



















































































The surprising occurrence of Toric Geometry
at the interface of string Theory computations and

elliptic

tibrations.Antonella
guessi
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From Kreuzer Skarke

h11leftxrighth21leftxrighth11leftxrighth21leftxright
X smooth Calabi Yau threefold
XsubsetX5 toric
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4738 million families

29223 without obvious elliptic filmations

99.3 CICY have obvious elliptic filmation
Anderson Gray Gao Lee






















































































Baundendness of Calabi Yau

Born dendness for elliptically fibered calabi yau

Elliptic fibations F Theory










































complex tonesElliptic curve

classicalPhysics

Ellipses Elliptic integrals
Abel date 1825
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Less classical Physics of string theory
G Veneziano 60s

Model's of the Universe mathbbR31timesX

Δcompactmanifold possibly singular

constrainedQuestionLast century Properties of X

How many X

Toy model x E T2 elliptic curve










































Beyond the Toy model T2EmathbbC

XgeqEleftmathbbCright constrained bysymmetries

Binftysupsetequnipnabla
tense open in the Zariski topology

KGleftBrightQ biny2x3alefttrightxblefttright
t on B

Function Field of

B.QuestionThis century

a no invariants of X boundsspectrum






















































































A Bit more about the constraints on X

Calabi You 50 s 70s

1 mathbbC is an algebraic projective variety

KXsimeqdeltaX Gleftxright0

o hileftsigmaxrightlefthixright00idimX
lambda

often assumed to be smooth in the physics literature
X is Calabi You

dimensions of interest dim X34
dim x2 k3 surface



a metrically convex Boolean metric space over a Boolean algebra that contains 
the original one as a sub-algebra. The congruence is, in fact, an isomorphism, 
and since metric convexity of B is easily seen to be equivalent to lack of atoms 
in the underlying algebra, it follows that every Boolean algebra may be em-
bedded isomorphically in an atom-free Boolean algebra. Assuming from now on 
that B is atom-free (metrically convex) and lattice-complete, concepts involv-
ing continuity, based on the introduction of the Birkhoff-Kantorovich order 
topology (sequential or directed set) are defined. It is seen that B is also met-
rically complete. Arcs are defined as homeomorphs of maximal chains. Since 
every motion (congruence of B with itself) is a homeomorphism and every 
congruence between any two subsets of B is extendible to a motion, segments 
are arcs. One seeks to determine what metric and topological properties of arcs 
and segments in ordinary metric spaces are valid in the very different environ-
ment provided by a Boolean metric space. Homeomorphisms between maximal 
chains with the same end-elements, connectedness properties of chains, 
characterizations of segments among arcs (by having a length equal to the 
distance of the end-elements, for example) are considered. A theory of 
continuous curves is also begun. 

UNIVERSITY OF MISSOURI, 
COLUMBIA, MISSOURI U.S.A. 

BEMERKUNGEN ZUR HOMOTOPIETHEORIE 
E W A L D B U R G E R 

Kleinere Bemerkungen über den Zusammenhang zwischen Homologie-
und Homotopieinvarianten der Abbildungen eines w-dimensionalen Polyeders 
K in einen Raum, der in den Dimensionen < n asphärisch ist, unter Benutzung 
der von Eilenberg-MacLane (Ann. of Math. 43 (1942)) gegebenen Beschreibung 
der Kohomologiegruppen von K durch die ganzzahligen Homologiegruppen. 

FRANKFURT A. M., 
BRüDER GRIMM STR. 57 

THE SPACE OF KAHLER METRICS 
EUGENIO CALABI 

Let Mn be a closed, ^-dimensional complex manifold. We assume that Mn 

admits at least one Kahler metric ga/S#; its associated closed exterior form 
co = V— 1 gaß* dza A dzß* determines a real cohomology class, called the prin-
cipal class of the metric. Consider the space Q of all infinitely differentiable 
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Kahler metrics in Mn with the same principal class; the topology of Q is de-
fined by the L2 topology of the tensorial components of metrics in Q in compact 
subregions of co-ordinate domains. If 2?a/8* is the Ricci tensor «of any metric in 
Q, then the Ricci form V— 1 2?a/8* dza A dzß* is closed and its cohomology class 
is 2rcC<1> (CW=rth Chern class). 

Theorem 1. Given in Mn any real, closed, infinitely differentiable exterior 
form E of type (1, 1) and cohomologous to 27tC{1), there exists exactly one 
Kahler metric in Q whose Ricci form equals E. 

The proof proceeds by joining the Ricci form of one metric in Q with E 
by a differentiably parametrized arc in the same linear space of forms (for 
example by linear interpolation) and constructing a corresponding para-
metrized path in Q, then by proving that it is unique, and that its terminal 
point is independent of the path. 

One can introduce in Q a generalized Riemannian structure by defining 
Idœ(t) dœ(t)\ 

the metric form ds2= I———, • \dt2, where co(t) represents a differentiable 
\ ot at I 

path in Q. One shows that between any two points in Q there exists exactly one 
geodesic, that the topology induced by the geodesic distance coincides with the 
chosen one, and that Q with this metric is isometric with a geodesically convex 
subset of a Hilbert sphere. 

If gaß* belongs to Ü and E is its Ricci form, then (E, E) is stationary with 
respect to first order variations in Q, if and only if the contravariant com-
ponents of the gradient of the scalar curvature generate a group of complex 
analytic transformations of Mn. If Mn has the property that each one-parameter 
complex transformation group of Mn (if any exist) leaves no point fixed, or if 
it is the Gaussian sphere, then this implies that the scalar curvature is constant, 
that E is harmonic, and that (E, E) is minimized. 

Theorem 2. If Mn has the restrictive property described above, then there 
exists a metric in Q which minimizes (E, E), unique but for analytic transform-
ations of Mn, and characterized by the property that the scalar curvature is 
constant. 

LOUISIANA STATE UNIV. 
BATON ROUGE 3, LOUISIANA, U.S.A. 

ON TWO DIMENSIONAL ASPHERICAL COMPLEXES 

WILFRED HALLIDAY COCKCROFT 

Let L be a connected two dimensional C. W. complex. Let K denote the 
complex L U {e\), where {e*}, i=l,2, . . ., is a set of 2-cells which are adjoined 
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Unless otherwise specified the varieties are assumed to be

projective algebraic normal irreducible defined over c

1DefX is elliptic if
XgeqEleftmathbbCright

K

Binftygeqqunipnabla U dense

openLet
SigmaleftSigmaxBrightleftqinBbackslashUright the discriminant

leftXBpiright CB Sigma3 MD F theory

7 branes












































h b321 s b3 Beeti number topological

h1b2 Betti number

topological.Ellipticcy sfolds in toric ambient space












































h b321 s b3 Beeti number topological

h1b2 Betti number

topological.Ellipticcy sfolds in toric ambient

space.Theorem
Filipazzi Hacon Svaldi 2022 17 Th

by Cross194

later

There are only finitely many topological types of
elliptic calabi you threefolds








































































17Th

by cross 94

later
bin bonded CAVEATheorem

Filipazzi Hacon Svaldi 2022

There are only finitely many topological types of
elliptic calabi you

threefolds.Theorem
Engel Filipetti Greer Mauri Svaldi 20257

elliptic Calabi Yau are birationally bounded
in any dimension

Next

b

Corollary elliptic calabi you h11leftxright is

bondedb3corollaryelliptic calabi yall stold Dh21 is bounded






















































































Corollary elliptic calabi you h11leftxright is

bondedcorollary

elliptic calabi yall stold Dh is

bounded.Why

is this interesting No spectrumof Theory
H V T multiplets

Question Are there Explicit bounds

Answer There are some Math idea of proofs






















































































Answer There are some ibounds

provenMathidea of

proofToric
varietyBinational geometry






















































































CAVEAT 7 Elliptic

filmationsRollar
15

Bakker Devlerning Filipatti Laza Li Svaldi Wan Zhao 125

piXrightarrowB elliptic ot x smooth m kxsimthetax I h2leftxsigmaxright0

Any smell deformation carries the filmation

Reid conjecture

































































Binational

geometry:tanskiisom.Def
xsimbiryleftXLeftrightarrowYright aexistsu1u2 open UineqphiXsupseteqU1simeqU2leqY

de mxdi m Y
Example xy toric xbinsimy

UU

leftmathbbCalpharightdinXsimeqleftmathbbCrightdimY
bin

dim_mathbbCX1 xy non singular xsimy is xsimeqy

Example dimmathbbQchi1 8 toric non singular xpi

dimmathbbCx 2 X Y toric beginmatrixmxsimendmatrix
in

yleftrightarrowSigmaxleftrightarrowSigmay
adding removing a7

lceil Faces










































X Tonic proj X
bi
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n mathbbRdimx

Def X
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Example XSigma1 local fan Σ










































Example x local for
Sigma

singularr7Flops
2smoothsmoothn same

cb2 same

nabla

in larger
smooth.All

the arrows dash arrows are binational


















































Minimel model

program:given
X find Y such

thatbiz
Xsim Y

y is simpler than

better

MMP took off from
di mmathbbCxgeq3 XSigma toric min model program

Next
Birationality Elliptic titration Toric Varieties









































































X i K3 Kummer surface EsimeqT2

Example:singular at 15 points leftP1ldotsP6right
A1 singularities locally s2t2u20

SnicefracEtimesEleftf1right
pi1

BPEleftpmright
singular fiber I0times

X

Kxcongpi0leftKplLambdaright
pi

downarrow

Lambdasum_i14frac12Pi

frac12frac112x top
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rho1
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Question given piX B elliptic

does RXpialphaleftKBAright
singular fibers

Rodaira dimX2 1
Phi

bin
X

smooth
minimal

existsY

relatively minimal
Y

pi RYoverlinepialphaleftkBLambdarightnabla ñ

B

domB1

If dim 4xgeq3 No even with y mildly terminal
singular
















































































Theorem Particular case AG 92,95

I yBy mathbbC elliptic dimY3

YPsi Omega1 Psi binationalX
exists

pipiy

BY B

i KxequivpialphaleftKBLambdaright A supported on nicefracSigmaB

ei timesmathbbQ factorial terminal minimal

singularities of Bare
mathbbC2Gamma PsubsetGLleft24right

KBOmegaequiv0 nomultiplefibers X Calabi Yau
180

It in addition
Bsmooth

existsB bin
XrightarrowBrightarrowB BmathbbR2mathbbR1timesmathbbR1E1ldotsmathbbR12































































Corollary y1 Calabi you dim mathbbCx3n no multiple fiber
Omeganeq0

By
bin

existsxsim
bin

yxsubsetyexistsBsimB
bin
yleftrightarrowx

Toric

nabla

bin nabla

bin A
ByBB B1mathbbR2Fn 0leqnleq12

Finite B

rational_hearerngross X CY elliptic IN a t hleftxrightleqN
B rational










































Theorem AG 92,95 AGWen 2021

piyBy mathbbC elliptic Then

i Lambdayneq0 in y i thetayhleftBythetaByright Rod leftyrightRodleftBy1yright
dem yleq5
ret flips exist and terminate in dim y1Iteither

YPsiCii Phipsi birationalldotsx
exists

pipiy
B B

x minimal
mathbbQ factorial terminal leftBDeltaright Q factorial net

bin X Mori Fiberspace
k equivpialphaleftKBLambdaright A supported on nicefracSigmaB

hi If Rod leftxright0 is neq0 B B B Moritiberspace

1 It dim x3 omegaxsimsigmaxhleftsigmaxright0 without multiple titers 1neq0

bin.Bsmooth XrightarrowBrightarrowB BmathbbR2mathbbR1timesmathbbR1E1ldotsmathbbR12










































Technical

slide.AnotherTheorem
gross 194

elliptic Calabi Yau 3 folds
are birationally bounded

X B B

rational.Theorem
Filipazzi Hacon Svaldi 2022

There are only finitely many topological types of
elliptic calabi you

threefolds.Theorem
Engel Filipetti Greer Mauri Svaldi 20257

elliptic Calabi Yau are birationally bounded
in any dimension










































Corollary elliptic calabi you h11leftxright is

bondedcorollary

elliptic calabi yall stold Dh is bounded












































h b321 s b3 Beeti number topological

h1b2 Betti number

topological.Ellipticcy sfolds in toric ambient

space.canwe find explicit bounds fer
Mleftxright if x 3fold h21leftxright

Partial answer for elliptic fibration with section










































Elliptic timation with section
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structure of an abelian group on E over K






























































Question:what is the structure of Eleftkright the group of
R rational points

Theorem Mondell 1920 EleftmathbbQrightsimeqEleftmathbbQright tons oplusx8

finite abelian

rankTheoremWeil 1928 EleftKrightsimeqEleftKright tons oplusx8 leftKmathbbQrightinfty

Describe E1 27 1 other kQuestion Classical

Still a question MWIE k Mondell Weil group

























































Def X is elliptic with section if
XgeqEleftmathbbCright

pi

Bnablaunipnabla U denseopenoneq

sigmaB rangle X national picdotsigmaId is a

section.Mondell
Weil groupofsections.MWleftXBrightEleftkrightEleftkleftBrightright

Abelian Gauge symmetriessections uleft1rightr

of existsW x
b
sptilde

in
W Weierstrass model y2x3aleftrightxbleftright
aleftrightbleftrightinkleftBright










































































er MWleftxBrightleqhleftirightleftxrightleq

Theorem W Taylor1 dens x3

XrightarrowB elliptic with section xcyrightarrowh21leftXrightleq49
Shuctueth

Proof X

BB i BmathbbR2mathbbRn 0leqnleq12

o h21leftXrightleqh21leftYrightarrowoverlinepi12right491






















































































X 1 K3 Kummer

surfaceExample:singular
at 15 points leftP1ldotsP6right

A1 singularities locally s2t2u20
SnicefracEtimesEleftf1right

pi1

BPEleftpmright
singular fiber I0times

sections.ri

vdotsvdotsupdownarrowvdots
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rho1
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2k MW leftXBright h'ic leftxright

bound






















































































Lee Regalado Weigand 2018

Martucci Risso Weigand 2023
2023PhysicsPredictions:Lee

Dehlmann

X Calabi Yau elliptic smooth B smoothXB

dimcdotmathbbCX23 2kMW leftXBrightleq28 if BmathbbRmathbbC2 I leftdimX3right

2KMW leftXBrightleq18 otherwise

dimmathbbCX4 Noexplicit bound

If exists a movable rational smooth aveve CCB st

ok MWleftXBrightleq10 c kBCZ






















































































200yearsattre

AbelTheoremAG Miranda Paranjape Srinivas Weigand 2025

X Calabi Yau pi w section
nablapi
B Them

MMWleftXBrightleq28BmathbbR2
u dimX3

2kMWleftxBrightleq18 otherwise

dim x4

mild assumptionsDo
mMWleftXBrightleq38






















































































Theorem AG Miranda Paranjape Srinivas Weigand 2025

X Calabi Yau pi w section
nablapi
B Them

uMWleftXBrightleq28BmathbbR2
2kMWleftxBrightleq18 otherwise

It confirms thephysics predictions Toric case

u dimX3

dim x4

mild assumptions

mMWleftXBrightleq38

Δ Beyond the physics prediction Crontric orses






















































































Theorem existsx is calabi yau elliptic

guessi Weigand MWleftxmathbbR1rightsimeqmathbbZ10

Remark This example has the highest known ok MWCXB






















































































Theorem AG Miranda Paranjape Srinivas Weigand 2025

X Calabi Yau pi w section
nablapi
B Them

uMWleftXBrightleq28BmathbbR2
2kMWleftxBrightleq18 otherwise

Do mMWleftXBrightleq38

u dimX3

dim x4

mild assumptions
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smooth

curve sit pi1leftcrightz
bin
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RES subsetsdp9bin

cnotinnicefracSigmaXB






















































































o MWleftXBrightsubseteqMWleftZcright

MMWleftXBrightleq10leftkBrightcdotC2gleftCright2

If Jim x3 X Calabi yau x B with

section:bin
Bsmooth XrightarrowBrightarrowB BmathbbR2mathbbR1timesmathbbR1E1ldotsmathbbR12

Toric.Cextremal way of NE B C not isolated curve

CsimeqmathbbR1Cis rational

Physics analysis C elway not not






















































































B Toric smooth C mef C basepoint free

C movable EFT Physics

To show

MWleftXBrightsubseteqMWleftZcright is delicate otherwise























































































