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Perspective on driven ODEs

Initial value problem for ODE with (rough) driver:
% = a(w)é,  u(0) =0.

Butcher/Rough-path point of view, all nonlinearities at once:
u = ula](t) (Gubinelli'10).

Inhomogeneous initial data, i. e. u(0) = u,

recovered via u-shift:

u = ula(-+ug)]+uo,
~» parameterization of solution manifold.

Re-centering, i. e. u1(1) =0,
recovered via suitable variable u-shift © = =[al:

uila] = ula(-+rla])]+7lal.



Perspective on driven PDEs

PDE with (rough) driver, e. g. gPAM:

8 .
(8x2 &U%)’UJ = a(u)€ mod polynomials.

Parameterize solution manifold
by jets/space-time polynomials p = p(x):

uw(xz) = ula, p](x) (Bruned&Chandra&Chevyrev&Hairer'19).
In this work: u(x) = ula,p](x) with p mod constants.

Guided by quasi- Iinear class:
(322 (%Q)u = a(u) 2 5+ £ mod polynomials.
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Two actions on (a,p)-space

Set of (a,,p) c ]R[u] X R[azl,azg]/R.
Rlz1,z2]/R = {p € R[x1,z2] | p(0) =0}

Action of B2 5y by shift: (a( - +p(y)) p('—|-y)—p(y)).
Action of R[z1,z5] 3 q by tilt: (a(-+q(0)) | p+q—q(0)).

This work is on the representation of these actions.

Ignore algebra structure of R[u| > a (cf. Faa-di Bruno),

and vector space structure of R[xq1,z2]/R > p (but affine).



Lifting, variable tilt, and monoid structure

Lift maps (a,p) — Ea( p(y)), p(- +¥) —p(y)>,
(a,p) = (a( - +4(0)), p+q — q(0))
to endomorphisms of algebra of functions = on (a,p)-
space: (Mym)la,pl =7 al - +p(n)) . p(+ 1) — p(y),
(Fim)la,p) = 7|a( - +4(0)), p+ a — a(0)].
Extend to variable tilt {x(") = 7(")[q, p]},:
(F*m)[a,p] = 7|a( - +7O%a,pl) , p + Spoeo 7 la, pla”.

(n) *

T I .

Monoid: If " then 7™ 4 7/ -/
7.‘./( ) — r/* —>

(cf. Bruned& Chevyrev&Friz&Preiss'19)

— need inverse for re-centering.



Coordinates on (a, p)-space for matrix representation

Introduce coordinates on (a,p)-space
(arbitrarily fixing origin in (u,x)-space).

k n
2 la] := HLH0), keNo,  zulp) i= H52(0), ne N3 - {(0,0)}.

Consider R|z.,z,| (= polynomial algebra)
C {functions on (a,p) space}.

Difficulty: I}, maps R|z,, z,] only into R[[z, zn]],
where R[[zg, zn]] (= formal power series algebra).

Task: Construct T* (= dual of “abstract model space” T)
as linear subspace of R[[zy, 2n]] such that 7,7 € End(T*).



Formal power series R[[z., zn]] natural for model Tl

Formally: I = partial derivative szo,nyso(ai%)ﬁ(k)(%)ﬁ(”),
B multi-index, applied to general solution u = ula, p].

Set I',, = z", solve inductively (mod polynomials)

9 92 o 92 _
(3332 81,2)'_' =&, (8:1;2 81, )rleo — (8:1;2 O 2)“61 ”oa 2“07

(33;2 8332)r|261 — I_Ioa 2n€1+r|61 rlOv (85132 8:132) 61;—6(1 0) — I_Ie(l 0)H rlO
(8:1:2 2>|—|5—Zk>0 Ze;ﬁ-ﬁl—l- —I—5k+1 AL Hﬁka 2H5k+1 + 555
Use algebra R[[zk, zn]] to write more compactly

82
(8—:1;2 z)ﬂ—2k>ozkn oy 2|_|-|-51

Mg “populated” only if g€ {en}n;to U{B|[B] >0},
where [B] 1= Xp>0kB(k) — Zp208(n).



Abstract model space T*

Set T* direct product of index set {en},+0 U{B|[8] > 0},
where [8] 1= Xp>0kB(k) — 20 B(n);

note [B] = (homogeneity in ©) — (homogeneity in p).

Yields natural decomposition T*=T* @ T*,

with T* dual of “polynomial sector” T (mod constants).

Infinitesimal generators of w-shift, z"-tilt, x{-shift:
%hﬁ:oﬂ[a(' +t1)7p]7 %ﬁ:oﬂ[a?p"'txn] for n # 0,
$omla(+ +p(t,0)),p(-+(t,0))—p(t, 0)];

. building blocks for Lie algebra L.



Towards a Lie algebra L C Der(R[[zg, zn]])

Generator of u-shift: D(0) := Zkzo(k+1)zk+1a%k-
Generator of z"-tilt: D(W ;=2 n 0.
Generator of xq-shift: 01 := zn(n1+1)zn+(1,O)D(”),

(same for 0»).

Well-defined derivations on algebra R|[[zg, zn]],
i. e. as elements of Der(R[[zk, zn]]).

Despite modding out constants,
commutators behave canonically:

(D) pUm)] = 0, [81,85] = 0, [D), 5] = n;D"—(1,0))
(same for 0»).



Almost a pre-Lie structure on L C End(T™*)

Extension to variable tilt: 27D ¢ Der(R[[zg, zn]]).
All D€ {0;};=12U {ZVD(TG}[’V]ZO,TL preserve T* and T*.

Note Der(R[[zx, zn]]) = {vector fields on flat R[[zg, zn]]}.
Hence Lie algebra product |-, ]

arises from a pre-Lie algebra product < = covariant derivative.

For our derivations:
D<2'D™) = (DYD™M), 7D q5; = nyzYDP—(1,0)):
however, 01<07 not of this form.



Gradations on pre-Lie algebra and definition of L

Two gradations on {8;} U {z7D(™} compatible with «:
for 27 D(M): (1+[v], Smm|y(m) —|n|),
for 61: (0, |(1,0)]), for d: (0, [(0,1)]).

Fix parameter o > 0O, introduce homogeneity
v = a1l + [v]) + Zimzo [m|y(m).

Define L := span({@i}i:LQ U {Z,YD(R)}[’Y]ZOJ’Y|>|H|> , then
pre-Lie product « almost preserves L,

for D € L, DT is strictly triangular w. r. t. |- .



From L to Hopf algebra U(L)

Since [01,0-] = 0, L is Lie algebra since closed under
[D,D'] =D<«D"—D"«D.

View L as direct sum indexed by
10 1)} 3120,y > [0 Y 11,2}

Consider universal enveloping algebra
U(L) :=T(L)/[-,-]= Hopf algebra.

Lift representation p: U(L) — End(T*)

however no longer faithful (i. e. one-to-one).



Incomplete pre-Lie structure
yields canonical decomposition of U(L)

~

Pre-Lie product < closed on [ := {=7DU} ) 3
hence U(L) =2 S(L) (Oudom&Guin'08).

Derived algebra [L,L] C L ideal;
hence ®@mUm = U(L) — U(L/L) = span{d™}m.

Pre-Lie product < L x L — L:
hence U, = Ug = U(L) 2 s(D).

Recall L = direct sum indexed by {(7,7) }[4]>0. | <nU{1, 2}
Hence U(L)
= direct sum indexed by multi-indices J on {(v,n)}.  U{1,2}.



Decomposition provides canonical pairings

Recall L = direct sum indexed by {(7,7)}[y]>0,y|<n|U{1, 2}
think of L = span{zYD(") §,};

U(L)

= direct sum indexed by multi-indices J on {(y,n)}..uU{1,2},

think of U(L) = span{z" ... 2%d7"1952 D) ... p(n1)},

Get canonical pairing between U(L) and

T+ := direct sum indexed by J's

= polynomial algebra in variables indexed by {(v,7)}110,1<n| U {1, 2}
Have canonical pairing between T* and

T := direct sum indexed by ~'s.



Definition of AT and A by duality/pairing

Finiteness properties & gradedness imply:
(concatenation) product on U(L) yields
co-product AT: TT Tt TT,
representation p: U(L) — End(T*) vields
co-module A: TS TT®T.

Injection v — J =e(, ) vields J,: T = T7;

canonical definition of z ¢ T,
Get intertwining axioms of Hairer'15:
xm

ATz =21 {}+{}®x1, same for zs.



Definition of structure group G C End(T)
Define G = Alg(TT,R) = {f e (TT)*| f multiplicative }.

Co-product AT: Tt 5Tt Tt vyields
product on G via fog=(fQqg)AT.

co-module A: T - TT&T vyields
representation G C End(T) via = (f®1)A.

— T

> (L) G*

actions |
on (a,p) = L—




Initial tasks accomplished
For multiplicative [ € (TT)* set Iy = (f®1)A € End(T).

aclions Generator L. /\

on (a,p) > > U(L) G*

T

G

Shift by yc R2: If [/ = yf(l)yg(m and f/ =0 for J(v,n) =0

then infa,p] = 7| a(- +p(y)), p(- +y) —py) |
for all m € T*NR|[z, zn] and (a,p) € Rlu] x R[z1, z5].

Tilt by {7}, c T 1F 17 =110, ()70
and f/ =0 for J(i) #0
then Mirla,p] = w[a(-4+7O[a,p]), p+Spzo7™(a, plz"|.




gPAM: Construction of our model

) 92 _
(s ~ 002)VF=2k20 Legt-r+..+8=p Moy - Mg, &5 B 7= en.
Examples:

(55— 52)Meo = & (g = 2 ) Megrey = Mook

(89@ ax2)r|€1+6(2,0) rle(z 0)5 — C1515

(525 — 8x2)neo—|—61—|—62—|—e(2,0)

= MNegteatern oy T 2MeoMesters 008 T 2Megte; Meo 06

1 populated only by 5 with >, o(k—1)5(k)—>,, 20 8(n) = —1.

The model has redundancies

_ _ _ _ 8 97
902_89@ I_|€1‘|‘€(2 0) rle(2 0)€ a:1§ rle(l 0)5_ (8962_893% I_|€2‘|‘2€(1,0)'




gPAM: Hairer’s abstract model space Ty

Three symbols: ., X7, Xo.
Integration 7 = adding an edge,

Two operations: o o
multiplication = adjoining on the root.

Examples:
L. = T7 '(I°)2:\/7
X" ZTe=1lx, ZT(T:)IX?.= YXl .



Dictionary between (§’s and trees

Define ¢,¢~ : T — T recursively via
_ - - X" for B = ep,

P28 = Lk>0 Lep+B1+...4+8,=8 P23y P25, * -

Examples:
gb—zeo — °, ¢Z€0 — Ta ¢_Z€1+€(2,0) — ° X% ) ¢Z€1—|—6(270) — TX12 .

oD @ IS not onto:
X7
1 ¢imo@imo™,  dZegteiterterno = QY + 2 !X%-I— 2 }

¢ IS not one-to-one:
¢pzg = 0 for > ~o(k — 1)B(k) — >2,,208(n) # -1,
¢Z€1+€(2,O) — ¢Z€2—|—26(170) — TX12 :

X3



A morphism between our and Hairer’s structure

Recall ¢,¢~ . T — Ty recursively defined via

¢ z2=0 =0, ¢2g= If—nzﬁ forgsz o

P28 = Xk>0 Lep4-B1+..+B,=8 P28, " P2p, ¢ -

Dictionary ¢, ¢~ extends to multiplicative & : Tt — TF
via intertwining ®Jnzg = j,,flqb_zﬁ.

Proposition:
(PRI NA=Ag¢~, (PRP)AT =ATd.



Relation between < and tree grafting
(BCCH’19, Bruned&Manchon’20, Bailleul&Bruned’21)

Branched rough paths C gPAM:
¢: T' — Tp one-to-one on T':=span{zg|8(n) = 0}.

Then ¢': £1 — | is pre Lie-algebra morphism:

O (zrx210) = dlzr aplz .

Connes-Kreimer: pre-Lie x on Grossman-Larson’s rl
comes from grafting: o(m)zr xo(7)z = “o(r ~ 7))z

e Vo

/!



Form of counter-term for quasi-linear class

Seek (8 8x2)u Fh = a(u) 922 —|— £ with
1
h local, i. e. independent of p, only on u(x),

h deterministic, thus not explicitly dependent on z,
h covariant, i. e. hla](u4+v) = hla(- + v)](uw).

Parameterization by deterministic c € 17,
with D(™)¢ =0 for n # 0, such that

Alal(w) = cla- +w)] = g s Mrso(HLd(u))s®)
k
= > c5(alu)) M>1 Grarw))PH).
Requires truncation, |- | not coercive on eg.

Structure group G compatible with renormalization



Annealed stochastic estimates on model (Mg, Mzy)

For (regularized) C*—2-noise, BPHZ-choice of renormal-

ization and with (irrational) o > %
I N E TIPS ABI=2

EP|My5() P < |x— |,

Ep r;yﬁ|p < |z — y||/3|—|’y|_

in progress with P. Linares, M. Tempelmayr, P. Tsatsoulis.
BPHZ-choice (expectation) fits spectral gap (variance),
Malliavin calculus instead of Feynman diagrams

— without passing via trees.



