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Nonlinear algebra provides modern math-
ematical tools to address challenges arising 
in the sciences and engineering. It is useful 
everywhere, where polynomials appear: in 
particular, data and computational sciences, 
statistics, physics, optimization. The book 
offers an invitation to this broad and fast-
developing area. It is not an extensive 
encyclopedia of known results, but rather 
a first introduction to the subject, allowing 
the reader to enter into more advanced topics. It was designed as the next step 
after linear algebra and well before abstract algebraic geometry. The book presents 
both classical topics—like the Nullstellensatz and primary decomposition—and 
more modern ones—like tropical geometry and semidefinite programming. The 
focus lies on interactions and applications. Each of the thirteen chapters introduces  
fundamental concepts. The book may be used for a one-semester course, and 
the over 200 exercises will help the readers to deepen their understanding of the 
subject.
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Sources

This lecture is based on two recent articles:

S. Rajan, BSt, S. Sverrisdóttir:
Kinematic varieties for massless particles,
Le Matematiche, 2025.

Y. El Maazouz, A. Pfister, BSt:
Spinor-helicity varieties,
SIAM Journal on Applied Algebra and Geometry, 2025.

Initial motivation: understand the mathematics behind Smita’s
Bachelor thesis (Physics at Brown U), and answer a question in

A. Pokraka, S. Rajan, L. Ren, A. Volovich, W. Zhao:
Five-dimensional spinor helicity for all masses and spins,
Journal of High Energy Physics, 2025.
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Particles in d-dimensional spacetime
Spacetime is Rd or Cd , with the Lorentzian inner product

x · y = x1y1 − x2y2 − · · · − xnyn.

The Lorentz group SO(1, d − 1) consists of d × d matrices g
such that det(g) = 1 and (gx) · (gy) = x · y for all x , y ∈ Cd .

A configuration of n particles is given by momentum vectors

pi = (pi1, pi2, . . . , pid) ∈ Cd .

Assume that each particle is massless, i.e. pi · pi = 0:

p2i1 − p2i2 − p2i3 − · · · − p2id = 0 for i = 1, 2, . . . , n.

Also assume momentum conservation
∑n

i=1 pi = 0:

p1j + p2j + · · · + pnj = 0 for j = 1, 2, . . . , d .
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Ideals, varieties and algorithms

Let Id ,n ⊂ C[p] be the ideal generated by the n quadrics for
massless and the d linear forms for momentum conservation.

Here C[p] is the polynomial ring in nd variables pij .

Example (n = d = 3)

Three particles on the icecream cone. Let’s try it in Macaulay2:

i1 : R = QQ[ p11,p12,p13, p21,p22,p23, p31,p32,p33 ];

i2 : I = ideal( p11+p21+p31, p12+p22+p32, p13+p23+p33,
p112−p122−p132, p212−p222−p232, p312−p322−p332);

i3 : codim I, degree I
o3 = (6, 8)

i4 : isPrime I, isPrimary I
o4 = (false, true)

i5 : radical I33
o5 = ideal( . . . , p23∗p31− p21∗p33, p22∗p31− p21∗p32, . . . )
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Prime time

Theorem
Id ,n is prime and a complete intersection, provided max(n, d) ≥ 4.

Proof: technical commutative algebra

How about using a parametric representation of the variety V (In)?

One idea is to express the variables in the first row and column in
terms of the entries of the (n − 1)× (d − 1) matrix p′ = (pij)i ,j≥2.

Remark (Bad News)

The elimination ideal Id ,n ∩ C[p′] is principal. Its generator is a
large polynomial of degree 2n−1. This hypersurface is a notable
obstruction to any easy parametrization. This does not exist.

Example: for n = 4, d = 5, the polynomial has 4671 terms of degree 8.
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Mandelstam invariants
Physical properties of our n particles are invariant under the group
G = O(1, d − 1). The ring of G -invariants in C[p] is generated by
the Mandelstam invariants sij = pi · pj . Consider the invariant ring

(C[p]/Id ,n)G = C[S ]/Md ,n.

The Mandelstam variety is the GIT quotient

V (Md ,n) = Spec
(
(C[p]/Id ,n)G

)
= V (Id ,n)//G .

Theorem
Let n ≥ 2 and d ≥ 4. The prime ideal Md ,n equals

⟨ s11, s22, . . . , snn ⟩ +
〈∑n

j=1 sij for i = 1, . . . , n
〉

+
〈
(d+1)× (d+1) minors of the symmetric matrix (sij)

〉

The dimension of the Mandelstam variety is

dim(V (Md ,n)) = nd − n − d −
(d
2

)
= dim(V (Id ,n)) − dim(G ).

6 / 25



Mandelstam invariants
Physical properties of our n particles are invariant under the group
G = O(1, d − 1). The ring of G -invariants in C[p] is generated by
the Mandelstam invariants sij = pi · pj . Consider the invariant ring

(C[p]/Id ,n)G = C[S ]/Md ,n.

The Mandelstam variety is the GIT quotient

V (Md ,n) = Spec
(
(C[p]/Id ,n)G

)
= V (Id ,n)//G .

Theorem
Let n ≥ 2 and d ≥ 4. The prime ideal Md ,n equals

⟨ s11, s22, . . . , snn ⟩ +
〈∑n

j=1 sij for i = 1, . . . , n
〉

+
〈
(d+1)× (d+1) minors of the symmetric matrix (sij)

〉

The dimension of the Mandelstam variety is

dim(V (Md ,n)) = nd − n − d −
(d
2

)
= dim(V (Id ,n)) − dim(G ).

6 / 25



Clifford algebras and spinors

Physicists use the following symbols:

⟨ i j ⟩ [ i j ] ⟨ i j k ⟩

What are these brackets? Which relations do they satisfy?

Kinematic data for n particles are expressed in terms of spinors:

H. Elvang and Y. Huang: Scattering Amplitudes in

Gauge Theory and Gravity, Cambridge University Press, 2015.

This encoding rests on the Clifford algebra Cl(1, d − 1):

M. Rausch de Traubenberg: Clifford algebras in physics,

Adv. Appl. Clifford Algebr., 2009.

Mathematicians appreciate Bourbaki:

C. Chevalley: The Algebraic Theory of Spinors and Clifford Algebras:

Collected Works of Claude Chevalley, Volume 2, Springer Verlag, 1996.
7 / 25



Dirac matrices
For us, spinors are vectors of length 2k where k = ⌊d/2⌋. We
recursively define 2k × 2k matrices Γ1, Γ2, . . . , Γd . For d = 2,

Γ1 =

[
0 1
−1 0

]
and Γ2 =

[
0 1
1 0

]
.

For larger d = 2k , take tensor products with Pauli matrices:

Γi = Γk−1,i ⊗
[
−1 0
0 1

]
for 1 ≤ i ≤ 2k − 2,

Γ2k−1 = Id2k−1 ⊗
[
0 1
1 0

]
, Γ2k = Id2k−1 ⊗

[
0 −i
i 0

]
.

For d = 2k + 1 odd, set Γ2k+1 = −ik−1 · Γ1Γ2 · · · Γ2k−1.

Proposition

The Dirac matrices satisfy the Clifford algebra relations:

Γ1
2 = −2 Id2k , Γj

2 = 2 Id2k for j ≥ 2

and ΓiΓj + ΓjΓi = 02k for i ̸= j .
Cl(1 , d−1)
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One matrix for one particle
The momentum space Dirac matrix is the linear combination

P = −p1Γ1 + p2Γ2 + p3Γ3 + · · ·+ pdΓd .

Example (d = 4, 5, 6)

P =




0 0 p1 − p2 p3 − ip4
0 0 p3 + ip4 p1 + p2

−p1 − p2 p3 − ip4 0 0
p3 + ip4 −p1 + p2 0 0


 ,

P =




p5 0 p1 − p2 p3 − ip4
0 p5 p3 + ip4 p1 + p2

−p1 − p2 p3 − ip4 −p5 0
p3 + ip4 −p1 + p2 0 −p5


 .

P =




0 0 0 0 −p1 + p2 0 −p3 + ip4 p5 − ip6
0 0 0 0 0 −p1 + p2 p5 + ip6 p3 + ip4
0 0 0 0 −p3 − ip4 p5 − ip6 −p1 − p2 0
0 0 0 0 p5 + ip6 p3 − ip4 0 −p1 − p2

p1 + p2 0 −p3 + ip4 p5 − ip6 0 0 0 0
0 p1 + p2 p5 + ip6 p3 + ip4 0 0 0 0

−p3 − ip4 p5 − ip6 p1 − p2 0 0 0 0 0
p5 + ip6 p3 − ip4 0 p1 − p2 0 0 0 0


 .
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Spin representation

Corollary

The relations of the Clifford algebra Cl(1, d − 1) imply

P2 = (−p21 + p22 + · · ·+ p2d) Id2k ,

det(P) = (p21 − p22 − · · · − p2d)
2k−1

.

For massless particles, the momentum space Dirac matrix P is
nilpotent and its rank equals half of its size, i.e. rank(P) = 2k−1.

The Dirac representation of Cl(1, d−1) gives rise to the spin
representation of the Lie algebra so(1, d−1). The commutators

Σjk =
1

4
[ Γj , Γk ]

satisfy same relations as the generators of so(1, d−1).

The spin representation of SO(1, d−1) is the action of

the matrix exponentials exp(Σjk) on spinor space C2k .
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Charge conjugation matrix
An equivariant linear map from the spin representation of
so(1, d − 1) to its dual is represented by a 2k × 2k matrix C :

CP = −PTC if d = 2k is even,
CP = (−1)kPTC if d = 2k + 1 is odd.

Example (d = 4, 5, 6)

C =



0 −i 0 0
i 0 0 0
0 0 0 −i
0 0 i 0


,



0 −i 0 0
i 0 0 0
0 0 0 i
0 0 −i 0


,




0 0 0 0 0 1 0 0
0 0 0 0 −1 0 0 0
0 0 0 0 0 0 0 −1
0 0 0 0 0 0 1 0
0 −1 0 0 0 0 0 0
1 0 0 0 0 0 0 0
0 0 0 1 0 0 0 0
0 0 −1 0 0 0 0 0




Proposition (Symmetries)

1. C is symmetric for k ≡ 0, 3 mod 4, otherwise skew symmetric.

2. C is block diagonal for k ≡ 0 mod 2, else anti-block diagonal.

3. the 2k−1 × 2k−1 blocks of C are skew symmetric when
k = 2, 3 mod 4; otherwise the blocks are symmetric.
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Bra and ket
Our goal: model interactions among n massless particles
pi = (pi1, . . . , pid). The tuple (p1, . . . , pn) lies in V (Id ,n) ⊂ Cnd .

The momentum space Dirac matrix for the ith particle is

Pi = −pi1Γ1 + pi2Γ2 + pi3Γ3 + · · · + pidΓd .

Matrix has size 2k and rank 2k−1. Clifford relations imply

PiPj + PjPi = 2pi · pj Id2k = 2sij Id2k .

We parameterize the column space of Pi using a vector

zi = ( zi ,1, zi ,2, . . . , zi ,2k−2 , 0, 0, . . . , 0 , zi ,2k−2+1, . . . , zi ,2k−1 )T .

Use Dirac’s ket-notation for vectors in this column space:

| i ⟩ = Pi zi .

Use the bra-notation ⟨ i | for the row vector | i ⟩T . The spinors | i ⟩
and ⟨ i | depend on d +2k−1 parameters. They represent particle i .
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Spinor brackets
The spinor brackets of order two and three are

⟨ ij ⟩ = ⟨ i |C | j ⟩ and ⟨ ij k ⟩ = ⟨ i |CPj | k ⟩.
Here i , j , k ∈ {1, 2, . . . , n}. The ℓ-th order spinor brackets are

⟨ i1i2 · · · iℓ ⟩ = ⟨ i1 |CPi2 · · ·Piℓ−1
| iℓ ⟩.

Spinor brackets are Lorentz-invariant elements in the ring

Rd ,n = C[p, z ]/Id ,n,

which is generated by nd parameters pij and n2k−1 parameters zij .

Example. For d = 3 we have

⟨ij⟩ =
[
zi1 0

][ pi3 pi1+pi2
−pi1+pi2 −pi3

][
0 1

−1 0

][
pj3 −pj1+pj2

pj1+pj2 −pj3

][
zj1
0

]
= −pi1pj3zi1zj1 − pi2pj3zi1zj1 + pi3pj1zi1zj1 + pi3pj2zi1zj1,

⟨ijk⟩ = pi1pj1pk1zi1zk1 + pi1pj1pk2zi1zk1 − pi1pj2pk1zi1zk1 − pi1pj2pk2zi1zk1
−pi1pj3pk3zi1zk1 + pi2pj1pk1zi1zk1 + pi2pj1pk2zi1zk1 − pi2pj2pk1zi1zk1
−pi2pj2pk2zi1zk1 − pi2pj3pk3zi1zk1 + pi3pj1pk3zi1zk1 + pi3pj2pk3zi1zk1

−pi3pj3pk1zi1zk1 − pi3pj3pk2zi1zk1.
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Matrices of spinor brackets
Multiply matrices of formats n×2k , 2k×2k and 2k×n to define

S :=
(
⟨ ij ⟩

)
1≤i ,j≤n

=
(
| 1 ⟩, . . . , | n ⟩

)T · C ·
(
| 1 ⟩, . . . , | n ⟩

)
.

Tj :=
(
⟨ ijk ⟩

)
1≤i ,k≤n

=
(
| 1 ⟩, . . . , | n ⟩

)T ·C ·Pj ·
(
| 1 ⟩, . . . , | n ⟩

)
.

Theorem
The n × n matrix S has rank ≤ 2k with zeros on the diagonal. If
k ≡ 0, 3 mod 4 then S is symmetric; otherwise skew symmetric:

⟨ i i ⟩ = 0 and ⟨ i j ⟩ = ±⟨ j i ⟩ for 1 ≤ i , j ≤ n.

The matrix Tj has rank ≤ 2k−1 with zeros row and column j. If
d ≡ 1, 2, 3, 4 mod 8 then Tj is symmetric; else skew symmetric:

⟨ j j k ⟩ = ⟨ i j j ⟩ = 0 and ⟨ i j k ⟩ = ±⟨ k j i ⟩ for 1 ≤ i , j , k ≤ n.

The sum of the matrices Tj is zero: T1 + T2 + · · ·+ Tn = 0.
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Example: Four particles for flatlanders

For d = 3, k = 1, n = 4, there are six order two spinor brackets:

S =




0 ⟨12⟩ ⟨13⟩ ⟨14⟩
−⟨12⟩ 0 ⟨23⟩ ⟨24⟩
−⟨13⟩ −⟨23⟩ 0 ⟨34⟩
−⟨14⟩ −⟨24⟩ −⟨34⟩ 0


 .

The 24 spinor brackets of order three are the entries of

T1 =



0 0 0 0
0 ⟨212⟩ ⟨213⟩ ⟨214⟩
0 ⟨213⟩ ⟨313⟩ ⟨314⟩
0 ⟨214⟩ ⟨314⟩ ⟨414⟩


 , T2 =



⟨121⟩ 0 ⟨123⟩ ⟨124⟩
0 0 0 0

⟨123⟩ 0 ⟨323⟩ ⟨324⟩
⟨124⟩ 0 ⟨324⟩ ⟨424⟩


 ,

T3 =



⟨131⟩ ⟨132⟩ 0 ⟨134⟩
⟨132⟩ ⟨232⟩ 0 ⟨234⟩
0 0 0 0

⟨134⟩ ⟨234⟩ 0 ⟨434⟩


 , T4 =



⟨141⟩ ⟨142⟩ ⟨143⟩ 0
⟨142⟩ ⟨242⟩ ⟨243⟩ 0
⟨143⟩ ⟨243⟩ ⟨343⟩ 0
0 0 0 0


 .
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Example: Four particles for flatlanders

The 30 brackets define the 4-diml kinematic variety in P5 × P23.

The ideal is generated by 10 linear forms in T1 + T2 + T3 + T4

plus 54 = 1 + 24 + 29 quadrics. The Plücker quadric

⟨12⟩⟨34⟩ − ⟨13⟩⟨24⟩ + ⟨14⟩⟨23⟩ = Pfaffian(S),

ensures that S has rank two. The 24 binomial quadrics

⟨i j k⟩⟨l j m⟩ − ⟨i j m⟩⟨l j k⟩.

are 2× 2 minors of the slices Tj . Finally, 29 bilinear relations like

⟨12⟩⟨324⟩ − ⟨34⟩⟨142⟩ and ⟨12⟩⟨243⟩ − ⟨13⟩⟨242⟩+ ⟨23⟩⟨142⟩

ensure that the 4× 4× 5 tensor ST has rank two. They are in the
radical of the 3× 3 minors of the 4× 20 matrix (S ,T1,T2,T3,T4).
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Varieties in matrix space

The
(n
2

)
order two spinor brackets ⟨ij⟩ form an n×n matrix S

which is either symmetric or skew symmetric. The set of all

such matrices defines the kinematic variety K(2)
d ,n in P(

n
2)−1.

Theorem
For d = 3, the ideal of K(2)

3,n is given by 4×4-Pfaffians of a skew
n × n matrix, so it is the Grassmannian Gr(2, n). For d = 4, 5,

we get 6× 6-Pfaffians, so K(2)
d ,n is the secant variety of Gr(2, n).

Conjecture

For d = 6, 7, 8, 9, the kinematic variety K(2)
d ,n consists of all

symmetric n×n matrices with zero diagonal and rank ≤ 2⌊d/2⌋.

For d even, spin representation splits into two irreducibles.

Use separate brackets ⟨ij⟩ and [ij ] for each block.

Coming up soon: d = 4.
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Varieties in tensor space
Write K(3)

d ,n for the kinematic variety of n × n × (n+1) tensors ST .

The n × n slices S ,T1, . . . ,Tn are symmetric or skew symmetric,
depending on residue classes of k = ⌊d/2⌋ mod 4 and d mod 8.

The ideal of K(3)
d,n is Z2-graded.

The variety lives in P(
n
2)−1 × PK−1, where

▶ K = n ·
(n
2

)
when slices Tj are symmetric (d ≡ 1, 2, 3, 4 mod 8),

▶ K = n ·
(n−1

2

)
when slices Tj are skew symmetric.

Conjecture (Flatlanders)

The variety K(3)
3,n has dimension 3n − 8. Its points are tensors ST

of rank 2, where S is skew symmetric and the Tj are symmetric
of rank ≤ 1, summing to 0, with zeros in j-th row/column.

Its ideal is generated by linear forms and quadrics:
the entries of T1 + · · ·+ Tn, the 4×4 pfaffians of S,
the 2×2 minors of the Tj , and bilinear Pfaffians in the

radical of the 3×3 minors of the flattening (S ,T1, . . . ,Tn).
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Example: Five particles in five-dim’l spacetime

The variety K(3)
5,5 ⊂ P9 × P29 has dimension 13. Its ideal is

generated by 10 linear forms, 25 quadrics, 15 cubics and
5 quartics. Each Tj is a skew symmetric with a zero row, so it
contributes one Pfaffian ⟨ijk⟩⟨ℓjm⟩ − ⟨ijℓ⟩⟨kjm⟩+ ⟨ijm⟩⟨kjℓ⟩.
The other 20 quadrics are bilinear, e.g. five 4×4 Pfaffians of




0 ⟨12⟩ ⟨13⟩ ⟨14⟩ ⟨15⟩
−⟨12⟩ 0 ⟨213⟩ ⟨214⟩ ⟨215⟩
−⟨13⟩ −⟨213⟩ 0 ⟨314⟩ ⟨315⟩
−⟨14⟩ −⟨214⟩ −⟨314⟩ 0 ⟨415⟩
−⟨15⟩ −⟨215⟩ −⟨315⟩ −⟨415⟩ 0


 .

The 15 cubics ensure that (S ,T1,T2,T3,T4,T5) has rank ≤ 4.
One of them is ⟨213⟩⟨123⟩⟨435⟩ − ⟨213⟩⟨325⟩⟨134⟩+ ⟨213⟩⟨324⟩⟨135⟩+
⟨314⟩⟨123⟩⟨235⟩ − ⟨314⟩⟨325⟩⟨132⟩ − ⟨315⟩⟨123⟩⟨234⟩+ ⟨315⟩⟨324⟩⟨132⟩.

The 5 quartics are 4× 4 minors of mixed slices like




0 ⟨12⟩ ⟨13⟩ ⟨14⟩ ⟨15⟩
0 0 0 0 0
0 0 ⟨123⟩ ⟨124⟩ ⟨125⟩
0 ⟨132⟩ 0 ⟨134⟩ ⟨135⟩
0 ⟨142⟩ ⟨143⟩ 0 ⟨145⟩
0 ⟨152⟩ ⟨153⟩ ⟨154⟩ 0


 ,




−⟨12⟩ 0 ⟨23⟩ ⟨24⟩ ⟨25⟩
0 0 ⟨213⟩ ⟨214⟩ ⟨215⟩
0 0 0 0 0

−⟨132⟩ 0 0 ⟨234⟩ ⟨235⟩
−⟨142⟩ 0 ⟨243⟩ 0 ⟨245⟩
−⟨152⟩ 0 ⟨253⟩ ⟨254⟩ 0


 , etc . . .

19 / 25



Seen recently in SIAGA

SIAM J. APPL. ALGEBRA GEOMETRY © 2025 Published by SIAM under Creative Commons
Attribution 4.0 (CC BY) licenseVol. 9, No. 4, pp. 848–876

Spinor-Helicity Varieties\rightarrow 

Yassine El Maazouz†, Anaëlle Pfister‡, and Bernd Sturmfels‡

Abstract. The spinor-helicity formalism in particle physics gives rise to natural subvarieties in the product of
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1. Introduction. Given two matrices \omega and \Biggr) \omega of format k\rightarrow n, suppose that the k\rightarrow k matrix
\omega · \Biggr) \omega T has rank at most r for some 0 \uparrow r \uparrow k \uparrow n. We wish to express this property in terms
of the k \rightarrow k minors of the matrices \omega and \Biggr) \omega . This situation arises in the study of scattering
amplitudes in quantum field theory [4]. The special case when k = 2 and r = 0 is known as
spinor-helicity formalism; for textbook basics, see [4, section 1.8] and [18, section 2.2]. In
physics, it is customary to write \downarrow ij\updownarrow for the 2\rightarrow 2 minors of \omega and [ij] for the 2\rightarrow 2 minors of
\Biggr) \omega , where 1\uparrow i < j \uparrow n, and these minors satisfy the momentum conservation relations.

Example 1.1 (k = 2, n = 5, r = 0). We consider the two skew-symmetric 5\rightarrow 5 matrices

P =

\Biggl[ 
\Biggr] \Biggr] \Biggr] \Biggr] \Biggl\lfloor 

0 \downarrow 12\updownarrow \downarrow 13\updownarrow \downarrow 14\updownarrow \downarrow 15\updownarrow 
\nearrow \downarrow 12\updownarrow 0 \downarrow 23\updownarrow \downarrow 24\updownarrow \downarrow 25\updownarrow 
\nearrow \downarrow 13\updownarrow \nearrow \downarrow 23\updownarrow 0 \downarrow 34\updownarrow \downarrow 35\updownarrow 
\nearrow \downarrow 14\updownarrow \nearrow \downarrow 24\updownarrow \nearrow \downarrow 34\updownarrow 0 \downarrow 45\updownarrow 
\nearrow \downarrow 15\updownarrow \nearrow \downarrow 25\updownarrow \nearrow \downarrow 35\updownarrow \nearrow \downarrow 45\updownarrow 0

\Biggr\rfloor 
\Biggl\lceil \Biggl\lceil \Biggl\lceil \Biggl\lceil \Biggr\rceil 

and Q =

\Biggl[ 
\Biggr] \Biggr] \Biggr] \Biggr] \Biggl\lfloor 

0 [12] [13] [14] [15]
\nearrow [12] 0 [23] [24] [25]
\nearrow [13] \nearrow [23] 0 [34] [35]
\nearrow [14] \nearrow [24] \nearrow [34] 0 [45]
\nearrow [15] \nearrow [25] \nearrow [35] \nearrow [45] 0

\Biggr\rfloor 
\Biggl\lceil \Biggl\lceil \Biggl\lceil \Biggl\lceil \Biggr\rceil 

.

These matrices have rank two, meaning that the 4\rightarrow 4 Pfa!ans vanish for both matrices:

\downarrow ij\updownarrow \downarrow kl\updownarrow \nearrow \downarrow ik\updownarrow \downarrow jl\updownarrow + \downarrow il\updownarrow \downarrow jk\updownarrow = [ij][kl]\nearrow [ik][jl] + [il][jk] = 0 for 1\uparrow i<j<k<l\uparrow 5.(1.1)

These quadratic Plücker relations are known as Schouten identities in physics [4, eqn (1.116)].
Momentum conservation [4, eqn (1.117)] stipulates that the product P ·QT is the zero matrix:

\downarrow i1\updownarrow [1j] + \downarrow i2\updownarrow [2j] + \downarrow i3\updownarrow [3j] + \downarrow i4\updownarrow [4j] + \downarrow i5\updownarrow [5j] = 0 for 1\uparrow i, j \uparrow 5.(1.2)
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Spinors are easier when spacetime has dimension d = 4.

Let’s reboot and start from scratch.
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Introduction

Spinor-Helicity Varieties

Yassine El Maazouz, Anaëlle Pfister and Bernd Sturmfels

Abstract

The spinor-helicity formalism in particle physics gives rise to natural subvarieties in the
product of two Grassmannians. These include two-step flag varieties for subspaces of
complementary dimension. Taking Hadamard products leads to Mandelstam varieties.
We study these varieties through the lens of combinatorics and commutative algebra,
and we explore their tropicalization, positive geometry, and scattering correspondence.

1 Introduction

Given two matrices ω and ω̃ of format k → n, consider the property that the k → k matrix
ω · ω̃T has rank at most r where 0 ↑ r ↑ k ↑ n. We wish to express this property in terms
of the k → k minors of the matrices ω and ω̃. This situation arises in the study of scattering
amplitudes in quantum field theory [3]. The special case when k = 2 and r = 0 is known as
spinor-helicity formalism; for textbook basics see [3, Section 1.8] and [16, Section 2.2]. In
physics, it is customary to write ↓ij↔ for the 2 → 2 minors of ω and [ij] for the 2 → 2 minors

of ω̃, where 1 ↑ i < j ↑ n, and these minors satisfy the momentum conservation relations.

Example 1.1 (k = 2, n = 5, r = 0). We consider the two skew-symmetric 5 → 5 matrices

P =




0 ↓12↔ ↓13↔ ↓14↔ ↓15↔
↗↓12↔ 0 ↓23↔ ↓24↔ ↓25↔
↗↓13↔ ↗↓23↔ 0 ↓34↔ ↓35↔
↗↓14↔ ↗↓24↔ ↗↓34↔ 0 ↓45↔
↗↓15↔ ↗↓25↔ ↗↓35↔ ↗↓45↔ 0


 and Q =




0 [12] [13] [14] [15]
↗[12] 0 [23] [24] [25]
↗[13] ↗[23] 0 [34] [35]
↗[14] ↗[24] ↗[34] 0 [45]
↗[15] ↗[25] ↗[35] ↗[45] 0


.

These matrices have rank two, meaning that the 4 → 4 Pfa!ans vanish for both matrices:

↓ij↔↓kl↔ ↗ ↓ik↔↓jl↔ + ↓il↔↓jk↔ = [ij][kl] ↗ [ik][jl] + [il][jk] = 0 for 1↑ i<j <k<l↑5. (1)

These quadratic Plücker relations are known as Schouten identities in physics [3, eqn (1.116)].
Momentum conservation [3, eqn (1.117)] stipulates that the product P ·QT is the zero matrix:

↓i1↔[1j] + ↓i2↔[2j] + ↓i3↔[3j] + ↓i4↔[4j] + ↓i5↔[5j] = 0 for 1 ↑ i, j ↑ 5. (2)

In total, we have a system of 5+5+25 = 35 quadratic equations in
(
5
2

)
+
(
5
2

)
= 20 unknowns.

The equations (1) define a product of two Grassmannians Gr(2, 5) → Gr(2, 5) ↘ P9 → P9.

1
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Geometry
The spinor-helicity variety SH(k, n, r) is

{
(V ,W ) ∈ Gr(k , n)×Gr(k , n) : dim(V ∩W⊥) ≥ k − r

}
,

where W⊥ is the orthogonal complement in Cn.

For 0 ≤ r ≤ k and 2k ≤ r + n, the variety SH(k , n, r) is

irreducible of dimension 2k(n−k)− (k−r)2 in P(
n
k)−1 × P(

n
k)−1.

Q1: What is SH(k , n, k)?

A1: The product of Grassmannians Gr(k , n)×Gr(k , n)

Q2: What is SH(k , n, 0)?

A2: The two-step flag variety Fl(k, n − k ;Cn)

Q3: Why do we allow k ≥ 3 ?

A3: CEGM theory is very beautiful
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Prime Time

Proof. Our hypothesis that k = dim(V ) and n→k = dim(W→) are at least k→r is necessary
for SH(k, n, r) to be non-empty. We assume k→r ↑ 0 to rule out trivial cases. The projection
of SH(k, n, r) onto the first factor equals Gr(k, n), which is irreducible of dimension k(n→k).
The fibers are subvarieties in the second factor Gr(k, n). In local a!ne coordinates, the fiber
over V consists of all k↓ (n→k) matrices of rank at most r. This is an irreducible variety of
codimension (k→r)2. Hence, each fiber is irreducible of the same dimension k(n→k)→(k→r)2.
From this we conclude that SH(k, n, r) is irreducible of dimension 2k(n → k) → (k → r)2.

Fix r = 0 and recall that k ↔ n→ k. By passing from W to W→, we can view SH(k, n, 0)
as a subvariety in Gr(k, n)↓Gr(n→k, n). Its points are pairs (V, W→) of linear subspaces in
Cn such that V ↗ W→. In other words, its points are two-step flags in Cn. Hence SH(k, n, 0)

coincides with the flag variety Fl(k, n→k; Cn) in its Plücker embedding in P(n
k)↑1↓P(n

k)↑1.

Let R = C
[
↘i1 . . . ik≃, [j1 . . . jk]

]
be the polynomial ring in the 2

(
n
k

)
bracket variables. Let

S = C[x] be the polynomial ring in the entries of an (n→k+r)↓n matrix x = (xij). We write
ωk,n,r : R ⇐ S for the homomorphism which maps ↘I≃ = ↘i1i2 · · · ik≃ to the k ↓ k minor of
x in the rows 1, 2, . . . , k and columns I, and which maps [J ] = [j1j2 · · · jk] to (→1)j1+j2+···+jk

times the (n→k) ↓ (n→k) minor of x in the rows r + 1, . . . , n → k + r and columns [n]\J .
Note that all such minors involve the k → r middle rows, which are indexed by r + 1, . . . , k.

Remark 2.6 (Parametrization). Let Ik,n,r denote the kernel of the ring map ωk,n,r. This
kernel is a homogeneous prime ideal in R, and its zero set is the spinor-helicity variety
SH(k, n, r). Hence, the subalgebra ωk,n,r(R) of S = C[x] is isomorphic to the coordinate ring
of SH(k, n, r). Indeed, following (10), the minors ωk,n,r(↘I≃) are the Plücker coordinates for
the space V , while the signed minors ωk,n,r([J ]) are the Plücker coordinates for W→. The
condition dim(V ⇒ W→) ↑ k → r is encoded by the overlap in the k → r middle rows of x.

We will describe a Gröbner basis of quadrics for Ik,n,r. The initial monomials admit a
combinatorial description which extends that for Grassmannians given in Proposition 2.1.
We start out with our two copies of Young’s lattice, Yk,n and Ỹk,n. We define a new poset

Pk,n,r as follows. As a set, Pk,n,r is the disjoint union of Yk,n and Ỹk,n. All order relations in

Yk,n and Ỹk,n remain order relations in Pk,n,r. In addition, there are
(
2k↑2r
k↑r

)
covering relations

[12 · · · r ir+1 · · · ik] ↔ ↘12 · · · r jr+1 · · · jk≃, (12)

one for each ordered set partition {r + 1, r + 2, . . . , 2k → r} = {ir+1, . . . , ik} ⇑ {jr+1, . . . , jk}.
The poset Pk,n,r is the transitive closure of these relations. Note that Pk,n,r is a graded
poset, with unique minimal element [n→k+1 · · · n→1 n] and unique maximal element
↘n→k+1 · · · n→1 n≃. The Hasse diagram of Pk,n,r is shown in Figure 1 for k = 2, n = 6, r = 0.

We are now prepared to state our first theorem on the spinor-helicity variety SH(k, n, r).

Theorem 2.7. The prime ideal Ik,n,r is minimally generated by quadratic forms. These
quadrics are a Gröbner basis for the reverse lexicographic term order given by any linear
extension of Pk,n,r. The initial ideal of Ik,n,r is generated by the incomparable pairs in Pk,n,r.

Proof. We first assume r = 0. By Proposition 2.5, our ideal Ik,n,0 is the ideal of the two-step
flag variety Fl(k, n → k; Cn). The quadratic Gröbner basis for that ideal is derived from the

5

→56↑

→46↑

→36↑

→26↑

→16↑

→45↑

→35↑

→25↑

→15↑

→34↑

→24↑

→14↑ →23↑

→13↑

→12↑

[56]

[46]

[36]

[26]

[16]

[45]

[35]

[25]

[15]

[34]

[24]

[14][23]

[13]

[12]

Figure 1: The poset P2,6,0 is created from Y2,6 and Ỹ2,6 by adding six covering relations.

well-known straightening law for flag varieties. We refer to [24, Chapter 14] for a textbook
exposition. That exposition emphasizes the case of the complete flag variety. This case
applies to our situation as follows. Let P be the poset on all 2n subsets of {1, 2, . . . , n} that
was introduced in [24, Section 14.2]. The restriction of that poset to subsets that have size
k or n ↓ k is isomorphic to our poset Pk,n,0. The poset isomorphism maps (n ↓ k)-sets to
their complements. With this, our assertion for r = 0 follows from [24, Theorem 14.6].

We next present the proof for r ↔ 1. This will generalize the known construction we used
for r = 0. We consider the skew Young diagram ω/µ where ω = (n↓k + r, r) and µ = (r). A
filling of ω/µ with entries in [n] = {1, 2, . . . , n} is assumed to have its rows strictly increasing.

Hence there are
(

n
k

)2
such fillings. A filling is semi-standard if the k ↓ r non-trivial columns

are weakly increasing. If this is not the case then the filling of ω/µ is called non-standard.
With these definitions in place, our poset admits the following alternative description:

→i1i2 · · · ik ↑ ↔ [j1j2 · · · jk] holds in Pk,n,r,
↗↘ →ir+1↓r · · · ik↓r↑ ↔ [jr+1↓r · · · jk↓r] holds in Pk→r,n→r,0,
↗↘ the filling of ω/µ with [n]\{j1, . . . , jk} and {i1, . . . , ik} is semi-standard.

(13)

The proof of our theorem is now analogous to that of [24, Theorem 14.6]. Fix an incomparable
pair →I↑[J ] in the poset Pk,n,r, and consider the corresponding non-standard skew tableaux

ω/µ =

[
j↑1 · · · j↑l · · · j↑k→r j↑k→r+1 · · · j↑n→k

i1 · · · ir ir+1 · · · ir+l · · · ik

]
. (14)

The rows are increasing, and ir+l < j↑l is the leftmost violation, and {j↑1, . . . , j
↑
n→k} = [n]\J .
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Proof. Our hypothesis that k = dim(V ) and n→k = dim(W→) are at least k→r is necessary
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coincides with the flag variety Fl(k, n→k; Cn) in its Plücker embedding in P(n
k)↑1↓P(n

k)↑1.

Let R = C
[
↘i1 . . . ik≃, [j1 . . . jk]

]
be the polynomial ring in the 2

(
n
k

)
bracket variables. Let

S = C[x] be the polynomial ring in the entries of an (n→k+r)↓n matrix x = (xij). We write
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Pk,n,r as follows. As a set, Pk,n,r is the disjoint union of Yk,n and Ỹk,n. All order relations in

Yk,n and Ỹk,n remain order relations in Pk,n,r. In addition, there are
(
2k↑2r
k↑r

)
covering relations

[12 · · · r ir+1 · · · ik] ↔ ↘12 · · · r jr+1 · · · jk≃, (12)

one for each ordered set partition {r + 1, r + 2, . . . , 2k → r} = {ir+1, . . . , ik} ⇑ {jr+1, . . . , jk}.
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We are now prepared to state our first theorem on the spinor-helicity variety SH(k, n, r).

Theorem 2.7. The prime ideal Ik,n,r is minimally generated by quadratic forms. These
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Proof. We first assume r = 0. By Proposition 2.5, our ideal Ik,n,0 is the ideal of the two-step
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Figure 1: The poset P2,6,0 is created from Y2,6 and Ỹ2,6 by adding six covering relations.

well-known straightening law for flag varieties. We refer to [24, Chapter 14] for a textbook
exposition. That exposition emphasizes the case of the complete flag variety. This case
applies to our situation as follows. Let P be the poset on all 2n subsets of {1, 2, . . . , n} that
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(

n
k

)2
such fillings. A filling is semi-standard if the k ↓ r non-trivial columns
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Mandelstam Variety
4 Mandelstam Variety

The componentwise multiplication of two vectors is known as the Hadamard product. We
consider the Hadamard product of two Plücker vectors. This gives rise to a rational map

s : P(n
k)→1 → P(n

k)→1 ↭↭↫ P(n
k)→1. (26)

Generalizing the case k = 2 in (6), the coordinates of s are called Mandelstam invariants:

si1i2···ik = ↑i1i2 · · · ik↓[i1i2 · · · ik]. (27)

We define the Mandelstam variety M(k, n, r) to be the closure of the image of the spinor-
helicity variety SH(k, n, r) under the Hadamard product map s. Thus, M(k, n, r) is an

irreducible variety in P(n
k)→1. We write I(M(k, n, r)) for the homogeneous prime ideal of this

variety. This comprises all polynomial relations among the Mandelstam invariants si1i2···ik .

Proposition 4.1. The linear span of the Mandelstam variety M(k, n, r) in P(n
k)→1 is the

subspace PN which is defined by the momentum conservation relations. Its dimension equals

N =

(
n

k

)
↔ 1 ↔

(
n

k ↔ r ↔ 1

)
.

This refers to the momentum conservation relations in the CEGM model [11, eqn (5.6)].

Proof. In our notation, the momentum conservation relations are written as follows:

∑

J↑( [n]
r+1)

sIJ = 0 for all I ↗
(

[n]

k ↔ r ↔ 1

)
. (28)

We claim that these linear forms lie in I(M(k, n, r)) and that they are linearly independent.
To see this, recall the matrix PQT from Theorem 3.4. The

(
n

k→r→1

)
diagonal entries of PQT

are
∑

J↑( [n]
r+1)

↑IJ↓[IJ ], where the index I runs over
(

[n]
k→r→1

)
. This sum agrees with (28),

which therefore lies in I(M(k, n, r)). The argument with the Johnson matrix in the proof of
Theorem 3.4 shows that our

(
n

k→r→1

)
linear forms are linearly independent. The dimension

count in Corollary 2.10 implies that they span the space of all linear forms in I(M(k, n, r)).

Example 4.2 (k = 3, n = 6, r = 1). There are six momentum conservation relations:

s123 + s124 + s125 + s126 + s134 + s135 + s136 + s145 + s146 + s156 = 0,
s123 + s124 + s125 + s126 + s234 + s235 + s236 + s245 + s246 + s256 = 0,
s123 + s134 + s135 + s136 + s234 + s235 + s236 + s345 + s346 + s356 = 0,
s124 + s134 + s145 + s146 + s234 + s245 + s246 + s345 + s346 + s456 = 0,
s125 + s135 + s145 + s156 + s235 + s245 + s256 + s345 + s356 + s456 = 0,
s126 + s136 + s146 + s156 + s236 + s246 + s256 + s346 + s356 + s456 = 0.

(29)

These define a subspace P13 of P19. The variety M(3, 6, 1) has codimension four in this P13.
A general formula for the dimension of any Mandelstam variety is given in the next result.

14

For k = 2, r = 0 this is the variety V (M4,n) on slide 6 of this lecture.
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Proposition 4.13. The Mandelstam variety M(k, n, k) is the Hadamard square of the Grass-
mannian Gr(k, n). This contains all other Mandelstam varieties by the chain of inclusions

M(k, n, 0) → M(k, n, 1) → M(k, n, 2) → · · · → M(k, n, k). (37)

There is natural chain of dominant deletion maps, induced by removing columns in ω and ω̃:

M(k, n, 0) ↭↭↫ M(k, n ↑ 1, 1) ↭↭↫ M(k, n ↑ 2, 2) ↭↭↫ · · · ↭↭↫ M(k, n ↑ k, k). (38)

Proof and discussion. The term Hadamard square refers to the Hadamard product of a vari-
ety with itself. For an introduction to Hadamard products of varieties see the book [5]. We
obtain inclusions SH(k, n, r) → SH(k, n, r + 1) by relaxing the rank constraints in (10), and

we obtain surjections SH(k, n, r) ↓ SH(k, n↑1, r+1) by deleting the last columns in ω and ω̃
respectively. These maps are compatible with Hadamard products, so they descend to inclu-
sions M(k, n, r) → M(k, n, r + 1) and surjections M(k, n, r) ↓ M(k, n↑ 1, r + 1). It would be
interesting to study the fibers of the maps in (38). Their dimensions are 0, 2, 4, . . . , 2k↑2.

5 Positivity and Tropicalization

In our last two sections, we set the stage for future research on spinor-helicity varieties, with a
view towards tropical geometry, positive geometry, and applications to scattering amplitudes.

Bossinger, Drummond and Glew [7] studied the Gröbner fan and positive geometry of
the variety SH(2, 5, 0) in Example 1.1 which they identified with the Grassmannian Gr(3, 6).
We shall examine this in a broader context. The following result explains their identification.

Proposition 5.1. For any k ↔ 1, the varieties SH(k, 2k+1, 0) and SH(k+1, 2k+1, 1) are iso-
morphic and their coordinate ring is isomorphic to that of the Grassmannian Gr(k+1, 2k+2).

Proof. The isomorphism between SH(k, 2k+1, 0) and SH(k+1, 2k+1, 1) arises because (V, W )
is in SH(k+1, 2k+1, 1) if and only if (V →, W→) is in SH(k, 2k+1, 0). The identification with the
Grassmannian Gr(k+1, 2k+2) uses the specialized parametrization εk,2k+1,0 in Corollary 4.10.
We introduce a new parameter z, to account for dim(Gr(k+1, 2k+2)) = 1+dim(SH(k, 2k+1)),
and we augment x with one extra column (0, 0, . . . , 0, z)T . The new matrix x has k + 1 rows
and 2k+2 columns, and it contains (k+1)2 parameters. Its maximal minors give a birational
parametrization of Gr(k+1, 2k+2) and also of SH(k, 2k+1, 0). The minors involving the extra
column are the Plücker coordinates for V . The others are Plücker coordinates for W→.

The positive Grassmannian Gr+(k, n) is defined by requiring all Plücker coordinates
↗i1i2 · · · ik↘ of the subspace V to be real and positive. We define the dually positive Grass-
mannian Gr+(k, n) to be Gr+(n ↑ k, n) under the identification between W and W→. Thus
Gr+(k, n) is an open semialgebraic set isomorphic to Gr+(n ↑ k, n). Its is defined by

sign
(
[j1j2 · · · jk]

)
= (↑1)j1+j2+···+jk for 1 ≃ j1 < j2 < · · · < jk ≃ n. (39)

The positive spinor-helicity variety consists of all positive points in the spinor-helicity variety:

SH+(k, n, r) := SH(k, n, r) ⇐
(
Gr+(k, n) ⇒ Gr+(k, n)

)
→ RP(n

k)↑1 ⇒ RP(n
k)↑1. (40)
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