFonXkFqUKA9rH75o5RkCRWGcKz1wHOlCXKsDCOczip+pqnEZIJjOrBU4ITqIF+cO0MXVhmhKFW2hEEL9fdEjhOtp0loOxNsxnrVm4v/eYPMRLdBzoTMDBVkuSjKODIpmv+ORkxRYvjUEkwUs7ciMsYKE2MTqtgQvNWX10n3qu416o2H61qzVcRRhjM4h0vw4AaacA9t6ACBCTzDK7w50nlx3p2PZWvJKWZO4Q+czx8o2Y95</latexit>

}

gi j̄

<latexit sha1_base64="2xXHFb2Xaz5yRvf4ohe/X4J6dco=">AAAB7nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqsdSLx4r2A9oQtlsN+nSzWbZ3Qgl9Ed48aCIV3+PN/+N2zYHbX0w8Hhvhpl5oeRMG9f9dkobm1vbO+Xdyt7+weFR9fikq9NMEdohKU9VP8SaciZoxzDDaV8qipOQ0144uZv7vSeqNEvFo5lKGiQ4FixiBBsr9fwWi2N/NqzW3Lq7AFonXkFqUKA9rH75o5RkCRWGcKz1wHOlCXKsDCOczip+pqnEZIJjOrBU4ITqIF+cO0MXVhmhKFW2hEEL9fdEjhOtp0loOxNsxnrVm4v/eYPMRLdBzoTMDBVkuSjKODIpmv+ORkxRYvjUEkwUs7ciMsYKE2MTqtgQvNWX10n3qu416o2H61qzVcRRhjM4h0vw4AaacA9t6ACBCTzDK7w50nlx3p2PZWvJKWZO4Q+czx8o2Y95</latexit>}
gi j̄

<latexit sha1_base64="2xXHFb2Xaz5yRvf4ohe/X4J6dco=">AAAB7nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqsdSLx4r2A9oQtlsN+nSzWbZ3Qgl9Ed48aCIV3+PN/+N2zYHbX0w8Hhvhpl5oeRMG9f9dkobm1vbO+Xdyt7+weFR9fikq9NMEdohKU9VP8SaciZoxzDDaV8qipOQ0144uZv7vSeqNEvFo5lKGiQ4FixiBBsr9fwWi2N/NqzW3Lq7AFonXkFqUKA9rH75o5RkCRWGcKz1wHOlCXKsDCOczip+pqnEZIJjOrBU4ITqIF+cO0MXVhmhKFW2hEEL9fdEjhOtp0loOxNsxnrVm4v/eYPMRLdBzoTMDBVkuSjKODIpmv+ORkxRYvjUEkwUs7ciMsYKE2MTqtgQvNWX10n3qu416o2H61qzVcRRhjM4h0vw4AaacA9t6ACBCTzDK7w50nlx3p2PZWvJKWZO4Q+czx8o2Y95</latexit>}

g i j̄<latexit sha1_base64="2xXHFb2Xaz5yRvf4ohe/X4J6dco=">AAAB7nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqsdSLx4r2A9oQtlsN+nSzWbZ3Qgl9Ed48aCIV3+PN/+N2zYHbX0w8Hhvhpl5oeRMG9f9dkobm1vbO+Xdyt7+weFR9fikq9NMEdohKU9VP8SaciZoxzDDaV8qipOQ0144uZv7vSeqNEvFo5lKGiQ4FixiBBsr9fwWi2N/NqzW3Lq7AFonXkFqUKA9rH75o5RkCRWGcKz1wHOlCXKsDCOczip+pqnEZIJjOrBU4ITqIF+cO0MXVhmhKFW2hEEL9fdEjhOtp0loOxNsxnrVm4v/eYPMRLdBzoTMDBVkuSjKODIpmv+ORkxRYvjUEkwUs7ciMsYKE2MTqtgQvNWX10n3qu416o2H61qzVcRRhjM4h0vw4AaacA9t6ACBCTzDK7w50nlx3p2PZWvJKWZO4Q+czx8o2Y95</latexit>}

1. Choose ~2000 pairs   
2. For each pair, sample 200’000 points 

on the CY manifold —> ~400M points in 
total 

3. Use a NN to get the an approximate 
numerical Ricci-flat Kähler potential

(ψ, t1/t2)

K(x, y, ψ, t1, t2) = t1 KFS(x) + t2 KFS(y) + ϕ(x, y, ψ, t1, t2)

ϕ(x, y, t1, t2) = V(t1, t2)1/3
∑I,J αIJ(ψ, t1/t2) sI(x, y) sJ(x, y)

(∑a |xa |2 )k1(∑a |ya |2 )k2

4. Fit the numerical Kähler to the analytic one

To determine  as functions of the moduli αIJ



What do we do with this Ansatz?
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gi j̄

<latexit sha1_base64="2xXHFb2Xaz5yRvf4ohe/X4J6dco=">AAAB7nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqsdSLx4r2A9oQtlsN+nSzWbZ3Qgl9Ed48aCIV3+PN/+N2zYHbX0w8Hhvhpl5oeRMG9f9dkobm1vbO+Xdyt7+weFR9fikq9NMEdohKU9VP8SaciZoxzDDaV8qipOQ0144uZv7vSeqNEvFo5lKGiQ4FixiBBsr9fwWi2N/NqzW3Lq7AFonXkFqUKA9rH75o5RkCRWGcKz1wHOlCXKsDCOczip+pqnEZIJjOrBU4ITqIF+cO0MXVhmhKFW2hEEL9fdEjhOtp0loOxNsxnrVm4v/eYPMRLdBzoTMDBVkuSjKODIpmv+ORkxRYvjUEkwUs7ciMsYKE2MTqtgQvNWX10n3qu416o2H61qzVcRRhjM4h0vw4AaacA9t6ACBCTzDK7w50nlx3p2PZWvJKWZO4Q+czx8o2Y95</latexit>

}

gi j̄

<latexit sha1_base64="2xXHFb2Xaz5yRvf4ohe/X4J6dco=">AAAB7nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqsdSLx4r2A9oQtlsN+nSzWbZ3Qgl9Ed48aCIV3+PN/+N2zYHbX0w8Hhvhpl5oeRMG9f9dkobm1vbO+Xdyt7+weFR9fikq9NMEdohKU9VP8SaciZoxzDDaV8qipOQ0144uZv7vSeqNEvFo5lKGiQ4FixiBBsr9fwWi2N/NqzW3Lq7AFonXkFqUKA9rH75o5RkCRWGcKz1wHOlCXKsDCOczip+pqnEZIJjOrBU4ITqIF+cO0MXVhmhKFW2hEEL9fdEjhOtp0loOxNsxnrVm4v/eYPMRLdBzoTMDBVkuSjKODIpmv+ORkxRYvjUEkwUs7ciMsYKE2MTqtgQvNWX10n3qu416o2H61qzVcRRhjM4h0vw4AaacA9t6ACBCTzDK7w50nlx3p2PZWvJKWZO4Q+czx8o2Y95</latexit>}
gi j̄

<latexit sha1_base64="2xXHFb2Xaz5yRvf4ohe/X4J6dco=">AAAB7nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqsdSLx4r2A9oQtlsN+nSzWbZ3Qgl9Ed48aCIV3+PN/+N2zYHbX0w8Hhvhpl5oeRMG9f9dkobm1vbO+Xdyt7+weFR9fikq9NMEdohKU9VP8SaciZoxzDDaV8qipOQ0144uZv7vSeqNEvFo5lKGiQ4FixiBBsr9fwWi2N/NqzW3Lq7AFonXkFqUKA9rH75o5RkCRWGcKz1wHOlCXKsDCOczip+pqnEZIJjOrBU4ITqIF+cO0MXVhmhKFW2hEEL9fdEjhOtp0loOxNsxnrVm4v/eYPMRLdBzoTMDBVkuSjKODIpmv+ORkxRYvjUEkwUs7ciMsYKE2MTqtgQvNWX10n3qu416o2H61qzVcRRhjM4h0vw4AaacA9t6ACBCTzDK7w50nlx3p2PZWvJKWZO4Q+czx8o2Y95</latexit>}

g i j̄<latexit sha1_base64="2xXHFb2Xaz5yRvf4ohe/X4J6dco=">AAAB7nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqsdSLx4r2A9oQtlsN+nSzWbZ3Qgl9Ed48aCIV3+PN/+N2zYHbX0w8Hhvhpl5oeRMG9f9dkobm1vbO+Xdyt7+weFR9fikq9NMEdohKU9VP8SaciZoxzDDaV8qipOQ0144uZv7vSeqNEvFo5lKGiQ4FixiBBsr9fwWi2N/NqzW3Lq7AFonXkFqUKA9rH75o5RkCRWGcKz1wHOlCXKsDCOczip+pqnEZIJjOrBU4ITqIF+cO0MXVhmhKFW2hEEL9fdEjhOtp0loOxNsxnrVm4v/eYPMRLdBzoTMDBVkuSjKODIpmv+ORkxRYvjUEkwUs7ciMsYKE2MTqtgQvNWX10n3qu416o2H61qzVcRRhjM4h0vw4AaacA9t6ACBCTzDK7w50nlx3p2PZWvJKWZO4Q+czx8o2Y95</latexit>}

1. Choose ~2000 pairs   
2. For each pair, sample 200’000 points 

on the CY manifold —> ~400M points in 
total 

3. Use a NN to get the an approximate 
numerical Ricci-flat Kähler potential

(ψ, t1/t2)

K(x, y, ψ, t1, t2) = t1 KFS(x) + t2 KFS(y) + ϕ(x, y, ψ, t1, t2)

ϕ(x, y, t1, t2) = V(t1, t2)1/3
∑I,J αIJ(ψ, t1/t2) sI(x, y) sJ(x, y)

(∑a |xa |2 )k1(∑a |ya |2 )k2

4. Fit the numerical Kähler to the analytic one

To determine  as functions of the moduli αIJ

5. Use Symbolic Regression to get analytical expressions for αIJ

[GPT generated with inspiration from Quanta Magazine]
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gi j̄

<latexit sha1_base64="2xXHFb2Xaz5yRvf4ohe/X4J6dco=">AAAB7nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqsdSLx4r2A9oQtlsN+nSzWbZ3Qgl9Ed48aCIV3+PN/+N2zYHbX0w8Hhvhpl5oeRMG9f9dkobm1vbO+Xdyt7+weFR9fikq9NMEdohKU9VP8SaciZoxzDDaV8qipOQ0144uZv7vSeqNEvFo5lKGiQ4FixiBBsr9fwWi2N/NqzW3Lq7AFonXkFqUKA9rH75o5RkCRWGcKz1wHOlCXKsDCOczip+pqnEZIJjOrBU4ITqIF+cO0MXVhmhKFW2hEEL9fdEjhOtp0loOxNsxnrVm4v/eYPMRLdBzoTMDBVkuSjKODIpmv+ORkxRYvjUEkwUs7ciMsYKE2MTqtgQvNWX10n3qu416o2H61qzVcRRhjM4h0vw4AaacA9t6ACBCTzDK7w50nlx3p2PZWvJKWZO4Q+czx8o2Y95</latexit>

}

gi j̄

<latexit sha1_base64="2xXHFb2Xaz5yRvf4ohe/X4J6dco=">AAAB7nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqsdSLx4r2A9oQtlsN+nSzWbZ3Qgl9Ed48aCIV3+PN/+N2zYHbX0w8Hhvhpl5oeRMG9f9dkobm1vbO+Xdyt7+weFR9fikq9NMEdohKU9VP8SaciZoxzDDaV8qipOQ0144uZv7vSeqNEvFo5lKGiQ4FixiBBsr9fwWi2N/NqzW3Lq7AFonXkFqUKA9rH75o5RkCRWGcKz1wHOlCXKsDCOczip+pqnEZIJjOrBU4ITqIF+cO0MXVhmhKFW2hEEL9fdEjhOtp0loOxNsxnrVm4v/eYPMRLdBzoTMDBVkuSjKODIpmv+ORkxRYvjUEkwUs7ciMsYKE2MTqtgQvNWX10n3qu416o2H61qzVcRRhjM4h0vw4AaacA9t6ACBCTzDK7w50nlx3p2PZWvJKWZO4Q+czx8o2Y95</latexit>}
gi j̄

<latexit sha1_base64="2xXHFb2Xaz5yRvf4ohe/X4J6dco=">AAAB7nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqsdSLx4r2A9oQtlsN+nSzWbZ3Qgl9Ed48aCIV3+PN/+N2zYHbX0w8Hhvhpl5oeRMG9f9dkobm1vbO+Xdyt7+weFR9fikq9NMEdohKU9VP8SaciZoxzDDaV8qipOQ0144uZv7vSeqNEvFo5lKGiQ4FixiBBsr9fwWi2N/NqzW3Lq7AFonXkFqUKA9rH75o5RkCRWGcKz1wHOlCXKsDCOczip+pqnEZIJjOrBU4ITqIF+cO0MXVhmhKFW2hEEL9fdEjhOtp0loOxNsxnrVm4v/eYPMRLdBzoTMDBVkuSjKODIpmv+ORkxRYvjUEkwUs7ciMsYKE2MTqtgQvNWX10n3qu416o2H61qzVcRRhjM4h0vw4AaacA9t6ACBCTzDK7w50nlx3p2PZWvJKWZO4Q+czx8o2Y95</latexit>}

g i j̄<latexit sha1_base64="2xXHFb2Xaz5yRvf4ohe/X4J6dco=">AAAB7nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqsdSLx4r2A9oQtlsN+nSzWbZ3Qgl9Ed48aCIV3+PN/+N2zYHbX0w8Hhvhpl5oeRMG9f9dkobm1vbO+Xdyt7+weFR9fikq9NMEdohKU9VP8SaciZoxzDDaV8qipOQ0144uZv7vSeqNEvFo5lKGiQ4FixiBBsr9fwWi2N/NqzW3Lq7AFonXkFqUKA9rH75o5RkCRWGcKz1wHOlCXKsDCOczip+pqnEZIJjOrBU4ITqIF+cO0MXVhmhKFW2hEEL9fdEjhOtp0loOxNsxnrVm4v/eYPMRLdBzoTMDBVkuSjKODIpmv+ORkxRYvjUEkwUs7ciMsYKE2MTqtgQvNWX10n3qu416o2H61qzVcRRhjM4h0vw4AaacA9t6ACBCTzDK7w50nlx3p2PZWvJKWZO4Q+czx8o2Y95</latexit>}

1. Choose ~2000 pairs   
2. For each pair, sample 200’000 points 

on the CY manifold —> ~400M points in 
total 

3. Use a NN to get the an approximate 
numerical Ricci-flat Kähler potential

(ψ, t1/t2)

K(x, y, ψ, t1, t2) = t1 KFS(x) + t2 KFS(y) + ϕ(x, y, ψ, t1, t2)

ϕ(x, y, t1, t2) = V(t1, t2)1/3
∑I,J αIJ(ψ, t1/t2) sI(x, y) sJ(x, y)

(∑a |xa |2 )k1(∑a |ya |2 )k2

4. Fit the numerical Kähler to the analytic one

To determine  as functions of the moduli αIJ

5. Use Symbolic Regression to get analytical expressions for αIJ

[GPT generated with inspiration from Quanta Magazine]
No general expectation for  to be a smooth 
function of the Kähler moduli

αIJ(ψ, t1/t2)



Results
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‣At no point we enforced that our Ansatz must reflect the -symmetry  

‣However, the fit gives a symmetric  (# of independent coefficients drops from 1296 to 8) => the coefficients group 
together according to the -symmetry  
‣ This serves as a non-trivial consistency check of the fit procedure and truncation order

G
αIJ

G



 coefficients as functions of αIJ (ψ, t1, t2)

64

‣The symmetry is also respected in the moduli-dependent sector.
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Accuracy

Small values of  and  already yield analytic expressions that agree with the underlying numerically 
data at percent-level accuracy

k1 k2

Analytic 
results

NN numerical 
results
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Can we entirely skip the NN step?
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gi j̄

<latexit sha1_base64="2xXHFb2Xaz5yRvf4ohe/X4J6dco=">AAAB7nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqsdSLx4r2A9oQtlsN+nSzWbZ3Qgl9Ed48aCIV3+PN/+N2zYHbX0w8Hhvhpl5oeRMG9f9dkobm1vbO+Xdyt7+weFR9fikq9NMEdohKU9VP8SaciZoxzDDaV8qipOQ0144uZv7vSeqNEvFo5lKGiQ4FixiBBsr9fwWi2N/NqzW3Lq7AFonXkFqUKA9rH75o5RkCRWGcKz1wHOlCXKsDCOczip+pqnEZIJjOrBU4ITqIF+cO0MXVhmhKFW2hEEL9fdEjhOtp0loOxNsxnrVm4v/eYPMRLdBzoTMDBVkuSjKODIpmv+ORkxRYvjUEkwUs7ciMsYKE2MTqtgQvNWX10n3qu416o2H61qzVcRRhjM4h0vw4AaacA9t6ACBCTzDK7w50nlx3p2PZWvJKWZO4Q+czx8o2Y95</latexit>

}

gi j̄

<latexit sha1_base64="2xXHFb2Xaz5yRvf4ohe/X4J6dco=">AAAB7nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqsdSLx4r2A9oQtlsN+nSzWbZ3Qgl9Ed48aCIV3+PN/+N2zYHbX0w8Hhvhpl5oeRMG9f9dkobm1vbO+Xdyt7+weFR9fikq9NMEdohKU9VP8SaciZoxzDDaV8qipOQ0144uZv7vSeqNEvFo5lKGiQ4FixiBBsr9fwWi2N/NqzW3Lq7AFonXkFqUKA9rH75o5RkCRWGcKz1wHOlCXKsDCOczip+pqnEZIJjOrBU4ITqIF+cO0MXVhmhKFW2hEEL9fdEjhOtp0loOxNsxnrVm4v/eYPMRLdBzoTMDBVkuSjKODIpmv+ORkxRYvjUEkwUs7ciMsYKE2MTqtgQvNWX10n3qu416o2H61qzVcRRhjM4h0vw4AaacA9t6ACBCTzDK7w50nlx3p2PZWvJKWZO4Q+czx8o2Y95</latexit>}
gi j̄

<latexit sha1_base64="2xXHFb2Xaz5yRvf4ohe/X4J6dco=">AAAB7nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqsdSLx4r2A9oQtlsN+nSzWbZ3Qgl9Ed48aCIV3+PN/+N2zYHbX0w8Hhvhpl5oeRMG9f9dkobm1vbO+Xdyt7+weFR9fikq9NMEdohKU9VP8SaciZoxzDDaV8qipOQ0144uZv7vSeqNEvFo5lKGiQ4FixiBBsr9fwWi2N/NqzW3Lq7AFonXkFqUKA9rH75o5RkCRWGcKz1wHOlCXKsDCOczip+pqnEZIJjOrBU4ITqIF+cO0MXVhmhKFW2hEEL9fdEjhOtp0loOxNsxnrVm4v/eYPMRLdBzoTMDBVkuSjKODIpmv+ORkxRYvjUEkwUs7ciMsYKE2MTqtgQvNWX10n3qu416o2H61qzVcRRhjM4h0vw4AaacA9t6ACBCTzDK7w50nlx3p2PZWvJKWZO4Q+czx8o2Y95</latexit>}

g i j̄<latexit sha1_base64="2xXHFb2Xaz5yRvf4ohe/X4J6dco=">AAAB7nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqsdSLx4r2A9oQtlsN+nSzWbZ3Qgl9Ed48aCIV3+PN/+N2zYHbX0w8Hhvhpl5oeRMG9f9dkobm1vbO+Xdyt7+weFR9fikq9NMEdohKU9VP8SaciZoxzDDaV8qipOQ0144uZv7vSeqNEvFo5lKGiQ4FixiBBsr9fwWi2N/NqzW3Lq7AFonXkFqUKA9rH75o5RkCRWGcKz1wHOlCXKsDCOczip+pqnEZIJjOrBU4ITqIF+cO0MXVhmhKFW2hEEL9fdEjhOtp0loOxNsxnrVm4v/eYPMRLdBzoTMDBVkuSjKODIpmv+ORkxRYvjUEkwUs7ciMsYKE2MTqtgQvNWX10n3qu416o2H61qzVcRRhjM4h0vw4AaacA9t6ACBCTzDK7w50nlx3p2PZWvJKWZO4Q+czx8o2Y95</latexit>}

1. Choose ~2000 pairs   
2. For each pair, sample 200’000 points 

on the CY manifold —> ~400M points in 
total 

3. Use a NN to get the an approximate 
numerical Ricci-flat Kähler potential

(ψ, t)

K(x, y, ψ, t1, t2) = t1 KFS(x) + t2 KFS(y) + ϕ(x, y, ψ, t1, t2)

ϕ(x, y, t1, t2) = V(t1, t2)1/3
∑I,J αIJ(ψ, t1, t2) sI(x, y) sJ(x, y)

(∑a |xa |2 )k1(∑a |ya |2 )k2

4. Fit the numerical Kähler to the analytic one

To determine  as functions of the moduli αIJ

5. Use Symbolic Regression to get analytical expressions for αIJ

[GPT generated with inspiration from Quanta Magazine]

Can we skip the NN step entirely?
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gi j̄

1. Choose ~2000 pairs   
2. For each pair, sample 200’000 points 

on the CY manifold —> ~400M points in 
total 

3. Use a NN to get the an approximate 
numerical Ricci-flat Kähler potential

(ψ, t)

K(x, y, ψ, t1, t2) = t1 KFS(x) + t2 KFS(y) + ϕ(x, y, ψ, t1, t2)

ϕ(x, y, t1, t2) = V(t1, t2)1/3
∑I,J αIJ(ψ, t1, t2) sI(x, y) sJ(x, y)

(∑a |xa |2 )k1(∑a |ya |2 )k2

4. Fit the numerical Kähler to the analytic one

To determine  as functions of the moduli αIJ

5. Use Symbolic Regression to directly get the approximate analytic metric

[GPT generated with inspiration from Quanta Magazine]

Can we skip the NN step entirely?



How does Symbolic Regression work?
• Symbolic regression is a Machine Learning technique which aims to retrieve symbolic 

expressions from numerical data. 

• It makes use of Genetic Programming (GP): algorithms inspired by evolutionary 
processes.

[Quanta Magazine]



How does Symbolic Regression work?
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• The algorithm constructs a population of candidate symbolic expressions 

• Each expression (individual) is internally represented as a tree in the algorithm

1.15y + 0.86 xx

[Cramner, 2022]



How does Symbolic Regression work?
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• Expressions are combined (cross-over between two individuals) and mutated

cross-over mutation

[Cramner, 2022]
• The population evolves and new generations (new candidate symbolic expressions) are created



How does Symbolic Regression work?
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• Individuals are ranked based on how well they minimise a `loss’, called fitness function in 

this context. 

• The fitness function is usually RMSE and evaluated at eac 

Fitness = − | |Data − Symbolic Exp | |2

• If we want to use Symbolic Regression to get approximate analytic expression of Ricci-flat 
metrics, we would need to encode a Ricci-flatness condition as a fitness function and use the 
algorithm in an unsupervised fashion

Work in progress…



Summary and outlook
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• Used a hybrid numerical-analytic approach to find an approximate Ricci-flat metric of a CY 
hypersurface 

• Sampled ~2000 points in the full moduli space of a one-parameter family of bicubics.  

• Used a NN to get the Ricci-flat Kähler potential at each point. 

• Fitted the numerical data to an Ansatz obtaining numerical values of the moduli-dependent 
coefficients  . 

• Used symbolic regression on these coefficients to get an approximate analytic Ricci-flat metric with 
full moduli dependence. 

• Extend the approach to higher-dimensional moduli space. 

• Bypass the neural network step and use symbolic regression only. This requires encoding a Ricci-
flatness condition directly into the symbolic regression loss.

αIJ



Summary and outlook
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• Used a hybrid numerical-analytic approach to find an approximate Ricci-flat metric of a CY 
hypersurface 

• Sampled ~2000 points in the full moduli space of a one-parameter family of bicubics.  

• Used a NN to get the Ricci-flat Kähler potential at each point. 

• Fitted the numerical data to an Ansatz obtaining numerical values of the moduli-dependent 
coefficients  . 

• Used symbolic regression on these coefficients to get an approximate analytic Ricci-flat metric with 
full moduli dependence. 

• Extend the approach to higher-dimensional moduli space. 

• Bypass the neural network step and use symbolic regression only. This requires encoding a Ricci-
flatness condition directly into the symbolic regression loss.

αIJ
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