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Last column related to work of Hadfield—Kandel-Schiavina and lecture notes of Mnev,

Fried conjecture from BV viewpoint.
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Introduction

Geometric context.

Q (M, 0), contact manifold Ex :S* M.

@ X Reeb field, 8(X) = 1. X Anosov i.e. TM = E; ® E, & (X),
(Es, Eu) called stable, unstable bundles 3C,A > 0s.t. Vt >0 :

[de™ (V|| < Ce ™ ||v]l,¥v € E., |de”*(v)]| < Ce ™ |lv|,Vv € Eu.

Ex : X generator of the geodesic flow for metric g of negative curvature.
@ A flat bundle (E, V) and p : m1(M) — GL,(C) = monodromy of V.
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pEPrimes

factorized

Nguyen Viet Dang (Université Lyon 1) Dynamical zeta function and topology. 5/25



Introduction

Main object : twisted Ruelle zeta

Riemann zeta ((s) =>_,.,n"° = H (1-p)"

pEPrimes

factorized

Dirichlet L-function, x : N+ S' character, functions of (s, x) :

Lssx)= J[ @=xpp~)"

pEPrimes

Nguyen Viet Dang (Université Lyon 1) Dynamical zeta function and topology. 5/25



Introduction

Main object : twisted Ruelle zeta

Riemann zeta ((s) =>_,.,n"° = H (1-p)"

pEPrimes

factorized
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pEPrimes
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Main object : twisted Ruelle zeta

Riemann zeta ((s) =>_,.,n ° = H (1-p)"

pEPrimes

factorized

Dirichlet L-function, x : N+ S' character, functions of (s, x) :

Lssx)= J[ @=xpp~)"

pEPrimes

Using (X, x), x € Hom(m1(M),C*). We can form the twisted Ruelle zeta function
(dynamical L functions)

Ge(s) =TT (1= x(m)e™)

YEP

P prime periodic orbits of eX, £(~y) period of . More generally
CXﬁp(S) = Hwep det (1 — p(fy)e—sf(v))_
Example

On S! of length £, flow Oy, u generator of m1(M), monodromy p(u) € C*,
Cxols) = (1 — p(w)e™™) |
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Introduction

Some questions on (x ,.

¢x,p holomorphic when Re(s) > hip. Two natural equations :

@ Analytic continuation ? Conjectured by Smale.
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Some questions on (x ,.

¢x,p holomorphic when Re(s) > hip. Two natural equations :

@ Analytic continuation ? Conjectured by Smale.

Markov partition techniques : Rugh(1996) 3d analytic Axiom A flows building on
Ruelle(1990), Fried(1995) analytic Anosov flows

Functional analytic techniques : Liverani(2005) Anosov diffeos, Kitaev(1999) and
Baladi—Tsujii(2007) Axiom A diffeos, Giuletti—Liverani—Pollicott(2013) C°° Anosov flows,
Dyatlov—Zworski(2013) plocal proof relying on radial estimates of
Melrose(1994),Vasy(2013) and results of Faure-Sjéstrand(2009),
Dyatlov—Guillarmou(2018) C>° Axiom A flows = Smale’s conjecture.
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Markov partition techniques : Rugh(1996) 3d analytic Axiom A flows building on
Ruelle(1990), Fried(1995) analytic Anosov flows

Functional analytic techniques : Liverani(2005) Anosov diffeos, Kitaev(1999) and
Baladi—Tsujii(2007) Axiom A diffeos, Giuletti—Liverani—Pollicott(2013) C°° Anosov flows,
Dyatlov—Zworski(2013) plocal proof relying on radial estimates of
Melrose(1994),Vasy(2013) and results of Faure-Sjéstrand(2009),
Dyatlov—Guillarmou(2018) C>° Axiom A flows = Smale’s conjecture.

Theorem

The function (x,, has meromorphic continuation to the complex plane for X
nonsingular C*° Axiom A hence for X Anosov.

@ Topological content of (, questions by Bowen, Fried.

Both problems deeply related.
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Torsion as BV integral

Abstract abelian BF theory of chain complexes.

(C*, d) cochain complex, Z—graded vector space.
Fields F = C*[-1] & (C*)*[-2]. (A, B) € F where A cochain, B chain.
Action functional : S(A, B) = (B, dA) = Y_1" ' (B/**, dA/).

@ Chain contraction K on C* satisfies the chain homotopy equation

Id — N = dK + Kd (1)

defines Hodge decomposition Im(K) + Im(d) + Im(I) where Im(K) called coexact.
@ Then Lagrangian (BV version of gauge fixing) in F

LK = Cc.oex[_]-] 2] (Cc'oex)*[_z] CF

(C*, d) acyclic,
o(Cd) = [ 2)

where half-density ;1 complicated normalization. Gaussian integral.
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Torsion as BV integral.

Geometric implementation.

Follows Mnev, Cattaneo—Mnev—Reshetikhin.

Combinatorial

Continuum

Spacetime CW-complex (C®, d) Riemannian Manifold (M, g)
Fields C*[-1] @ (C*)*[-2] Q *(M,E)[1]® Q *(M,E)[n—2]
Propagator K [d,K] = Id K=dV*A-1
chain contraction Hodge [dV, K] = Id
Lagrangian Lk La
Partition fun. f; eiS(AB), 7(C*,d) =R T(M,dV) = 1'7:0 detC(AQj)%(fl)jJrl

CMR, Reidemeister torsion

Schwarz, Ray-Singer

Cheeger—Miiller : 7g = Trs hence both approach coincide.
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Dynamical zeta function and topology.

10 / 25



Hadfield—Kandel-Schiavina’s idea.

Instead of using Hodge theory (the metric g) for gauge fixing, use the vector field X
(dynamics). Key idea :

[dY,ux] = LX versus [dY,dV*] = A.
— | S —

Lie—Cartan Hodge—de Rham

Define Lagrangian (similar to axial gauge fixing)

Lx = Im(tx) N Q™ *(M, E)[1] ® Im(ex) N Q™ *(M, E)[n — 2].

In fact Im(cx) = ker(cx) since Koszul complex
=5 Q°(M,E) 5 QY (ML E) 5
is acyclic.

Formally or definition (HKS) :

ey = [T det’ (Lxlo)) ™ =] det(td — p(3)) "

/Lxcﬂl(M,E)eBﬂ"‘z(M’E) j=0 ¥

flat determinants instead of ¢ Ruelle zeta
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Fried's conjecture, BV formulation

Fried

Relate |¢x,,(0)| to Tr(p).
Reformulation (HKS) : is the BV integral gauge fixing invariant if we go from La

(analytic torsion) to Lx (Ruelle zeta) ? Why is there a difficulty ? Because in
oo—dimension, BV Stokes Theorem might no longer hold true!
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Fried's conjecture, BV formulation

Viet Dang
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Fried's conjecture, BV formulation

Theorem
@ when M = S* M for hyperbolic M, p unitary, then Fried(1986) showed

_yd—1
r(p) = [¢x,,(0)) V. (3)
@ D-Guillarmou—Riviére-Shen, if for some flat connection ¥V and Anosov Xy, we have
ker(Xo) = {0} then
CX,p = CXo,p (4)

for all X near Xo. In particular, the Fried conjecture holds true for X Anosov in 3d if
bi(M) > 0 and in 5d near geodesic flows of hyperbolic manifolds.

v
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@ when M = S* M for hyperbolic M, p unitary, then Fried(1986) showed

_yd—1
r(p) = [¢x,,(0)) V. (3)
@ D-Guillarmou—Riviére-Shen, if for some flat connection ¥V and Anosov Xy, we have
ker(Xo) = {0} then
CX,p = CXo,p (4)

for all X near Xo. In particular, the Fried conjecture holds true for X Anosov in 3d if
bi(M) > 0 and in 5d near geodesic flows of hyperbolic manifolds.

v

Ruelle Ray-Singer
Spacetime Contact Anosov (M, 6, X) Riemannian Manifold (M, g)
Fields Q *(M,E)[1]® Q *(M,E)[n—2] idem
Propagator K K= Lxﬁ)v(_l K=dV*A—1
Lie—Cartan Hodge [dV, K] = Id
Lagrangian Lx La
Partition fun. [1, det(/d — p('y))(_l)d [T detc(AQj)Ji(fl)l+1

Nguyen Viet Dang (Université Lyon 1) Dynamical zeta function and topology. 14 / 25



Fried's conjecture, BV formulation

Two problems.

o What if p acyclic but ker(X) # {0} ? {x,,(0) might vanish or poles : ill-defined.

@ How to remove |.| to capture the phase of zeta? Compare with complex torsions ?
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Fried's conjecture, BV formulation

Two problems.

o What if p acyclic but ker(X) # {0} ? {x,,(0) might vanish or poles : ill-defined.

@ How to remove |.| to capture the phase of zeta? Compare with complex torsions ?

If ker(X) # {0} ?

To compute torsion of a chain complex, need basis. No special basis in C(0) for X
Anosov.
For CW complex, distinguished basis given by cell-decomposition.

Key observation : if X is contact Anosov, canonical involution I' on C(0).
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Fried's conjecture, BV formulation

Dynamical torsion.

Observation : if X contact Anosov, canonical involution ' on C(0).
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Fried's conjecture, BV formulation

Dynamical torsion.

Observation : if X contact Anosov, canonical involution ' on C(0).

Proposition (Braverman—Kappeler)

I" defines intrinsic torsion of finite dimensional generalized kernel 7r(X).

Definition (Dynamical torsion)
Inspired by Braverman—Kappeler and Hutchings thesis,
T(X,p) = 7(X) x lim s~"Cx(s,p). (5)
~—— s—0t

torsion of ker g
renormalized zeta
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Fried's conjecture, BV formulation

Dynamical torsion.

Observation : if X contact Anosov, canonical involution ' on C(0).

Proposition (Braverman—Kappeler)

I" defines intrinsic torsion of finite dimensional generalized kernel 7r(X).

Definition (Dynamical torsion)

Inspired by Braverman—Kappeler and Hutchings thesis,

T(X,p)= m(X) x lim s”"¢(x(s,p). (5)
——

-
s—0t
torsion of ker

renormalized zeta

Generalizes (x(0, p).

In field theory terminology, similar to Wilsonian philosophy and BV fiber integral
Torsion = Torsion of low energy fields x torsion of high energy fields
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Fried's conjecture, BV formulation
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Fried's conjecture, BV formulation

Euler structures.

Definition

Spider fixes ambiguity of trivialization of (E, V) over cells = Euler structures Eul(M).
H1(M,Z) acts freely and transitively on Eul(M).

Nguyen Viet Dang (Université Lyon 1) Dynamical zeta function and topology. 19 / 25



Fried's conjecture, BV formulation

Turaev’'s refined torsion

To fix ambiguities of 7, consider torsion as holomorphic function of reps in GL,(C).
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To fix ambiguities of 7, consider torsion as holomorphic function of reps in GL,(C).
@ acyclic p = flat bundle (E, V).
@ ¢ € Eul(M) spider = trivialization of E on cells, twisted complex (C;, 9,).
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Fried's conjecture, BV formulation

Turaev's refined torsion

To fix ambiguities of 7, consider torsion as holomorphic function of reps in GL,(C).
@ acyclic p = flat bundle (E, V).
@ ¢ € Eul(M) spider = trivialization of E on cells, twisted complex (C;, 9,).

Definition (Turaev torsion)

(pye) = 1e(p) =7(C2,0,) € C*. no |.|.

Example

On S', character variety Rep = Hom(71(S'),C*) ~ C*.
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Fried's conjecture, BV formulation

Turaev's refined torsion

To fix ambiguities of 7, consider torsion as holomorphic function of reps in GL,(C).
@ acyclic p = flat bundle (E, V).
@ ¢ € Eul(M) spider = trivialization of E on cells, twisted complex (C;, 9,).

Definition (Turaev torsion)

(pye) = 1e(p) =7(C2,0,) € C*. no |.|.

Example

On S', character variety Rep = Hom(71(S'),C*) ~ C*.
Acyclic part Rep, = C* \ {1}.
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Fried's conjecture, BV formulation

Turaev's refined torsion

To fix ambiguities of 7, consider torsion as holomorphic function of reps in GL,(C).
@ acyclic p = flat bundle (E, V).
@ ¢ € Eul(M) spider = trivialization of E on cells, twisted complex (C;, 9,).

Definition (Turaev torsion)

(pye) = 1e(p) =7(C2,0,) € C*. no |.|.

Example

On'S', character variety Rep = Hom(m(S'),C*) ~ C*.

Acyclic part Rep, = C* \ {1}.

Choice Euler structure ¢ € Z, u € C* \ {1} +— 7.(u) = v""(u — 1)~" holomorphic.
Observe that u € S*\ {1} is acyclic unitary, |7.(u)| = |(1 — u)™!| = 7r(u) hence T.
extends and refines 7r.
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Fried's conjecture, BV formulation

Main Theorem.

A = space of Anosov vector fields on mfd M, open by structural stability.
Rep, = acyclic reps in Hom(m1(M), GL,(C)), open in Hom(m1(M), GL,(C)).
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Main Theorem.

A = space of Anosov vector fields on mfd M, open by structural stability.
Rep, = acyclic reps in Hom(m1(M), GL,(C)), open in Hom(m1(M), GL,(C)).
Theorem (Chaubet-D)

X € A~ 7(X, p) locally constant.
For all connected open U C Rep, and V C A, 3e € Eul(M), C € C*

7(X,p) =C me(p)t VX eV, Vpel
~—— N——

dynamical torsion Turaev torsion

constant C does not depend on X, p
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Fried's conjecture, BV formulation

Main Theorem.

A = space of Anosov vector fields on mfd M, open by structural stability.
Rep, = acyclic reps in Hom(m1(M), GL,(C)), open in Hom(m1(M), GL,(C)).
Theorem (Chaubet-D)

X € A~ 7(X, p) locally constant.
For all connected open U C Rep, and V C A, 3e € Eul(M), C € C*

7(X,p) =C me(p)t VX eV, Vpel
~—— N——

dynamical torsion Turaev torsion

constant C does not depend on X, p both sides holomorphic functions of p € Rep,.
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Fried's conjecture, BV formulation

Questions.

o What is the BF theory interpretation of Turaev's torsion ?

o Can | interpret the fact that if two Anosov vector fields (X1, X2) define different

Euler structures then 7(X1, p) # 7(Xz, p) as some failure of the BV Stokes Theorem
in co-dim ?

@ Analogy with the framing anomalies for Chern—Simons theory ?

Nguyen Viet Dang (Université Lyon 1) Dynamical zeta function and topology. 22 /25



Fried's conjecture, BV formulation

Two point function = Poincaré series.

M compact with variable negative curvature, (g1, g2) pair of points on M. Define the
series

n(qu, qziz) =y e "OF (6)
~

where v denotes the geodesic arcs joining qi, g».
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M compact with variable negative curvature, (g1, g2) pair of points on M. Define the
series

n(qu, qziz) =y e "OF (6)
~

where « denotes the geodesic arcs joining g1, g». More generally, for pair (v1,72) of
closed homologically trivial geodesics :

n(n,2iz) =y e 0" ()
vy

where sum over normal geodesic arcs from ~; to 2.
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Fried's conjecture, BV formulation

Two point function = Poincaré series.

M compact with variable negative curvature, (g1, g2) pair of points on M. Define the
series

n(q1, q2; ) Z et (6)

where « denotes the geodesic arcs joining g1, g». More generally, for pair (v1,72) of
closed homologically trivial geodesics :

(71,72 2) Ze @)

where sum over normal geodesic arcs from ~; to 2.

Poincaré series studied by Margulis (phd 1970), Pollicott, Sharp, Paternain, Mafié,
Paulin—Parkkonen and many others

Theorem (Margulis 1970)

Counting function
Nt = [{7]6(y) < T} ~ Ce"rT =

7 holomorphic on Re(z) > h:p = topological entropy of the geodesic flow.
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Fried's conjecture, BV formulation

Fried's philosophy : Poincaré series at z =10

Do you remember

1+1+---+1+~-:<(0):—%6Q. (8)
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Fried's conjecture, BV formulation

Fried's philosophy : Poincaré series at z =10

Do you remember

1+1+---+1+-~-:C(0):—%6Q. (8)

Number theory, rationality of z = 0 value of some Hecke L-functions n (Klingen, Siegel,
Deligne, Ribet, Cassou-Nogues)
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Fried's conjecture, BV formulation

Fried's philosophy : Poincaré series at z =10

Do you remember

1+1+---+1+~-:<(0):—%6Q. (8)

Number theory, rationality of z = 0 value of some Hecke L-functions n (Klingen, Siegel,
Deligne, Ribet, Cassou-Nogues)

Theorem (D-Riviere (2020))

The function z — 1n(7y1,72; z) has analytic continuation to C. If M surface, then

n(q, @ 0) =1+ +1+---= ——<€Q (9)

Nguyen Viet Dang (Université Lyon 1) Dynamical zeta function and topology. 24 /25



Fried's conjecture, BV formulation

Fried's philosophy : Poincaré series at z =10

Do you remember

1+1+~-+1+~~':C(0):—%€Q~ (8)

Number theory, rationality of z = 0 value of some Hecke L-functions n (Klingen, Siegel,
Deligne, Ribet, Cassou-Nogues)

Theorem (D-Riviere (2020))

The function z — 1n(7y1,72; z) has analytic continuation to C. If M surface, then

1
0)=14+---4+14+.0o=——" )
n(q1,q2;0) =14---+1+ N €Q (9)
For ~1, 72 closed homologically trivial geodesic :
Q Q 1
n(11,72;0) =1+ +1+---= %—X(Qlﬂﬂz)'f‘ix(%ﬁ’h)e(@

(10)
where 1, 2, surfaces bounding 1, 7.

v
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Fried's conjecture, BV formulation

Thanks for the invitation and for listening!
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